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THEORY  OF  FORMATION  OF  IONOSPHERIC  IRREGULARITIES 

IN  THE  F  LAYER 

(This  is  a  translation  of  an  article  written  by 
B.  N.  Gershman  and  V.  P.  Dokuchaev  in  Radio - 
fisika  (Radiophysics ) ,  VoL  II,  No.  6,  1959, 
pages  84-3- 847.) 

{abstract}  Calculations  are  carried  out  which  make  it  possible 
in  a.  quantitative  way  to  estimate  the  effectiveness  of  the  mechanism 
for  the  formation  of  inhomogeneities  in  the  F- layer  advanced  by 
Martyn  and  Dagg.  It  is  shown  that  this  mechanism  can  explain  the 
formation  of  more  or  less  regular  motion  in  the  F~  layer;  however,  it 
is  not  in  a  position  to  account  for  the  formation  in  this  layer  of  large 
scale  irregularities  of  the  order  of  2-4  kilometers,, 

The  study  of  ionospheric  irregularities  occupies  at  the  present 
time  an  important' place  in  radio  investigations  of  the  ionosphere., 

Along  with  the  numerous  experimental  investigations ,  a  number  of 
mechanisms  have  been  proposed  for  the  formation  of  irregularities  in 
the  electronic  concentration  in  the  ionosphere,  A  listing  and  a,  critical 
discussion  of  these  mechanisms  can  be  found  in  Refs.  1-3.  Analysis 
of  these  researches  shows  that  the  greatest  difficulty  lies  in  the  the¬ 
oretical  interpretation  of  the  irregularities  arising  in  the  F- layer. 

Here  we  shall  limit  ourselves  only  to  one  of  the  mechanisms 
of  formation  of  irregularities.  This  mechanism  was  proposed  by 
Martyn  [4];  later,  its  possibilities  were  analyzed  in  detail  by  Dagg  [5]. 
According  to  the  Martyn- Dagg  mechanism,  the  appearance  of  irregular! 
ties  in  the  F- layer  is  connected  with  the  transfer  of  electric  fields  into 
this  layer  from  the  dynamic  region.  (The  dynamic  region  lies  at  an 
altitude  of  z  ^  130  km. )  Irregular  components  of  these  fields  lead  to 
a  drift  of  charged  particles  in  the  F- layer »  with  which  is  associated 
the  ionospheric  "wind51  observed  in  experiment.  Varying  of  the  com¬ 
ponent  of* the  transferable  electric  field  should  lead  to  the  appearance 
of  ionospheric  irregularities. 

In  the  papers  of  Martyn  and  Dagg  just  mentioned,  there  is 
{fundamentally  contained  only  the  formulation  of  a  suggested  «» 


»  1  * 


r  ~ 

hypothesis*  and  quantitative  estimates  are  completely  lacking. 

Furthermore,  calculations  make  it  possible  to  demonstrate  more 
clearly  the  possibilities  of  the  given  mechanism,  as  is  evident  from 
what  follows,  Below,  we  shall  carry  out  a  calculation  of  the  effect 
of  leakage  of  the  electric  field  from  the  E~ layer  to  the  F- layer*  and 
shall,  discuss  the  formulas  that  are  obtained.  We  shall  show  that 
the  Martyn-D&gg 'mechanism  by  itself  ig  insufficient  to  explain  the 
experimental  data. 

1.  In  a  consideration  of  the  leakage  of  the  field  from  the  E- 
layer  to  the  F ~ lave r *  we  come  to  the  problem  of  the  skin  effect  in 
plasma.  In  this  case,  account  of  the  anisotropy  of  the  conductivity 
which  is  connected  with  the  magnetic  field  of  the  earth  is  shown  fco 
be  very  important,  as  la  also  the  change  in  the  conductivity  with 
altitude- . 


One  can  ©tart  out  directly  from  the  microscopic 
for  the  electric  field  E:  .  ....  . 


r*  di2  (- 


where  j  is  the  total  microscopic  current.  This  equation  is  written 

for  the~case  in  whidPE  *  4we{N.  -  N  )—  0  (-e  is  fee  charge  on  the 

electron,  N  and  N.  are  fee  concentrations  of  electrons  and  ions), 
ex 

The  latter  condition  is  satisfied  for  quasi-neutral  plasma,  if  N  ^  N. . 
It  should  be  realized  for  not  very  fast,  quasi- stationary  motions 
in  fee  ionosphere.  We  shall  have  to  deal  with  precisely  this  type  of 

motion-.  ■  , 


The  current  j  is  connected  with  the  electric  field.  E  by  the 
generalized.  law  of  Oh m,  which,  for  quasi- static  processes  can  be 
written,  in.  the  form; 


.1- o, (*£')*  I  e,|(A£'f/r|  I 


(2) 


where  h  is  a  unit  vector  in.  the  direction  of  the  field  HA.  Here,  be- 

q  «•**»  y 

causa  of  the  presence  in  the  general  case  of  motion  of  the  medium, 
the  field  E  does  not  appear  in  (2),  but  the  vector  JE* ,  which  is  defined 
by  the  relation 

Er  =  E  -f~  £,  =  E  4- 1  |  %>H0 1  , 

f  (3) 

1  r  i 

where  the  field  JG,  52  —  [vH-J  is  known  as  the  dynamic  field  (v  is  the 

«*  U  C  *■  *“U  .  v. 

velocity  of  the  medium).  In  (2),  ^  ^  and  °“e.  are,  respectively, 

the  longitudinal  and  transverse  conductivities  and  the  Hall  conductivity: 
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Here  v  is  the  effective  number  of  collisions  of  electrons  with  other 
particles,  is  the  number  of  collisions  for  ions,  and  are  the 

gyrofrequencies  for  electrons  and  ions,  m  and  M  are  the  masses  of 

electrons  and  ions,  N15  N  CC  N,. 

6  * 

Keeping  in  mind  a.  definite  point  of  the  earth’s  sphere,  we 
select  the  following  set  of  Cartesian  coordinates.  The  x  axis  is 
directed  along  the  geomagnetic  equator,  the  y  axis  to  the  east,  the: 
a  axis  vertically  upward.  In  these  coordinates,  the  earth’s  mag- 
netlc  field  IK  =  =  -H.cos  %  j.  -  H-sin  %  k,  where  %•  is  tie  mag¬ 

netic  declination.  Writing  Eq.  {!)  in  coordinate  form,  and  taking 
Eq.  (2)  into  account  in  this  case,  we  obtain: 
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J  (oj,  cos2  X  +  3i  sin2  -/Wx  +  32  sln  7.  Ey  + 
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-  3,  sin  x  Ex  +  H  C0SX  E'z  1  ; 
«j)cos  x  sin  x  Ex  ~  32 cos  X^y  +. 


(5) 


(6) 


(7) 


~f*  sin"  x  3i  cos2  x)  E,  ]  . 

We  now  take  into  account  the  conditions  which  hold  in  the 
ionosphere  at  altitudes  exceeding  130  km.  For  the  condition  K  >^jj» 

the  conductivity  ^  °*  ,  so  that  one  can  assume  approximately  i 

that  &  0.  The  change  of  the  conductivities  ^  and  with  alti* 
tude  is  determined  {in  terms  of  the  number  of  collisions)  first  of  all 
by  the  change  in  the  concentration  of  neutral  particles,  and  not  by 
the  change  of  the  electronic  concentration  N  with  altitude.  At  alti¬ 
tudes  above  130  km,  we  can  assume  approximately  that 


■  v 


.—**3 


ho 


Where  is  the  scale  of  a  regular  atixSo  sphere, 

u 

After  neglecting  terms  for  ^  and  substitution  of  the  field  Eh 


,3 


for  the  field  E*,  we  obtain  a  set  of  equations  similar  to  (5)-  (7). 

"in  substituting  for  E,  we  neglect  the  dynamic  field  ltj~®  as¬ 

sumed 'that  the  dynamic  field  is  large  only  in  the  E-layer,  ixi  the 
layer  of  production  of  the  transferrable  fields. 

However,  even  after  carrying  out  these  approximations ,  the  solution 
of  the  coupled  equations  for  the  components  of  the  field  E^  and  E^  is 

very  complifcated  {the  equation  for  the  component  E  at  *  0  is  split 
off).  Therefore,  we  shall  limit  ourselves  to  two  special  cases,  _ 
namely  we  shall  consider  leakage  at  high  latitudes  {  90*,  cos  X.  «  1) 

and  to  equatorial  regions  (  X  ~  0,  sin7L«  1).  Under  these  conditions 
we  have,  respectively:  . 

,  _  1  0‘C>.y  _**>  .  ,,g_i  l£f  =  iS  .  I  (9) 

- *~5t  '•  ‘  *  **  «*  6t  ■fflfll: 

)  d’E,  4s30  <*£,  ...  1  .  {toll  - ' 

;  vt.,.-  ^  c*  dt 

It  follows  from  (9)- (10)  that  in  these  special  cases  (for  the  tomponent 
of  the  field  E  in  the  general  case)  solution  of  two  different  types  of 

equations  is  necessary: 

V«P  ' I  ?JLl.  +  JL  ££+.  ;  (U ) 
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r*  dt  da  dt 
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We  shall' seek  a  solution  in  the  form 

c*  .  cv  m  \  ~ 


where  k  in  the  general  case  can  be  complex.  It  is  evident  that  by 
assuming  the  conductivities  to  be  independent  of  the  horizontal  coordi-  • 
nates.,  we  would  arrive  at  the  same  results  even  for  excitations- con- 
nected  with  changes  in  other  directions.  Therefore,  establishment  of 
the  field  in  the  form  (13)  does  not  limit  the  generality  of  the  considera¬ 
tion.  Substituting  (13)  in  (11)-(12){  we  get 
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(15) 
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Solution  of  these  equations  can  be  obtained  by  employing  the  substi¬ 
tution  x=  exp(z/i30)  for  (14),  and  x  =  exp(-z/zg)  for  (15).  As  a  result 
we  get 

£«(*)  *=  rt)t  tip  f 


r—  jZtfA  +  4:z" )  4-  B iMf  f  +  ***  )  ;  (16) 
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^’2^are  the  HanJkel  functions  of  first  and  second  kind  of  vth 

ku  =  *lc: 


X00  £*/ 1/*  4"«fC00  ;  Xx0  —  c / 1-''  4*UiC10  , 

The  quantities  X  and  Xj^o  determine  the  thickness  of  the  skin  layer 
upon  the  appearance  of  an  electric  field  parallel  to  the  magnetic  field 
Hn  or  perpendicular  to  it,  respectively. 


For  the  determination  of  the  integration  constantsin  (16)  and 
(.1?)  it  is  first  of  all  necessary  to  take  it  into  account  that  in  a  medium 
with  absorption  the  fields  must  vanish  as  the  coordinate  z  -►  ao.  We 
then  obtain  that  B  #  =0,  Aj_  =  Bj,  and,  consequently,  the  solutions 
of  (16)-(17)  of  interest  to  us  can  be  written  in  the  form 
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•  a  (?)  “  *4  ;i  Hs 


0) 


f  ,.tZJL  p’ 3*/4  +  1  .  .  n  ,  f 

7  e  ’  BJz)  -  2AJt 

L  *\*o  J 

L  j 

We  shall  further  assume  that  the  generation  of  fields  takes 
place  in  the  E- layer.  This  generation  is  not  accompanied  by  any  sort 
of  discontinuities  or  very  rapid  changes  in  the  properties  of  the 
medium.  Then  A  and  Aj_  are  determined  from  the  conditions  that 
E  .  (0)  =  E.  and  E  is  (0)  »  E  ....  for  z  =  0.  As  a  result,  we  obtain 

X,  *  '  1  .4c.o  li  s  1  f}Q 
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(19) 


2,  We  apply  Eqs.  (18)  and  (19)  for  the  determination  of  the 
effectiveness  of  the  leakage  of  the  components  of  the  electric  field 
E  >|  and  Ej^  ,  directed  along  the  constant  magnetic  field  and 
perpendicularly  to  it,  respectively. 


From  the  sense  of  the  solutions  considered,  it  follows  that  X  qq 
.and  Xj_0  are  determined  by  the  values  of  the  conductivities  «ro  and  J 


% 


*  5  * 


1 


r  , 

$lo  in  the  region  of  the  appearance  of  the  field  (in  the  dynamic  re¬ 
gion).  In  accordance  with  the  data  given  in  Ref.  6,  at  an  altitude  of 
130  km,  “2  x  while  «  10l3<»>“*.  We  take 

*  15  km  for  the  .height  of  the  homogeneous  atmosphere  k^.  -'**'3' 


We  shall  be  interested  in  processes  the  periods  of  change  of  which 
lie  in  the  region  from  teas  of  seconds  to  several  hours,  i.  e. ,  pro¬ 
cesses  with  circular  frequency  w  ***  1-10’'^  sec"*-. 


It  is  easy  to  establish  the  fact  that  the  argument  of  the  Bessel 
functions  in  both  the  numerator  and  denominator  of  Eq<  (19)  is  small 
in  magnitude  by  virtue  of  the  condition  Xxo  X  >  kq*  and  also 
exp(-s/2r£^)  «  1.  The  latter  condition  is  applied  because  we  are  in¬ 


terested  ia  the  penetration  "of  fields  to  significant  distances  (into  the 
region  of  the  maximum  of  the  'F-layer).  Then,  making  use  of  the 
asymptotic  approximations  of  cylindrical  functions,  we  get  from  (19): 
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(20)  20> 


The  latter  equality  is  valid  since  the  quantity  kQ  is  very  small 
at  the  frequencies  w  under  consideration  in  comparison  with  the  value 
of  k.  We  recall  that  the  reciprocal  length  k  determines  the  character 
of  the  irregular  structure  of  the  initial  distribution  of  electric  fields 
in  the  horizontal  direction.  Effective  penetration  is  possible  only  to 
distances  A.  ?  f/  .  At  the  same  time  k  1/J?,  where  Jt  is  a  hori¬ 
zontal  dimension  of  the  irregularities.  Thus,  penetration  of  fine 
scale  perturbations  with  dimensions  of  the  order  £  1-10  km  is  shown 

to  be  impossible.  At  'the  same  time,  penetration  of  perturbations 
with  large  scales  100  .km)  from  the  35- layer  to  the  F-layer  is 
shown  to  be  'possible.  These  fields  can  lead  to  the  appearance  in  the 
F-layer  of  drift  of  more  or  less  regular  character. 


■We  turn  to  the  determination  of  the  effeciency  of  penetration 
of  the  E 'n  component.  Here  we  assume  that  *  >>  zf ,  and  also  take  it' 
into  account  that  X  ^  >z^.  Making  use  of  the  asymptotic  representa¬ 
tion  for  the  Kaakel  function,  we  get  from  (18); 

s  e  x  p  |  —  zJAZu  —  ( I  +  i)  zn  yT  W  ex  p  (z(2z0)  ]  .  (2 1 ) 

It  follows  from  this  relation  that  the  penetration  of  the  field  from  the 
E- layer  to  the  F-layer  at  z  2b  Zq  is  practically  impossible.  In  this 

connection,  we  not  that  the  decrease  of  the  field  in  leakage  by  several 
fold  leads  into  significant  difficulties  in  comparison  with  experiment. 
The  fact  ia  that  in  the  decrease  of  the  field  one  could  expect  a  de¬ 
crease  in  the  drift  velocity  in  the  F-layer.  In  experiment,  the  oppo¬ 
site  effect  is  quickly  noted:  Velocities  of  motion  in  the  F-layer  are  | 


•  6  * 
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'’"higher  than  velocities  of  motion  in  the  E-layer. 


Thus  we  come  to  fee  conclusion  that  fee  transfer  is  possible 
only  of  very  large  scale  irregularities  of  fee  electric  field.  The  very 
great  scales  correspond  to  processes  of  comparatively  low  fre¬ 
quency.  The  periods  of  change  of  the  quantities  connected  wife  these 
processes  in  every  case  are  not  smaller  than  several  minutes.  Here 
only  components  of  fee  field  jE  oriented  perpendicular  to  the  field  „ 

are  transferred.  Turning  to  fee  problem  of  the  nature  of  fee  penetra¬ 
tion  of  the  irregularities  in  fee  F-layer,  we  are.  confronted  Wife  the 
necessity  of  fee  explanation  of  the  small  scale  part  of  these  irregu¬ 
larities  5  km)  due  to  processes  directly  in  fee  F- layer  itself. 

One  of  fee  possible  processes  could  be  convective  instability  in  the 
region  of  fee  F-layer  [7).  Recently,  it  was  shown  by  one  of  fee  authors 
(V!T  P.  Dokuchaev)  that  fee  appearance  of  negative  temperature  gra¬ 
dients  necessary  for  fee  convection  could,  be  connected  wife  the  effect 
of  a  current  of  neutral  partifcles  incident  on  fee  earth,  from  inter¬ 
planetary  space.  Here,  however,  estimates  of  fee  intensity  of  fee 
required  currents  have  led  to  values  which  are  large  in  comparison 
with  those  accepted  at  fee  present  time. 
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THE  EXPERIMENTAL  STUDY  OF  E  F G  TUATIGNS 

OF  CENTIMETER  RADIO  WAVES  PROPAGATED 
OVER  THE  SEA  SURFACE 

[This  is  a  translation  of  an  article  written  by 
A.  Y.  Mon’,  S.  Ya.  Braude  and  V.  I.  Gorbach 
in  Radiofissika  {Radiophysics)  Vol.  H,  No.  V, 

1959*  pages  848-85?.  ] 

(Abstract)  Results  are  described  of  an  eaqierimental 
study  of  the  phase  fluctuations  of  radio  waves  of  ten  cen  “  - 
xoeter  range  over  the  sea,  A  classification  is given  ~ ' 

results  of  observations  as  a  function  of  the  different  char¬ 
acteristic*  of  the  fluctuations,  and  also  a  comparison  of  them 
with  meteorological  measurements. 

The  propagation  of  radio  waves  in  a  real  medium  is  ****ffl 
accompanied  by  ; amplitude  and.  phase  fluctuations.  These  ^taaLons 
are  brSugM  abLt  by  changer  to  the  dielectric  c°r«tant  jtoch  ar.  co. 
nerfptl  with  the  spatial  inhomogeneity  of  the  medium  and  vrtdi  m* 
tostabiHty  of  it.  ^opertiee  to  tta.. 

fin r'feiations  of  radio  signals  can  be  used  for  the  investigation  01 
nhvetcal  processes  tailing  pla.ce  in  the  troposphere,  processes  which 
determine  fee  characteristics  of  the  propagation  of  radio  waves  in 
the  troposphere . 

In  researches  published  earlier,  chief  attention  has  been  paid 
tr  amplitude  fluctuations.  Phase  fluctuations  have  been  studied 
leas'  dattdlr- chiefly  over  dry  land  and  within  the  limits  of  the  range 
of  direct  visibility  [1-3].  A  small  number  of  re*ear ^«s  has  1 b  cn 
devoted'  to  measurements  over  the  sea,  earned  out  unde  ^specific 
conditions  [4,5].  At  the  same  time,  investigations  of  Jnctaatuma 
under  sea  conditions  are  of  especial  interest,  inasmuch  as  the  co™f 
nteidty  and  manifold  character  of  the.  relief  of  the  earth  usually  mak  a 
much  more  difficult  the  analysis  of  fundamental  regularities  over  dry 

land. 
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1  1.  In  the  present  work,  fundamental  results  of  the  experi¬ 

mental  measurement  of  fluctuations  of  phase  fronts  in- the  propaga¬ 
tion  of  vertically  polarised  radio  waves  of  centimeter  length  (f  £? 
3000  Me)  over  the  sea  are  reported.  '  Experiments  were  carried 


’A  brief  account  of  certain  results  of  this  research  is  given  in 

».  Ref.  -6. 

■ .. :  — ’ . i _ a.  pevtois^ 

out  under  different  meteorological  conditions  in  the  summer -autumn  ,J 
(June -September)  and  autumn- winter  (October -Dec ember)/  jfor  purely 
sea  runs of  33  km  length.  In.  fee  investigations,  a  differential  method 
was  employed  which  made  it  possible,  by  means  of  measurement  of 
pulsations  of  the  phase  differences  of  the  era  £  which  were  found  in, 
spaced  antennas,  to  determine  the  intensity  and  degree  of  decorrelation 
of  the  pha.se  fluctuations  at  different  points  of  the  wave  front.  To 
eliminate  the  errors  associated  with  the  change  in  the  geometric  posi¬ 
tion  of  the  transmitter -receiver  points  and  the  instability  of  the  fre¬ 
quency,  experiments  were  carried  out  on  a  fixed  run  with  fixed  trans¬ 
mitting  and  receiving  antennas,  in  which  the  receiving  antenna, s  were 
located  along  a  line  perpendicular  to  the  direction  of  propagation.  To 
lessen  the  effect  of  coastal  refraction,  six  receiving  systems  were 
employed,  laid  out  along  the  shore  line  at  15-20  meters  from  the  shore 
at  fixed  distances  of  2,  5,  10,  30  and  100  meters  relative  to  the  'first 
(reference)  antenna.  The  elevation  of  the  receiving  antennas  (about  4  m 
above  sea  level.)  was  also  kept  fixed  during  the  time  of  the  experiment. 

For  tire  study  of  the  altitude  dependence,  lobe  switching  of  the 
transmitter  antenna  located  at  different  altitudes  above  sea  level  (35, 

18  and -9  m)  was  carried  out  which,  for  standard  refraction,  corresponded 
to  the  transition  from  *  ’illuminated* 1  zone  to  the  region  of  ' ‘half- shadow* 1 
and,  *  *  shadow.  *  * 

Measurement  of  the  fluctuations  of  phase  differences  was  always 
carried  out  relative  to  tire  first  receiver  of  the  system,  and  simul¬ 
taneously  for  two  different  distances  between  the  receiving  antennas, 
so  that  for  each  measurement  made,  there  was  a  possibility  of  dupli¬ 
cating  one  of  the  previous  distances.  Such  a  method  made  it  possible 
to  take  into  account  the  effect  of  the  non-  stationary  char  aether  of  the 
processes  under  consideration  on  the  results  of  measurements,  with¬ 
out  having  recourse  to  the  crude  method  of  simultaneous  measurement 
at  all  altitudes  and  distances  between  antennas.  The  duration  of  each 
such  measurement  amounted  to  5-10  minutes,  so  that  measurements 
at  all  fixed  distances  between  receiving  antennas  was  carried  out  in  30 
minutes  for  each  of  three  altitudes  of  the  transmitter. 
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With  the  aim  of  making  clear  the  dependence  of  the  phase 
fluctuations  on  the  altitude,  experiments  were  also  carried  out  with 
a  rapid  change  in  the  altitude  of  the  transmitter  antenna  for  different 
fixed  distances  between  receivers. 

During  the  experiments,  both  visual  indications  were  employed 
and  also  automatic  recording  of  data  on  photoplates  and  film.  The 
error  of  measurement  of  fluctuations  of  phase  differences  amounted  - 
”  to  no  more  than  plus  or  minus  one  degree  in  the  measurement  of  the 
amplitudes  of  the  received  signals  up  to  60  bb  and  of  frequency  insta¬ 
bility,  rsj  10" 3.  Long  time  instability  of  the  apparatus  was  taken  into 
account  by  means  of  phase  calibration  and  regular  checking  of  the 
amplitude -phase  and  frequency-phase  characteristics  of  the  system. 

The  apparatus  that  was  employed  made  it  possible  to  repro¬ 
duce  the  spectrum  of  the  phase  fluctuations  in  the  frequency  range 
from  0.01  cycle  to  100  cycles.  Moreover,  for  analysis  of  the  effect 
of  the  degree  of  reproduction  of  the  spectrum  on  the  measured  char¬ 
acteristics  the  possibility  was  provided  of  filtration  and  separate  de¬ 
termination  of  the  low  frequency  (less  that  0.  3  cycle)  and  high  fre¬ 
quency  (greater  than  0.  3  cycle)  spectral  components,  called  below 
*  1  slow*  *  and  ,ffastu  fluctuations. 

The  measuiHments  carried,  out  show  that  with  rare  exception 
the  deviations  of  the  phase  differences  4-6  relative  to  the  mean  value 
for  all  altitudes  of  the  transmitter  h.  and  distances  between  antennas 
d  are  distributed  according  to  the  normal  law.  Typical  integrated 
distributions  of  the  fluctuations  of  the  phase  differences  (in  magnitude) 
are  shown  in  Fig.  1  for  one  of  the  experiments  of  the  summer  period 
in  a  scale  which" linearizes  the  normal  distribution. 5 

*la  2figc  is  f  r  probability  of  the  magnitude  of  the  fluctuations  ex¬ 
ceeding  4O,  where  4°  is  the  deviation  of  the  phase  difference  from  the 
mean  value. 

Fig,  1.  Integral  distribution  of 
phase  difference  fluctuations 
{in  magnitude)  for  different  dis¬ 
tances  between  receiving  antennas 
d  (h,  =  35  m,  h2  =  34  m,  r  -  33  tan, 
X  ~10  cm);  experimental  data:  .  — ~ 
d=2m,  **  — d*5m,  0* 

d.  ss  10  km,  -*-d  *  3G  m, 

X  -~d  =  100  m. 
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As  follows  from  the  drawing, the  experimental  data  m  Ihis  scale  vir¬ 
tually  coincide  with  straight  lines  corresponding  to  the  normal  dis¬ 
tribution  with  different  dispersions.  The  data  m  the  drawing  refer 
to  measurements  with  reproduction  of  the  total  spectrum  oi  the  fmc 
niation«  (‘‘complex1*  fluctuations);  however*  similar  results  hold 
S  Separate  presentations  “slow”  and  “fast**  fluctuation*. 

v  It  should  be  noted  that  there  was  naturally  some  lack  of 
stationary  in  the  observed  random  fluctuations 

in  the  5-10  minute  intervals  (especially  in  slow  •  fluctuations  *1 
maximum  altitudes  and  distances  between  antennas).  Ike  spectra 
of  the  fluctuations,  which  were  concentrated  in  the  region  of  very 
low  frequencies,  in  contrast  to  the  stationary  random  processes, 
were  characterised  by  a  lack  of  uniformity  and  constancy '  in  tun. * 
of  the  spectral  density.  In  a  sample  of  the  present  spectra  fo, 
“slow**  fluctuations  is  shown  in  Fig.  2,  where  the  d^entoce  of 
the  ratio  §>V  &  on  the  frequency  F  i.  jotted  ( J  ™  toe 

“power**  of  the  fluctuations  in  frequency  band  of  0.  00 o  cycle, 
is  the  mean  square  value  of  die  total  power  of  the 

fluctuations).  "  ' 


Different  cases  of  phase  fluc¬ 
tuations  of  signals  were  ob¬ 
served  both  as  to  intensity  and. 
degree  of  decorrelation  in 
space.  However ,  analysis  of 
the  measurements  shown  show 
the  presence  of  definite 
tendencies  in  the  characteristics 
of  the  fluctuations:  for  ex¬ 
ample  ,  the  dependence  of  the 
intensity  of  the  fluctuations  Ox 
the  phase  difference  on.  the  J| 


j 
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distance  between  the  receiving  antenna  kept  qualitatively  virtually 
'  identical  in  all  experimental  A  much  greater  variety  is  observed 


This  characteristic  of  the  fluctuations /&  0V  ~  J  for  concen¬ 
tration  is  called  correlation  in  what  follows,  inasmuch  as  it  deter¬ 
mines  the  function  of  the  spatial  correlation  of  the  fluctuations. 


in  the  dependence  of  the  intensity  of  the  fluctuations  on  altitude  of 
transmitter  antennas  over  the  surface  of  the  section.  For  this  reason, 
the  altitude  dependence  can  be  set  down  on  the  basis  of  a  classifi¬ 
cation  of  experiments.  Depending  on  this  characteristic, and  also  on 
the  degree  of  non-stationarity,  all  measurements  can  be  divided 
into  four  basic  groups:  a,  b,  c,  d. 


.  a)  Experiments  with  qua  si -stationary  standard  character¬ 
istics  of  phase  fluctuations;  A  number  of  summer -autumn  and  the 
majority  of  autumn- winter  experiments  can  be  assigned  to  this  type, 
which  is  characterised  by  a  monotonic  decrease  in  the  intensity  of 
the  fluctuations  with  increase  of  height  (on  the  average,  inversely 
proportional  to  the  height).  It  can  be  shown  [7]  that  one  can  repre¬ 
sent  the  similar  height  dependence  for  the  zone  of  direct  visibility 
in  the  form 

(  A'f2 )  ^  i  //?j  (d  ■C  1 ) . 

This  dependence  should  hold  for  propagation  over  a  particular  sur¬ 
face  in  a  locally  isotropic  medium  (troposphere). 


The  relative  sfcationarity  of  the  intensity  of  fluctuations  and 
their  temporal  characteristics  (for  example,  spectral  character¬ 
istics)  is  distinctive  of  these  measurements.  Typical  for  this  case 
is  the  dependence  obtained  in  one  of  the  experiments  of  the  summer 
period  and  shown  in  Fig.  3.  At  all  altitudes,  increase  in  the  dis¬ 
tance  between  the  receiving  antennas  is  initially  accompanied  by 
a  proportional  increase  in  the  fluctuations  (effective  values);  how¬ 
ever,  thereafter  there  is  a  great  slowing  down  in  the  increase  of 
the  fluctuations.  At  large  distances  (d  >10- 30m),  this  dependence 
tends  toward  "saturation”  (Fig.  3a).  The  absence  of  further  in¬ 
crease  testifies  to  the  significant  decorrelation  of  the  fluctuations 
of  the  phase  of  the  signals  obtained  in  the  various  antennas.  In  this 


case. 
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Fi^*  3.  Dependence  of  the  effective  values  of  the  fluctua¬ 
tions  of  phase  differences  (A  )’/u  on  the  distance  be¬ 
tween.  tbe  receiving  antennas  d  and  the  altitude  of  the  trans¬ 
mitter  h.  (r  -  33  km,  h  *  4m,  X  a  10  cm};  experimental 
, „  v,  "«  Qvv~. .  X  ~ V: .  •*  18m,  A,  — h,  -  Soxn, 


data;  a)  Q  “h^  J 
b)  O  -d  ~  100m, 


-d  ~  30m, 


1 8m , 

A 


•d  “  10m, 


Under  the  assumption  of  statistical  isotropy  of  the  medium,  when 
at  different  points  in  space  equally  distant  from  the  source  (tor 
identical  altitude  at  these  points  above  the  surface) 

-"Si  tf?  .  (3) 

Here  A  -  ,  +  .  are  the  fluctuations  of  the  absolute  phases  of  the  sig¬ 
nals  in  the  fkrst  and  ith  antenna,  R-^  is  the  correlation  coefficient 

of  the  phase  fluctuations  in  these  antennas.  Thus,  this  dependence  , 
normalized  to  its  value  at  maximum  distance  between  antennas 
fj  ,  completely  determines  the  correlation  coefficient  of  the 
“max 

fluctuations:  gg  _  I P)i  , 

(4> 

where  the  nth  antenna  corresponds  to  the  distance 

The  data  of  Fig.  3  refer  to  measurements  with  the  repro¬ 
duction  of  the  complete  spectrum  of  the  frequencies  of  the  fluctua¬ 
tion  { * 5 complex* 1  fluctuations).  Similar  results  aifeo  take  place  for 
the  separate  of  “slow"  and  ’hast”  fluctuations.  Results  of  such, 
an  experiment  are  shown  in  Fig.  4.  .In  this  case,  just  as  an  the 
previous,  a  comparatively  small  scatter  of  date  (  5- 10  per  cent) 

is  observed  for  all  repeated  measurements.  It  is  characteristic 
that  in  such  measurements,  the  decorrelation  oft ■  slow  fluctua¬ 
tions  always  sets  in  much  later  than  the  1  ’fasiV  v 


.  /</-  . 


*We  note  that  in  the  "  complex"  measurements  there  is  an  inter¬ 
mediate  region  of  correlation  dependence  with  a  much 'faster  growth 
than  for  the  "slow”  fluctuations,  but  much  slower  than  in  the  case 
of  "fas.t”  fluctuations. 

This  shows  that  the  fluctuations  in  the  region  of  very  high  frequen¬ 
cies  are  essentially  determined  by  fine  scale  inhomogeneities  of  the  „ 
troposphere,  the  spatial  correlation  between  which  disappears  more 
rapidly  than  in  the  case  of  "slow  "  fluctuations,  which  are  evidently 
brought  about  by  much  larger  formations.  As  a  consequence,  the 
effect  of  the  high  frequency  part  of  the  spectrum  of  phase  fluctua¬ 
tions  is  more  important  at  small  distances  between  the  antennas 
(d  2- 10m),  where  the  basic  "energy**  of  the  fluctuations  is  deter¬ 
mined  by  these  frequencies.  For  large  distances  between  the  an¬ 
tennas,  the  11  slow* 1  fluctuations  generally  dominate.  This  conclusion 
is  supported  also  by  direct  determination  of  the  fluctuationjspectra 
for  different  d  in  the  case  of  complex  measurements,  and  gives 
evidence  on  the  deformation  of  the  fluctuation  spectrum  of  the  phase 
differences  under  change  of  distance  between  the  receiving  antennas. 
Change  of  the  spectral  component  also  takes  place  with  change  of 
altitude  of  the  transmitter  h.  {see,  for  example,  the  relation  of  the 
"fast'*  and  "slow"  fluctuations  in  Fig.  4),  which  is  explained  by  the 
steeper  increase  of  the  "fast’*  fluctuations  in  approaching  the  sur¬ 
face  of  measurement  in  comparison  with  the  "slow*.’  ** 


* Tliis  agrees  with  theoretical  calculations  carried  out  for  a  plane 

Fig.  4.  Dependence  of  the  ef¬ 
fective  values  of  the  "slow", 
and  "fast"  fluctuations  on  the 
distance  d  and  the  altitude  hj 
(r  *  33km,  =  4m,  X.  » 

10cm);  experimental  data; 
a)  "slow"  fluctuations  {*  -h^  “ 

9m,  X  ”“hj  -  18m, 

^  --hx  =  35m);  b)  "fast” 
fluctuations  {  O  --hj  ~  9m, 

V  - -h .  ~  18m,  A  --hj 
--  35m). 

The  "present"  spectra  (see,  for  example.  Fig.  2)  com- 
ysuted  from  the  experimental  data  and  the  autocorrelation  functions  J 


surta.ee!  /j. 


\'y  show  that  the  decrease  in  the  distance  d  and  altitude  above  ground 
J  leads  to  a  relative  broadening  of  the  spectra  of  the  fluctuations  of 
the  phase  differences.  In  all  cases  there  is  a  tendency  toward  a 
sharp  decrease  in.  the  spectral  density  with  increase  in  the  fluctua- 
•  tion  frequency.  Between  90-95  per  cent  of  the  "energy"  of  the 
fluctuations  is  usually  distributed  in  the  band  of  frequencies 
to  10  cycles. 

b)  Non-* stationary  experiments  with  standard  character¬ 
istics  of  phase  fluctuations.  These  rrseasurments  differ  in  the  sharp 
non- stationary  character  of  the  fluctuations.  An  essential  change 

is  noted  in  the  qualitative  character  and  intensity  of  the  phase  pul¬ 
sations  for  repeated  measurements  in  adjacent  ten-minute  intervals 
and  even  during  the  course  of  a  single  measurement.  However,  the 
essential  dependencies  and  characteristics  of  the  phase  fluctuations 
are  qualitatively  the  same  as  in  the  first  case. 

It  should  be  emphasized  that  the  method  applied  in  experi¬ 
ments  of  this  type  makes  it  possible  to  determine  in  first  approxi¬ 
mation  the  average  value  of  the  fluctuation  characteristics,  inas¬ 
much  as  exact  data  under  conditions  of  sudden  non- stationarity  can 
be  obtained  only  for  simultaneous  parallel  measurements  at  all  al¬ 
titudes  and  distances  between  antennas.  Such  measurements  were 
encountered  only  during  the  summer -autumn  period;  we  note  that 
measurements  of  types  a)  and  b)  comprise  about  70  percent  of  the 
summer  and  more  than  90  per  cent  of  the  winter  experiments. 

c)  Anomalous  type  of  characteristics  of  phase  difference 
fluctuations.  Measurements  of  this  group:  were  characterized  by 
a  type  of  altitude  dependence  differing  sharply  from  the  standard, 
in  which  the  intensity  of  the  fluctuations  increased  monotonically 
with  increase  in  altitude  or  passed  through  a  maximum.  Such  re¬ 
sults  were  observed  both  in  simultaneous  ("complex"),  and  also  in 
separate  measurements  of  "slow"  and  "fast"  fluctuations;  how¬ 
ever,  the  anomaly  of  the  altitude  characteristics  was  more  pro¬ 
nounced  in  the  "slow"  fluctuations.  The  characteristics  of  the 
"fast"  fluctuations  were  distinguished  as  a  rule  by  a  very  high  sta¬ 
bility.  Data  of  one  of  such  experiments  in  the  measurement  of 
"slow"  fluctuations  are  given  in  Fig.  5.  The  anomaly  of  the  de¬ 
pendence  of  the  fluctuations  on  altitude  in  this  experiment  is  most 
strongly  expressed  at  maximum  distances  d  (see  Fig.  5b),  in  which 
the  principal  part  of  the  "energy"  of  the  fluctuations  is  brought 
about  by  large  inhomogeneities;  with  decrease  in  d,  the  character¬ 
istic  of  the  altitude  dependence  approaches  the  standard. 


Fi0»  5.  Characteristics  of  * 'slow* !  phase  fluctuations 
for  anomalous  altitude  dependence  (r  =  33  km,  =  4  m, 

X  =10  cm);  experimental  data:  a)  ®  -h^  --9  m, 

K.  -Jij  -18  m,  A  -hj  =  35  m,  b)  O  -d  =  100  m, 

X  -d  =  30  m,  A  -d  -  10  m,  O  -d  *  5  m. 

*  -  d  =  2  m . 


It  is  also  characteristic  that  in  these  measurements  the  altitude 
dependence  for  (,fastn  fluctuations  was  close  to  standard.  Experi 
merits  with  a  sharply  delineated  altitude  dependence  were  en- 
countered  rather  rarely  (less  than  10  per  cent  of  die  summe  i  and 
autumn  measurements).  Significantly  more  (about  20  per  cent  o 
the  experiments)  were  observed  in  the  case  with  weaLy  express  * 
or  completely  absent  altitude  dependence  which  are  the  transitional 
forms  from  measurements  of  the  previous  two  forms  for  experi- 
meats  of  type  c).  Results  of  one  of  these  experiments  for  com¬ 
plex*’  measurements  of  fluctuations  are  shown  in  Fig.  6.  It  should 
be  noted  that  the  disruption  of  the  normal  altitude  dependence  m 
certain  cases  comes  about  at  the  highest  values  of  d:  a  number  of 
cases  were  noted  with  anomalous  altitude  dependence  for  large  d. 
and  normal  dependence  for  minimum  d.  All  these  factors  are  evi¬ 
dently  connected  with  the  fact  that  the  vertical  anisotropy  of  the 
lower  levels  of  the  troposphere,  which  can  bring  about  the  observed 
changes  in  the  dependence  of  tire  intensity  of  the  phase  fluctuations 
on  the  altitude  is  fundamentally  determined  by  the  large  scale  m- 
homogeneities.  '.In,  measurements  of  this  type,  a  sharply  ex 
pressed  anomaly  is  usually  accompanied  by  a  large  non- stationari  y 
of  the  fluctuations.  Measurements  of  an  intermediate  type  are  en¬ 
countered  both  of  the  non- stationary  and  stationary  types. 
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JL-.JL -1. — i d)  Fluctuation  ’ ‘ bur  sts .  " 

8  &  some  experiments  of  the  sttm- 

mer  period  there  was  noted  a  short  time,  extremely  sharp  increase 
in  the  intensity  of  the  phase  difference  fluctuations,  the  so-called 
”  fluctuation  bursts.  ”  Large  and  non- stationary  fluctuations  usually 
precede  this  phenomenon.  For  several  minutes  the  fluctuations > 

se  rapidly  ( h  <6  ~  *TT  ),  and  are  accompanied  by  deep-seated 
fadings  of  amplitude.  The  duration. of  such  a  state  as  a, rule  does 
not  exceed  several  tens  of  minutes,  after  which  the  ordinary  picture 
is  established,  A  satisfactory  explanation  of  this  phenomenon  can 
not  be  given  within  the  framework  of  the  theory  developed  for  an  un¬ 
limited  inhomogeneous  medium  [8-13],  since  in  this  case  one  mus. 
assume  (if  account  is  not  taken  of  the  effect  Ox  the  surface  of  J«4»“ 
ration)  an  increase  in  the  fluctuations  of  the  dielectric  constant  of 
the  medium  over  the  path  by  hundreds  and  thousands  of  times  in  com¬ 
parison  with  the  ordinary  conditions  which  is  excluded  in  practice. 
Account  of  the  surface  of  separation  [7]  in  propagation  in  an  m- 
homogeneous  medium  leads  to  the  conclusion  that  the  course  of  such 
an  anomalous  increase  in  the  fluctuations  can  for  the  ordinary  sta¬ 
bility  of  the  medium  (fluctuations  of  the  dielectric  constant)  be  th<^ 
change  in  the  mean  refraction  over  the  trajectory,  which  leads  to  an 
interference  minimum  at  the  point  of.  the  receiver. 

2.  In  measurements  of  all  types  considered,  along  with  the 
change  in  the  qualitative  character  of  the  fluctuation  dependence 
from  experiment  to  experiment,  tki  variation  was  noted  in  «he  v«*.  .uc  . 
of  the  intensity  of  the  fluctuations,  in  which  the  maximum  change 
(not  taking  into  account  the  phenomenon  of  ’’bursts”)  were  those 
involving  fluctuations  of  the  phase  difference  for  minimum  distance 
between  the  receiving  antennas.  For  illustration,  the  changes  o 
the  intensity  of  ’’slow”  fluctuations  are  plotted  in  Fig.  s  for  toe 
summer -autumn  period  at  distances  between  the  receiving  anten- 
;ST5 “  -  2  and  d  »  100  m.  and  altitude  of  the  transmitter  9m. 

The  increased  variability  of  the  intensity  of  the  fluctuation 
observed  in  experiments  over  the  surface  of  separation  for 
^distances  between  the  receiving  antennas  should  evidently  also  take  j 

.  //  . 


r  n 

place  in  measurements  in  an  unbounded  inhomogeneous  medium,  in¬ 
asmuch  as  in  such  a  case  the  fluctuations  are  determined  with  a 
more  complicated  dependence  onthe  properties  of  the  ^inhomogene¬ 
ous  medium,  i.  e. ,  on  the  correlation  function  describing  the  pul¬ 
sations  of  the  coefficient  of  refraction  in  it),  than  for  the  case  of 
large  d.  For  small  d,  the  intensity  of  the  phase  difference  fluctua¬ 
tions  is  determined  both  by  the  fluctuations  of  the  absolute  phase  of 
the  signals  and  by  the  degree  of  decorrelation  between  them 
'  see  Eq.  (2)  ]  while  for  large  d  the  correlation  of  these 

fluctuations  is  insignificant  (R^— 0).  As  shown  in  Refs,  8,  10, 

the  intensity  of  the  fluctuations  of  the  absolute  phases  is  determined 
only  by  the  scale  of  the  correlation  function  and  n*  (n  =  index  of 
refraction),  i.  e. ,  they  are  practically  independent £.1, the  exact 
form  of  this  function. 
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rThat  is,  the  distance  at  which  a  significant  falling  off  of  the  correla¬ 
tion  of  the  pulsations  of  the  inhomogeneities  of  the  medium  takes  place 


It  is  appropriate  to  compare  the  change  of  the  intensity  of  the 
phase  fluctuations"  no  ted  in  the  experiments  with  the  state  of  the  me¬ 
dium,  which  is  directly  determined  by  the  observed  fluctuations. 
Some  results  of  such  a  comparison  of  radio  measurements  for  d  « 

10  m  and  h,  =  9  rn  with  the  mean  meteorological  conditions  over  the 
path  are  given  in  Figs.  8-10,  As  follows  from  an  analysis  of  data 
obtained  for  different  distances  and  altitude  above  ground  of  the  an¬ 
tenna  system,  it  has  not.  proved  possible  to  establish  a  direct  func¬ 
tional  relation  between  the  values  of  fluctuations  and  the  average  me¬ 
teorological  data.  However,  it  can.  be  remarked  that  an  increase  in 
the  wind  velocity,  independent  of  its  direction,  and  an  increase  in  the 
•waves  of  the  sea  (see  Figs.  8,  9)  were  usually  accompanied  by  a  de¬ 
crease  in  the  intensity  of  the  fluctuations.  Decrease  of  the  fluctua- 
tfcions  was  also  noted,  as  a  rule,  upon  increase  in  radio  refraction  J 
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— to  a  -*  oo*  (see  Fig.  10)  ahd  for  hazy  and  rainy  weather. 

UP  eq 

„  —  ~  parth  a  for  an  estimate  of  the  degree 

The  equivalent  radius  of  the  earm  aeq  “  , 
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O  Intensity  of  the  phase  difference  fluctuations  in  wind  of 
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33km,  hr  «  9m,  h2  *  4m,  d  *  10m,  X  -  lucm;, 

■  transverse  to  the  path,  vt «  wind  component  along  the  path. 
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Fig,  10.  Phase  fluctuations  for  different  degree  of  radio  refraction 
(according  to  measurements  of  the  summer -autumn  period;  d  ~  10m, 
h  a  9rn,  h?  a  4m,  r  =  33km,  X  =  10cm}, 


The  dependence  on  the  sea  state  that  has  been  pointed  out 
and  also  the  fact  that  the  maximum  fluctuations  were  observed  for 
windless,  sunny  weather  and  in  the  absence  of  waves,  show  that 
j  in  the  measurements  that  have,  beer*  carried  out  the  state  of  the 
|  sea  surface  did  not  have  an  important  effect  on  phase  fluctuations. 


qualitative  coincidence  of  the  results  obtained  in  the  measure- 
merits** over  dry  land  also  shows  this  result  (see,  for  example.  Ref, 
2>. 


To  conclusion,  we  note  that  the  measurements  that  have  been 
carried  oat  make  it  possible  to  estimate  the  radii  of  the  spatial  cor¬ 
relation  of  phase  fluctuations  (the  *' scale”  of  the  inhomogeneities} 
by  means  of  a  comparison  of  experimental  data  with  known  theoreti¬ 
cal  investigations  of  the  propagation  of  radio  waves  m  a  locally 
isotronic  medium  [8-13].  One  of  the  typical  examples  of  such  a 
r^Priso™^loLinJFig.  11,  where  tire  computed  dependence  of 
the  mean  square  of  the  phase  difference  fluctuations  ou  ta 

dUtoc.  belween  receives  — s  d  (or  different  vataea  of  a>e 

1 !  scale' 1  of  tropospheric  inhomo geneities  JL  are  shown  by  the  solid 

The  vatae.  It  S3?  are  normalised  to  the  maximum  values 


corresponding  to  d 
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"  Fig.  11.  Dependence  of  the 

r — *1  normalised  mean  square 

values  of  the  phase  difference 
fag#  fluctuations  on  the  distance  d 

between  the  receiving  anten- 
,Sm  nas  (h!  *  18m,  h2  »4m, 

1r  a  33km,  X  =  10cm},*  experi- 
fO*  mental  data:  O  -** com¬ 

plex*  *  measurements,  X 
j&m  ‘‘fast**  fluctuations i  #  “ 

1  * *  slow*  *  fluctuations . 
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vre  note  that  Eq.  (5)  is  valid  in  the  case  of  an  unbounded  space,  and 
also,  as  shown  in  Ref.  14,  for  propagation  over  a  surface  of  sepa- 
••aVioti*  in  an  inhomogeneous  medium  described  by  a  spatial  corre- 
Laonfi^cS^f  fluctuation  of  the  index  of  refraction  n  of  the  form: 


where  nv  n2  are  the  fluctuations  of  the  coefficient  of  refraction  at 
different  points  of  space,  p  is  the  distance  between  these  points  j 

L 


• 


^is  the  parameter  of  the  correlation  function  (’’scale1'  of  the  in- 
homogeneities).  However,  as  shown  in  Ref.  10,  similar  results  are 
obtained  for  different  forms  of  the  correlation  function  in  which  the 
correlation  of  the  pulsations  of  the  index  of  refraction  fall  off  xnono- 
tonically  with  increase  in  d. 

As  follows  from  the  given  data,  the  value  of  %  for  "slow1  1 
fluctuations  is  of  the  order  of  10-30m,  for  ’’fast,  In  the 

-  case  in  which  the  entire  fluctuation  spectrum  is  reproduced,  an 
intermediate  form  of  the  dependence  of  the  fluctuations  on  the  dis- 
tance  is  observed,  and  the  parameter  ^amounts  to  3- 10m,  in¬ 
creasing  somewhat  with  the  altitude  Of  the  transmitting  antenna. 

V  When  the  distance  d  between  the  receiving  antennas  is  measured 
along  the  line  parallel  to  the  surface  of  separation  (perpendicular  to 
the  direction  of  propagation),  and  at  high  altitudes  eitte  r  of  both  ends 
of  the  path  or  of  one  of  them  (h^h^  »J:or  hj»J-  h-,»I). 


Thus  the  narrowing  of  the  fluctuation  spectrum  which  takes 
place  in  inertial  measurements  without  essentially  disrupting  the 
altitude  characteristics  in  most  cases  always  brings  about  an  ap¬ 
preciable  lowering  of  the  rate  of  increase  of  the  intensity  fluctua¬ 
tions  upon  increase  in  the  distance  d.  In  the  theoretical  interpre¬ 
tation  of  the  experiment,  this  circumstance  reduces  to  the;  neces¬ 
sity  of  increasing  the  parameter  £,  Moreover,  separate  measure¬ 
ment  of  the  fluctuations  in  several  frequency  intervals  of  the  spec¬ 
trum  leads  to  a  number  of  vlaues  of  the  "scale”  of  irregularities 
which  bring  about  these  fluctuations. 

The  authors  express  their  gratitude  to  V.  F.  Shul’ge, 

O.  M.  Lebedev  and  R.  F.  Yeber  who  took  part  in  carrying  out  the 
measurements . 
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INTERACTION  OF  ELECTROMAGNETIC  WAVES  IN 

PLASMA .  II 

[This  is  &  translation  of  an  article  written,  by 
y.  V,  Zheleznyakov  in  Radiofigika  {Radiophysics) 

VoL  II,  No.  6,  1959*  pages  858-868.] 

(Submitted  to  editors  16  July  1959) 

(Abstract)  On  ti he  basis  of  relations  obtained  in  Ref.  1 
between  the.  coefficients  of  the  asymptotic  solution  on  both 
sides  of  regions  of  interaction,  concrete  cases  are  con¬ 
sidered  of  the  interaction  of  normal  waves' in  a  weakly 
inhomogeneous  magnetoactive  plasma  for  oj_j/w<.1  and 
for  oip/co  >1  (  «  »  frequency  of  wave,  ~  g$r  ©frequency). 

Explicit  expressions  are  found  for  the  characteristic 
parameters  of  the  interaction,  which  are  valid  at  small 
angles  between  the  constant  magnetic  field  and  the 
direction  of  propagation  of  the  wave. 

1.  PRELIMINARY  REMARKS 


In  Ref,  1,  cited  below  as  1,  the  following  relations  were  ob¬ 
tained  between  the  coefficients  of  the  asymptotic  solution  connecting 
the  amplitudes  of  normal  waves  on  both  sides  of  regions  of  inter¬ 
action  in  a  plasma: v  . 
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(1.4) 


*In  paper  I,  these  relations  were  found  (in  quasi-hydrodynamic 
approximation)  for  electromagnetic  waves  propagated  along  grad  N 
(N  «  concentration  of  electrons)  in  a  weakly  inhomogeneous  plane - 
layered  magnetoactive  plasma. 


In  equations  (1. 1)-{1.4),  tlie  characteristic  parameters  of  the  inter- 
„  action  6^^  and  6Q?  are  determined  by  the  integral 

„  t  f  ff,  d  6„.  =  — <f>  (i)  rf*>  ( 1  -5)  5) 
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which  are  taken  over  a  closed  curve  in  the  complex  plane  t  con¬ 
taining  the  point  in  which  the  respective  indices  of  refraction  are 
equal  to  and  n^.,  iij  and  n^-. 

2  2 

In  (1.5),  e  S  1  -  v  =  1  -  w0/w  >  where  o>0  is  the  Langmuir 
frequency  of  the  plasma,  p  «  k^/jgrad  r.  {,  where  -  <*>/c ^ is 
the  velocity  of  light  in  a  vacuum. 


We  recall  that, in  Eqs.  (1.  1)-(1.4),  c  denotes  the  amplitude 
of  the  normal  wave  traveling  in  the  direction  of  increase  in  v 
(in  the  direction  of  negative  e,  see  Fig.  1)  while  d  is  the  ampli¬ 
tude  of  the  wave  traveling  in  the  opposite  direction.  The  prime  on 
c  and  d  denotes  that  these  quantities  are  taken  behind  the  region  of 
interaction- -at  the  point  with  large  values  of  the  parameter  v;  the 
values  of  c  and  d  without  the  prime  refer  to  points  before  the 
interaction- -with  correspondingly  smaller  values  of  v.  The  sign 
(  )  means  that  the  quantities  c  and  d  are  associated  with  the  region 

of  interaction  between  waves  I  and  III,  while  the  designation  of  the 
amplitudes  c  and  d  without  this  sign  refer  to  the  interaction  of 
waves  II  and  HI. 


The  relations  (1. 1)-{1.  4)  in  principle  completely  solve  the 
problem  of  the  interaction  of  electromagnetic  waves  in  plane - 
layered  magnetoactive  plasma  (for  propagation  of  waves  along 
grad  e).  Making  use  of  these  relations,  we  shall  consider  con¬ 
crete  cases  of  the  interaction  of  "normal"  waves.  ',f 


*It  is  necessary  to  emphasize  that  the  "interaction  of  normal  waves" 
considered  here  is  not  connected  with  a  violation  of  the  principle  of 
superposition  for  electromagnetic  fields  in  a  plasma,  i.e.  ,  with 
a  nonlinear  character  of  electromagnetic  waves;  "interaction"  is 
brought  about  by  the  fact  that  in  certain  regions  of  inhomogeneous 
plasma,  the  decomposition  of  the  field  into  normal  waves  is  not 
applicable.  ’  J 


.  * 


2.  INTERACTION  OF  ”  NORMAL”  WAVES  FOR  u  <  1  {Fig,  la) 


It  is  clear  from  Fig.  1  that  there  are  two  regions  of  inter¬ 
action,  in  a  magnetoacoustic  plasma  for  vAt  1.,  However,  for 

\x  *  wf/w*  <  1,  one  of  the  regions  corresponds  to  ni  <  0.  In  the  case 
Jr.  f.  J  , 

of  a  sufficiently  strong  magnetic  field  one  can  neglect  the  inter¬ 
action  in  this  region,  since  the  waves  are  strongly  damped  for 

nt  <  0 . 

) 


The  condition  [2]  * 


serves  as  a  criterion  under  fulfilment  of  which,  interaction  in  the 
region  n?  <0  is  not  at  all  negligible.  Actually,  on  satisfaction  of 
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"in  the  case  of  weakly  inhomogeneous  plasma 
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tliis  inequality  the  extraordinary  wave  (n. )  emerging  from  the  region 

fy  ■  ^ 

of  interaction  n  <0  is  strongly  damped  in  the  region  n,'  <0  (i.  e.  , 

j  ' 

in  the  layer  I  >v>  1  -  /u),  since  in  this  case  the  distance  be¬ 
tween  v  a  1  and  v  «  1  -  vfu  will  be  much  greater  than  the  length 
of  the  extraordinary  wave  in  the  region  of  reflection. 

It  is  assumed  below  that:  the  condition  just  pointed  out  is 
satisfied,  i.  e.  ,  the  interaction  for  u«  1  takes  place  only  between 
waves  H  and  III,  which  correspond  to  positive  values  of  n£{,  and 
? 

EijH  (see  Fig.  la). 

2 

a)  Let  only  the  extraordinary  wave  (n>)  with  amplitude 

ss  i  be  incident  on  the  region  of  interaction  from  the  side  of  small 

values  of  the  parameter  <r  *  *»0V«o  «-  (the  amplitude  of  the  plasma 

wave  CtTT  *0).  We  shall  find  the  amplitude  of  the  remaining  waves 
ill 

close  to  the  region  of  interaction. 

0,  it  follows  from 


According  to  the  conditions  c„  =  1, 


c,. 


?.f£  UJi-V*  j.  WJJ  -  JI 

(I.  1)  that  for  waves  traveling  after  the  region  of  interaction  in  the 
direction  of  increasing  v, 


/  1  - 


-24, 


Ill 


e~ 


(2.1) 


If  reflections  of  wave  III  from  the  point  v  *  1  +  / u  are  not  taken 
into  account,  then  the  amplitude  of  the  reflected  wave  HI  is  equal  to 
zero:  d^rr  =  0.  At  the  same  time  the  incident  wave  and  the  wave 


L 


■in. 


J 


•  £7  * 


JL 


|  reflected  from  the  point  v  a  1  (k  =  0)  are  connected  by  the 


equation 


c 


i 


dVj  =  c'n  exp  {  —  2i  o  S  -f  / «/ 2  }, 


(2.2) 


j  where  pS  =p  )  i.s  the  change  in  phase  in  the  wave  at  a  dis- 

tahce  from  the  point  B  to  the  point  v  ~  1  (see  Fig.  3a  of  paper  I), 
i.  e. ,  from  the  region  of  interaction  of  waves  If -III  to  the  point  of 
reflection  of  waves  II  (Fig.  la).  In  correspondence  with  (2.2),  the 
additional  change  of  phase  by  ir/2  due  to  reflection  from  the  point 
v  "  1  was  also  taken  into  account  (see  Ref,  3,  par.  66),  According 
to  the  conditions  d*  =  0  and  (2.2),  it  follows  from  (1.2)  and  (2,  1) 
that 


fr\ j  —  g-'iK-t  e-VfS+l*/2  —  •/ 1  _  dtl!  ~~  rf||5; 


0  =  d\%  ~f ■  V I  —  e~3&ni  dm, 


whence 


dn  =  (I  -  e~^)  e~2 ips+i**. 
dm  ~  — V  1  —  <?'~26w  *+**'*. 


(2.3) 


It  is  clear  from  the  relations  (2.  1),  (2.  3}  that, in  fee  inci¬ 
dence  on  the  region  of  interaction,  of  the  extraordinary  wave  n2(U) 

from  the  side  of  v  in  the  ca seu=«p /</  <  1  ,  the  relative  intensity 

of  waves  IT  and  HI,;  reflected  from  the  region  of  interaction,  will  be 
equal  to 


i  dn  !8 

dm  ?  -= 


“(!—«• 
e~ihm  (1  ' 


1 


and  the  relative  intensity  of  the  traveling  wave  III 


i c  in 


(.2,5) 


z. 


b)  hi  the  case  in  which  the  plasma  wave  is  incident  on 

the  region  of  interaction,  the  problem  is  solved  in  similar' fashion, 
in  this  case  the  relative  intensity  of  the  reflected  waves  II  and  III 
(see  Fig.  la) 


d\\  p  =  e~  2t<»  (1  r~  £‘ 


d 


HE 


►  -«,v 


while  relative  intensity  of  the  wave  HI  which  travels  through  the  re- 
tion  of  inter  atti on. 


sis 


(Equations  (2.6)  and  (2,  )  were  obtained  without  consideration  of 


reflection  of  the  ordinary  wave  n|  from  the  point  v  *  1  +  fu- ) 

2, 

ill)  approacnes  me 

0,  and  the 


c}  If  the  ordinary  wave  nj(III)  approaches  the  region  of  In¬ 
teraction  from  the  side  of  large  1  y,  then  =■  =  0.  and  the 

relative  intensity  of  the  passing  waves  II  and  HI 


|  dn  |*  = 

</■><  I*  ■=  l  - 


(2.8) 


while  the  mi 


tensity  of  the  reflected  wave  n*  (III)  is  equal  to  zero: 


t  r  i*  -  0. 


(2.9) 


The  absence  of  a  reflected  ordinary  wave. in  tire  incidence 
of  it  from  fee  side  of  large  v  on  the  region  of  interaction  was  noted 
in  Ref.  4,  where  some  expressions  were  obtained  (without  account 
of  thermal  motion  in  the  plasma)  for  the  coefficients  of  reflection 
,  and  transmission  of  electromagnetic  waves  and  which  have  been  set 
forth  in  this  section. 

3  INTERACTION  of  NORMAL  WAVES  FOR  u  >  1  (Fig.  lb) 

In  the  case  in. which  u  >  1,  both  regions  of  interaction  corre- 
<3 pond  to  the  values  nf  >  0;  therefore,  in  consideration  of  the  inter¬ 
action  in  a  strong  magnetic,  field  account  of  both  regions  is  nec¬ 
essary/  For  consideration  of  concrete  cases  of  the  interaction  of 
normal  waves  for  u>  1,  one  must  take  into  consideration  the  feet 
that  after  the  region  of  interaction  (in  the  region  B,  see  Fig.  3b 
of  paper  1}  the  amplitudes  of  the  incident  and  reflected  waves 

m(II)  are  connected  by  the  relation  (2.2).  At  the  same  time,  the 
amplitudes  of  the  wave  n^(III)  at  the  pointeB  and  A  are  connected 
by  the ,  relation 


exp  { 


IfS  +  R):  dm~dM  esp  [iv's  +  R 


Here 


t,  S  —  j>  \  l 


ffnt  d 


that  takes  into  account  the  phase  shift  at  the  points  A  and  B  (see 
Fip.  3b  of  paper  I),  i.  e.  ,  in  the  transition  of  toe  wave  HI  xr  am  the 
region  of  interaction  of  waves  I  and  III  to  toe  region  of  interaction 
of  waves  II  and  III  (Fig.  lb),  while  ^  f 

ir  («,,.)  rf.  (3. z) 

B 

i  takes  into  account  the  change  of  the  amplitude  of  the  wave  in  the 
I  transition  from  B  to  A  (corresponding  to  the  approximation  of 


3/ 


geometric  optics  in  this  region;'  see  Eq.  (2.2)  °*  PaPer  D- 

a)  Let  the  extraordinary  n*<IU).wlih  amplitude  Zm  =  i  be 

f  r-tinn  f r om  tins  side  of  small  v ■,  while 

incident  on  the  region  oi  interaction  l%o  amplitude  c„  of  the 

the  amplitude  cT  of  the  plasma  wave  n3(I),  the  ampniuo  n 

ordinary  wave  n*(II>,  and  also  the  amplitude  d<m  of  the  extra¬ 
ordinary  wave  n?(II!)  and  the  amplitude  of  the  ordir^ry  wave 
nZ2(l)  are  equal  to  zero  (the  reflection  from  the  wave  ^ (III)  from 
the  point  v  a  1  +  \JTa  is  assumed  to  be  absent). 

We  then  obtain  from  (1.2),  (1.3)»  (2.2)  and  (3.1) 


c>  e  ;  |/~j  —  £>~2SDl  c/n—  +/' 

W,  /■k.-' 

^  __  ,,  I-  ■— — — 

0  «=•  p  *«<  t/n  4'  ^  tfmd'ps  r  » 


6  |  —  1  » 


7  —  / 1  ~—e~9i« 

cin  r 


(3.3) 


At  the  same  time 


,  according  to  (1.1),  (1.4)  and  (3.  1), 


c\x  =  -  e-6«  cwe'lfs+k\ 

Orr  —e~-s<*d\  4-  dm\ 

--  __  <»-*«*/,  ~j~  /T  —  <?  ~2£*  ^iiM 


!  Eliminating  cU  •nd'&fcj  iron.  Eqs.  (3.  3).  (3.  4).  we  find  that 


(3.4) 


As  is  seen  from  the  expressions  given*  the  amplitudes  ci~.  ana  d™. 

are  proportional  to  the  factor  exp  R*  which  reflects  the  fact  of  the 
change  of  the  amplitude  of  the  wave  r,.|{Hl)  in  the  transition  from 

one  region  of  interaction  to  the  other.  However,  inasmuch  as  the 

rj  = 

f'  ~  Y~\  V\  — -  e-** 

</,  -»  e~Uc)~2Sti  /  1  —  g-K*  j  (3. 

r  «U  y  1  -  K  1  e-0tm  ^ItS^pS+ti  +  Inti  ; 

if,,,  «  ^  (l  -  e-^  «r-v  +  h/2  . 


radiation  flux  in  this  transition,  is  not  changed*  the  relative  intensity 
of  the  wave  n|(HI)  passing  through  both  regions  of  interaction  is 

equal  to  \  . 


|  fin  \7  c"w  =  0  ~~  e~n^  0  *"***)» 


(3.6) 


while  the  relative  intensity  of  the  wave  (II)  reflected  from  the 


region  v  1,  is 


2f-  (l  -  c>~2S  (1  --  r~2H 


(3.1  ) 


*  Moreover,  the  relative  intensities  of  the  ordinary  wave  ' 
xuSi)  passing  through  the  region  of  interaction,  of  the  plasma  wave 

nZ(l)  reflected  from  the  layer  v«  1*  and  the  extraordinary  wave 
„2(HI)  also  reflected  from  the  layer  v  ~  1  are  respectively  equal  to 


j  c  {  |"  “ 

|  f/,  ]2  ~  (J  — - 


(3.8) 


|  dm  |2  (1  -  e  2HJ. 
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i 


1  The  other  variant  of  the  interaction  can  be  considered  in 

!  similar  fashion  for  u  =  oA  /o>2  >  1  - 
i  p 

b)  If  the  ordinary  wave  nUtl)  is  incident, on  the  laye^r  v  -«  1 
(from  the  side  of  small  values  of  v),  then  Cj-  —  0  and  dj  «  d'I;I 

-  o  (the  reflection  from  the  point  v  ~  1-  +  «fu  is  not  taken  into  ac¬ 
count). 

In  this  case  the  relative  intensities  are  determined  by  the 
following  considerations: 

For  the  ordinary  wave  n^(I)  passing  through  the  region  of  inter- 
action,  ^ 

|  (?',  j3  e™  =  0;  (3. 9} 

For  the  extraordinary  wave 
interaction. 


g  i 

For  the  reflected  plasma  wave  n^(i)  j 

| 

j 

j  js  ~  e  ({  (3,11)1 

I 

j 

for  the  reflected  ordinary  wave  n2(H)»  4 

!  di 1 1-  «  ( I  —  ^  (3.  12)  i 

for  the  reflected  extraordinary  wave  n^{III),  I 

I  dtu  i2  e™  =  e-**  0  -  (1  -  d~2H  (3. 13)  ; 

c)  If  the  plasma  wave  n^I)  is  incident  on  the  layer  v~  1  | 

(from  the  side  y  <  1 ) ,  then  Cjj  —  CUI  ~  ^  an^‘  ^1  ~  ^  (reflection  j 

from  the  point  v  ?  1  1  (pu  is  not  taken  into  account).  Then  the 
relative,  intensity  is  equal: 

2  . 
for  the  ordinary  wave  n2(I)  which  passes  through  the  region  of  in¬ 
teraction 

kit*  -  l  -  *  ^  (3.  14) 

Z 

for  the  extraordinary  wave  n^IXI)  passing  through  the  region  of  in- 
j  teraction 

r‘t!?  I2  ff"7®  ~  (I  —  ■ 


ni (Ill)  passing  through  the  regi 

e~*": 


on  of 


c 


12  - 


It! 


(3.  10) 


1 


{3. 1®) 


(3.  18} 


Z 

for  the  reflected  plasma  wave  n3(I) 

|rf,  =  .  (3  16) 

for  the  reflected  ordinary  wave  n|(Ii.) 

jr' 

i  du  l2  e~w^  e-**‘  25«  (1  -  <?“**«.);  (3.  l®} 

2 

for  the  reflected  extraordinary  wave  n^(HI) 

.  i  din  j2  —  *?“■**»'  2i5«-  (1  —  e"11-*).  (3.18) 

2 

d)  If  the  ordinary  wave  n2(I)  is  incident  on  the  layer  v.~  1 
(from  the  side  v>  1),  thefi  -  CJ  “  cn  "  “  0*  I n  this  case 

there  is  no  reflected  ordinary  wave  n|(I)  and  extraordinary  wave 

m  (in): 

'^p=0-  (3. 19, 

and  the  remaining  components  are  characterized,  by  the  following 
expressions:  2 

for  a  plasma  wave  n3(I)  traveling  in  the  region  v<  1, 


;r  v.  J-“~  1 
s  case 


\d\  l*  —  1  - 


(3.20) 


for  the  ordinary  wave  n?{II)  passing  through  the  region 


itf.iP  e’*"=r  0; 


(3.  21) 


for  the  extraordinary  wave  n^(III)  passing  throtigh  the  region 

•  \2  "  . 


(3* 22) 


e)  If  the  extraordinary  waye  n7(IH)  is  incident^  on  the  layer 
v  1  from  the  side  v  >  1)>  then  d^  =  U  and  cj  =  =  0.  In  this 

case  the  reflected  wave  does  not  appear: 


r] p — 0:  y;„!3=°. 


(3.23) 


while  the  intensity  of  the  transmitted  wave  in  the  region  v<  1  is  tie- 
terindned  l>y’’  Ills  cotisidsr^Eions* 

for  the  plasma  wave  n|(I) 


d\  )*  e7R  —  C"  {1  — 


(3.24) 


2 ... 


for  the  ordinary  wave  n^(II) 


f  d\\  !“  -- 


(3.25] 


x  £ 
for  the  extraordinary  wave 


]  dm  I2-  i**  =  0  —  (1 


<*■*  2S«4. 


(3.26)} 


We  note  that  inasmuch  as  in  cases  d)  and  e)  there  is  no 
extraordinary  wave  n?‘(IH)  reflected  from  the  region  v  1,  ac¬ 
count  of  reflection  from  no  n|(v)  at  the  point  v  ~  1  +  V  u  has  no  ef¬ 
fect  on  the  results  of  the  last  two  sections. 

Of  the  variance  of  the  interaction  considered,  cases  b)  for 
u  <  1  and,ds,  for  u  >  1  have  the  greatest  interest  for  the  theory  of  the 
spor fidic^rl iiati on  of  the  sun  and  planets;  these  determine  the  ef¬ 
fectiveness  of  the  transmission  of  plasma  waves  in  electromag¬ 
netic  radiation  (in  ordinary  and  extraordinary  waves). 

If  u<  1,  then  in  the  incidence  of  a  plasma  wave  on  a  region 
of  interaction  v  —  1  in  the  region  where  v<  1  there  appears  only  the 
ordinary  wave,  which  is  propagated,  in  the  direction  of  small  v.(i.  e. , 
small  values  of  the  concentration  of  electrons  N).  The  relative 
intensity  of  this  wave,  according  to  Eq.  (2.  6),  is  equal  to 


j  |  (*  *■  J 


(3.27) 


i  ►  *  ■»  '**0  and  2  5^.,  oo  and.  3r©3.cJi^s  a 

I  rf$iis  expression  vanisKea  for  w  u  anc  90i 


3  4 


*  maximum  for  25.,,  =  In  2  (the  maximum  value  of  {3.27}  is  equal  to 
1/4). 


If  u  >  1,  then  in  the  incidence  of  a  plasrm.wa.ve  on  the  region 
of  interaction  v  1  from  this  region  in  the  direction  1,  there 
appears  both  an  ordinary  and  an  extraordinary  wave,  and  the  rela¬ 
tive  intensities  of -these  waves,  which  determine  the  effectiveness 
of  the  transition  of  the  plasma  wave  into  electromagnetic  radiation, 

“  are  respectively  equal  to 

t>-Ki  2sn  {j  __  ( }  —  £ -2«v.) .  (3,28) 

The  expressions  that  have  been  given,  also  vanish  in  the  case 
2  6qi  02  ®  an^  2«oi  02  001  achieve  a  maximum  when 

2Sqi  q7  e-^1.  In  the  latter  case,  the  efficiency  of  the  transforma¬ 
tion  is  of  the  order  of  unity. 


The  problem  of  the  efficiency  of  emission  of  radio  radia¬ 
tion  beyond  the  limits  of  the  sun*  s  corona,  hs  a  consequence  of  the 
regular  interaction  of  waves  in  a  magnetoactive  plasm&ps 
treated  in' detail  on  the  basis  of  Eqs.(3.27),  (3.28)  in  Ref.  2  (see 
also  Ref.  5). 


We  note  that  it  is  not  difficult  to  study  the  problem  of  the 
possibility  of  the  transmission  of  long-wave  cosmic  radiation 
through  the  ionosphere  by  means  of  the  relations  that  are  set  down 
in  this  section,  and  also  to  study  the  effect  of  n multiplication"  of 
signals  in  the  ionosphere  for  u  y  1, 


Inasmuch  as  the  character  of  the  dispersion  curve  n/(v)  in 


the  case  u  >  1  is  materially  different  from  the.  behavior  of  the  dis¬ 
persion  curve  for  u  <  X,  the  appearance  of  1  ’multiplication* '  of  sig¬ 
nals  for  u  ^>1  will  possess  certain  peculiarities  which  do  not  take 
place  in  the  case  of  u  -2  1  (see  Fig.  la  and  lb).  The  effect  of 
’ •multiplication* ’  of  signals  for  u</  1  consists  in  the  appearance 
of  reflected  triplets  in  sounding  of  the  ionosphere  at  frequencies 
co  y  u>M  .  In  this  case,  the  first  pulse  corresponds  to  the 
extraordinary  wave,  while  the  second  and  third  to  the  ordinary  [4]. 

In  sounding  the  ionosphere  at  lower  frequencies  <°^h  y 
(u  1),  the  reflected  signal  is  a  doublet.  The  first  pulse  of  the 
doublet  arises  as  a  result  of  tire  reflection  of  the  wave  from  the 
point  v  ~  1,  the  second  as  a  consequence  of  reflection  from  the 
point  v  ~  1  +  \fur  It  is  not  difficult  to  conclude  from  the  variance 
of  transmission  of  electromagnetic  waves  to  the  layer  v-~  1  given 
above  that  in  the  composition  of  both  reflected  pulses  there  are  both 
^ordinary  and  extraordinary  components  even  in  the  case  when  the  J 
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bounding  pulse  contains  only  one  .of  the  normal  components.  More¬ 
over,  each  pul.se  of  the  doublet  will  be  s|>lit  as  a  result  of  the  dif¬ 
ference  in  time  of  the  group  retardation  of  the  ordinary  and  extra¬ 
ordinary  waves  in  the  region  Odv  ^.1.- 

4.  GHARAC  TEELS  TIC  PARAMETERS  OF  THE  INTERACTION  6qj 

AND  6  A,  FOR  SMALL  ANGLES  BETWEEN  THE  MAG- 
02 

'  NETIC  FIELD  AND  THE  DIRECTION  OF 
PROPAGATION  OF  THE  WAVE 

It  follows  from  what  was  outlined  above  that  the  effective  in¬ 
teraction  of  normal  waves  takes  place  under  the  condition  that 
2.  !  *  The  characteristic  parameter  A0,jOa.  depends  on 

the  properties  of  the  plasma  in  the  interaction  region  v  a  1,  i.  e.  > 
on  the  frequency  of  the  normal  waves  (which  determine  the  location 
of  the  interaction  region  in  the  t  plasma.},  on  the  gradient  of  the 
electron  concentration,  on  the  magnitude  and  direction  of  the  mag¬ 
netic  field.  Kn.  The  conditions  pointed  out  prevent  definite  limita¬ 
tions  to  these  quantities.  However,  calculation  of  the  parameters 
fni  and  Joa  given  by  Eqs.  (1.  5)  in  the  form  of  contour  inte- 
grals  in  the  complex  plane  f  -  1  -  v  ©re  very  difficult  in  the  general 
case .  Determination  of  &0 x  ^  o2  is  3impHfied  if  2  6oi ,  02 ^  1  *  Gor  " 
responding  expressions  will  be  given  below  for  2  found  under 

these  conditions.  ; 

The  expression  for  26^  CE-:ti  1*®  found  in  explicit  form 
((for  small  values  of  2 6^ ^  q2}  in  ^ie  f°llow^n8  way. 

According  to  (2.  5}  and  (3. 10),  in  the  incidence  of  an  ordi¬ 
nary  wave  (from  the  side  v<  1}  on  the  layer  v  ~  1,  the  transmission 
coefficient  of  this  wave  through  the  region  of  interaction  (in  the 
form  of  the  extraordinary  component)  is  equal  to 

Kn!2-  e~V°'  ~  1  “  25°'  {4,1} 

At  the  same  time  it  follows  from  (3.  8}  that  if  the  extraordinary 
■  wave  is  incident  on  the  layer  v  ~  1  (from  the.  side  v  <  1),  then  fee 
transmission  coefficient  of  this  wave  through  fee  interaction  re¬ 
gion  (in  the  form  of  the  ordinary  component)  is 

|  c\  P  P  ^  1  -  2&0,  (u  >  1 ).  {4  2) 

In  the  transition  to  the  latter  equalities  in  (4.  1)~{4.  2)  it  is  assumed 
that  2601j02  ^1.  ; 

On  fee  other  hand,  in  the  case  2 5^  02  ^  1 »  which  corre¬ 
sponds  to  almost  complete  transmission  of  the  ordinary  and 


"1 

^"extraordinary  waves  through  the  layer  v  £.  1,  the  transmission  co¬ 
efficients  can.  be  computed  by  the  perturbation  method,  taking  as  the 
-aero  approximation  the  corresponding  ordinary  or  extraordinary 
waves  in  longitudinal  propagation  {which  corresponds  to  the  case  of 
total  transmission). 

In  the  consideration  of  interaction  in  the  region  of  small 
angles  a  between  the  magnetic  field and  grad  e,  it  is  convenient 
"  to  start  out  from  the  equations  ^  ~  p2  b,Z$\ 

z:  +  fa-2z2-pntz^ 


f7  Z",  -1-  pa  d3zs  « y  dtZi  4-  P3  d2ztf  (4*  3) 

which  are  obtained  from  the  set  (1-9)  of  paper  I  by  the  substitution 

Zx  -  Ex  -f  iEv\  z2  =  Ex  —  iE+  ~  {4. 4} 

/rj  ,  E  ,  E  are  the  components  of -the  electric  field  in  the  plasma* 
v  x  "y  z 

the  z  axis  coincides  with  the  direction  of  propagation  of  the  wave, 
i.e.  ,  with  the  direction  grad  t).  The  coefficients  a,  b  and  d  are 
expressed  in  terms  of  the  coefficients  of  the  set  (1.9)  of  paper  I  by 
the  relations  al~P~~Q;  <*•_.  m  P  4-  Q‘,  <h  ~  E; 

b>  -  ~~  0  -  iO*;  ■  h  *  -  04-  /<?*; 
rf,  -  —  («  +  K7*);  d.  =  trJ  (_  G  +  iO*).  (4-  5) 

Vj( 

The  meaning  of  the  quantities  JP, Q,  h.->  Cf and  G  is  clear  fxoni  the 
formula  (1. 8)  in  I.  Here  we  only  note  that  in  the  case  of  longi¬ 
tudinal  propagation  (a.  =  0)  =  b^  =  d^  ~  *  0,  and  the  set  (4.  J) 

decomposes  into  three  independent  equations  which  describe  the 
ordinary,  extraordinary  and  plasma  wavfes.  The  latter  circum¬ 
stance  guarantees  the  application  of  the  perturbation  method  to  the 
system  (4.  3). 

Acting  by  means  of  the  method  described,  we  can  obtain 
from  Eqe.  (4rl  3)  the  result*  that  the  transmission  coefficient  of. the 
ordinary  wave  is  equal  to 


I  cl  I2  ~ 


{I  4  »,>*  "2  (v  =  1 ) 


(4.,  6) 


*fe  omit  the  intermediate  calculations;  they  are  entirely  analogous 
to  the  corresponding  calculations  in  Ref.  3,  par.  79  in  the  con¬ 
sideration  of  the  effect  of  • ' multiplication1  '  of  signals  in  the  case  of 
(propagation  of  radio  waves  in  the  ionosphere,  close  to  longitudinal. 


•  3?  * 


We  note  that  Eq.  (4.  6)  (with  account  of  (4  7))  for  the leakage  coel- 
ficient  of  the  ordinary  wave  coincides  with  Eq.  (79*  14)  m  Kc  .  * 


where 


tii 


f  f  |  HovjmCt,  •*»;  «*-  -  ]  Htoftn?*  w‘ 

■jt  =.  =■  4tc(’2  Njm  «>2; 

I  _  ‘.j,  ( [  4^  (f  =  H  —  <v  (1  -f  MiV 


% 


(4.  7) 


and  m  are  the  charge  and  mass  of  the  electron,  hi  is  the  concern 
[ration  of  the  electrons  in  the  plasma,  H0y  and  are  the  pro¬ 
jections  of  the  magnetic  field  H„  on  the  coordinate  axes  y  and  a 


taken  in  such  fashion  that  Hqx  ~  Hq  )• 


In  the  incidence  of  the  extraordinary  wave  the  same  coef¬ 
ficient  of  transmission  is  equal  to 


I  !*  *  1 


where 


»?- 


np  «j" 

(4.  8) 

f)2  »j  (*  *  *)  ' 

|)  =rri«7»'  («>^  \)~  ,n- 

(4.  9} 

Comparison  of  the  relations  (4.  6)- (4,.  9)  just  obtained  with 
dm  formulas  (4.  l)-(4.2)  shows  that  without  consideration  of 
thermal  motion  in  the  case  2SQJ  j02  1»  characteristic 


parameters  of  the  interaction  are 


np  <w 


2  5 .  01 


>  :  y 


(■•) 


i'/a-  (oj  ,  +  1 ) 


V. 


(4.  10) 


he  upper  sign  refers  to  601>  the  lower  sign  «02 

~  1  _  _  2  i  £t  .  u 


the  lower  sign  to  Taking  it  into 

">■  ■  2  ' 


account. that  p  -  %  |grad  e  f"1  and  2^/c/  -  tg*a  (inasmuch  as  H0y 
=  H  )»  we  represent  the  formula  (4.  10)  in  the  following  form; 

OlC  tr  isj  1“ 

(4. 11} 


4^03.  M 


2  r0  |  grad  e  j  (I  dr  <«/”>«)  ^ 

Here  if  has  been  taken  into  account  that  in  the.  region  of 
applicability  of  Eq.  (4. 10)  (for  p  »  1  and  Z«01}02  ^  1)*&B  aa“le 
o4<l,  and  we  can  get  tan  *CZ  a,  cos  &  CL  1  and  «z  O'  wH/«  in  (4.  11). 

1 2  t j  2 

We  emphasise  that  the  coefficients.  Jcj^j  and  jc’.j  (see 
relations  (4.  6),  (4.  8})  are  obtained  here  by  the  perturbation  method 
under  the  condition  that  8  *  0  and  without  account  o£ 


U? 


•  *fb  * 


^thermal  motion,  i.  e.  ,  for  ~  is  the  effective 

number  of  collisions  in  the  plasma  with  temperature  T,  is 

Boltzmann’s  constant,  Cq  is  the  speed  of  light).  Inasmuch  as  the 

character  of  the  propagation  of  electromagnetic  waves  for'  small  s 
and  changes  insignificantly,  we  can  assume  that  the  corrections 

to  the  values  and  SQ2  thus  written  (4.  10)  will  be  small  for  suf¬ 
ficiently  small  values  of  s  and  (3^. 
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THE  HAMXLTOMIAK  METHOD  IN  THE  SLECTRCSDYNjRMI CS  OF  ANISOTROPIC 

ABSORBING  MEDIA 


(  This  is  a  translation  of  an  article  written  by 
Tu.  A.  Ryzhov  in  Eadiofislka  (Radiophysics), 

Vol «  II,  No*  6,  199),  pages  869-875%) 

(Submitted  to  editors  15  July,  1959) 


(abstract)  Hamilton' s  method  is  considered  in  the  research 
in  application  to  the  electrodynamics  of  point  charges 
moving  in  absorbing,  dissipative,  anisotropic  media* 
Differential  equations  are  obtained  for  the  field  coordinate 
As  an  illustration,  the  field  of  a  $ipole  is  found  for 
an  isotropic  absorbing  medium* 


In  the  work  of  Ginzburg  (l),  a  general  method  was  developed 
for  finding  fields  of  point  charges  in  anisotropic  media  that 
bears  the  conventional  name  of  Hamilton’s  method*  In  paper  (2), 
Hamilton's  method  was  extended  to  the  case  of  a  gyro tropic 
medium. 

The  extension  of  Hamilton 1  s  method  to  the  absorptive  case 
presents  further  interest.  h\  this  paper,  the  case  is  considered 
of  the  electrodynamics  of  aii  anisotrooi c  medium  with  absorption* 
In  this  case,  dispersion  of  the  medium  is  treated  more  systema¬ 
tically  than  in  the  researches  (1,2). 

1.  FIELD  EQUATIONS 

The  field  equations  of  point  charges  with  account,  of 
conduction,  currents  have  the  forms 


rot  H  —  £  ek  Vk  l  ( jr  -  xk)  +  —  j  + 

v  ,,  c  c  at 


1 


L 


*  Af!  • 


1 


div  d  ~  4k  £  « (*  — *»)  + 

*  a) 

1  . 

~  7  a/  ’ 

div  /f  =  0  .  (2) 


rot  £ 


In  equations  (l)-(2},  the  magnetic ■ permeability A1  is  set 
equal  to  It  the  index  k  refers  to  the  k-th  point  charge* 

For  simplicity,  vjs  shall  assume  that  the  principal  axis  of.  tue 
dielectric  tensor  and  the  conductivity  tensor  are  identical* 
We  shall  consider  dispersion  by  assuming  <4  k ,  <fch  to  be  functions 


of  the  frequency 


We  shall  write  down  a  linear  relation  between  the 

(3) 


vectors  D  and  E,  j  and  S  in  the  following  form 

D-iE,  j-cE. 

;m  the  system  of  coordinates  whose  axes  coincide  with  the  principal 
axes  of  the  tensors  equations  (3)  are  written  in  the  form: 

IK =  E,  .  U  -  «.  &  («  -  1.2.  3).  (3a) 

Here  &«  and  0'^  are,  respectively,  the  principal  values  of  the  tensors 
and  v;h  ,  which  are  operators  acting  on  the  components  of  the 
electric,  field  as  functions  of  time  (which  is  reflected  in  the 
writing  of  the  symbol  ).  In  this  ease,  we  are  dealing  with  a 
field  which  depends  on  time  according  to  the  law  exp  (i  uu  t),  and 
the  action  of  the  operators  reduces  to  a  multiplication  of  the ^ 
field  by  the  value  of  the  dielectric  constant  or  the  conductivity 
for  a  given  value  of  the  frequency  t*~>  ,  i.e.,  e  )~  £  (i-to 

The  current  density  j  and  the  charge  ,o  are  connected  by  the 
equation  of  continuity 

(11  vj  =  —  <*>/«•  u 


Hence 


J  frivjdt  4-  Po ' 


(5) 


taking  into  account  only  the  volume  charge,  which  is  connected 
•feith  the  currant  density  j,  we  set  j°0  in  equation  (5)  equal,  to 
sero * 

We  now  write  the  field  equations  in  a  form  that  is  more 
suitable  for  our  purposes: 


•  M3  * 


“1 


i  rt 


rot  H  =  ~~  S  <*1,  *4*  (•*  —  •*>)  +  "7  £i  E  ; 


(Is) 


div  (ej,£)  —  4«  £  ck  %  (x — Jrt), 


where  the  operators 


6,' 


^  _iL  g  4*5  |  t  *1!“  'f"  4  775  J  *  *  *  I' 


The  operators  Vd't.  and  A 


do  not  require  special  explanation, 
and  f  i  -+ 

We  introduce  the  potent  Igja'i  of  the  field  A  and  <p  in  tne  usual 
fast. '.on,  so  that 

£  *  __L  M.  _  grail  f  ;  tf-rntA:  (?) 

t  dt 


the  second  pair  of  Maxwell' s'  equations  (2)  is  automatically  satisfied 

in  this  case.  of  ,  . 

As  in  (l)>  it  is  convenient  here  to  make  useAa  Coulomb 

calibration  of  the  type  div  A  *  0,  which,  for  the  oase  of  an 
anisotropic,  absorbing  medium  considered  here,  is1  generalized 
and  takes  the  form*  ,%4o 

L  e:,  ~r"  ~ 

(iXm 


(8) 


This  condition  can  also  be  written  in  the  form 


uii« 


dx* 


.0 


For  a  harmonic  time  dependence, 


v  ,■(„)  =o.  , 

^  •  3,, 


where 


<.(<4  —  £w)  Hr 


f£r„  (w) 


is  the  complex  dielectric  constant. 

The  second  equation  (la)  is  written  in  the  form 


L 


V  * 

L  e,ta  ^.2 
<* 


4*  £  e^(x  —  xk). 


(9) 


J 


•  £/Y  • 


r  gy.  decomposing  the  solution  into  a  Fourier  integral,  it  is  easy 

to  find  the  solution  of  equation  (9)  in  the  form  of  an  integral i 
4o~. <  ,  . 


I IV  ( t  —  T) 


du>  dx 


2-7  J  j  V  (w)  -2  i/XK>  hi 

~-ca  o.  fj£ 

In  the  absence  of  dispersion  and  absorption,  a  well-known  result 
*  is  obtained; 

■i ..  T1  ,  \ 


<f  (X,  t ) 


k  Y 


/Is, 


X&  *  X$  (n,  *) 


»e  novr  return  to  the  first  equation  of  (la) »  Upon  substitution 
of  the  potential,  this  takes  the  forms 

A/1  -  -VS  ft  —  -  i-S  ft  h  T‘«Vi4  =  -  —I  *»  VMx-xJ- 


Determination  of  the  solution  of  this  equation  is  the  problem  of 
the  following  section.  . 

2,  HAMtL’TOH‘3  METHOD  FOR  THU  DBTERMINAT ICS<  OF  FIELDS  IN  AN 
ABSORBING  MEDIUM 

As  usual,  tie  shall  seek  the  solution  of  equation  (12)  in  the 
form  of  a  Fourier  series,  assuming  the  field  to  be  periodic  in 
a  cube  of  edge  I.  *»  1; 


where 


A  (r,  t)  ~  £  An  , 

V 

i4x/  "  f/lrr2  <iw  </w  (t)e 


For  natural  waves  in  anisotropic,  absorbing  media,  it  is  not 
the  electric  in&uotibp  that  is  transverse,  but  the  vector 
I)  «  D~i(UT/to  )  j,  where  ~  (m)-> 


nere  *4  *  <&*  —  civrra*. 


(see,  for  example.  Ref.  ( 3 ) } « 


The  vectors  ,  corresponding  to  the  vector  Dmare  intro¬ 

duced  by  expanding  the  vector  B  A  in  a  series; 


X  V  4W  - 


J 


^According  to  (8),  dir  B  -  0,  «nd  consequently,  :)  -  * 


1 


According  wj  vu/»  u**  u  ~  — ** — ^ - 7"',  ,  ,, 

independent  polarisations.  It  is  necessary  to  take  the  mutually 

orthogonal  vectors  B'xt  and  >  i*e*# 


(*»  B*)  a 


This  condition  is  similar  to  the  rUl-toom  condition  shioh  is  satis- 
f-ied  bv  normal  waves  in  anisotropic  media  and  'Much  ha*  the 
-  (DiDd)  *  0  for  gyrotro  >ic  media,  “ere  IX  and  D2  are  the  electric 
Suction  (displacement)  vectors  in  two  normal  waves,  corresponding 
to  different  values  of  the  index  of  refraction  (see,  for  example, 

R  '~*  fiPsttjn  up,  the  choice  of  the  vectors  a  ,  in  direction  is' 


limited  by  the  following  conditions 


h  en  (K  )«  (Au)*  ~r 


*i«  (‘^Xi)'s 

Furthermore,  let  us  introduce  the  condition  (B^j  Ay  z )  *  0, 

I  ~h  )a  ^ 


(17) 


which,  together  with  the  conditions  (16)  signifies  the  coplanarity 

of  the  vectors.  3 \i  >  Ay  i  s  kx  . 

Obtaining  of  the  equations  for  qKl  is  carried  out  by  -he 
usual  method*  after  substitution  f  the  sum  (13)  in  (12), 


parts  of  the  equation  are  multiplied  by 


iW 


V  VP  C*  A.mmC 

arid  integrated  over  the  volume  of  the  cube.  The  condition  (17)  • 

guarantees  the  separation  of  the  equations  for  qxc  with  di-ft.reut 
L  As  a  result,  the  following  oscillatory  equations  are  obtained 


for  the  field  coordinate  q .  *  : 

A  *• 


£  (<*«  )l  h>  in  +  'ii  $u  =  v  4«  £  ( yk  au ) e 


-i*\  rk 


{*>  ft  'j 

VAW 


where 


i,  =  *>«*«s*  =  f  *2  <  -  K  K  )*  I 


tfts 


S  K )» \  h  +  X 4”  K  S »«  t,  +  -t  <h,  =  vos  1  c*(  n«x, )  * 


(19) 

~ibks’ii 


Uci  / 


•  * 


i 

1  r  The  difference  from  the  equations  of  electrodynamics  of  ~ 

anisotropic  media  without  absorption  lies  in  the  presence  of  the 
term  with  Qv  .  The  dispersion  is  brought  about  by  the  operator 
character  of "the  coefficients  of  the  equation  <v/e  have  the  cpenvoors 


S' 

d- 

x*t 


2  (  )  l  'rat  in  place  of 


and  • 


constant  coefficients, 

Tne  equation  is  simplified  in  the  case  of  a  dispersive,  lsotrop 
ic  medium:  • 

.-V  . .  ^ .  V?,  y~- —  1  ,  ■~ikXrl;  .(20) 

£  qu  4  4 «iqu  -f  9xt  =  *  ~~f  Y*edVk a«  )  e 


< 


<  » 


Inasmuch  as  the  natural  vibrations  are  damped,  we  shell  be 
interested  in  forced  solutions  of  equation  &£>)•  Tn  bhe  case  o-  a 
harmonic  right-hand  side  exp  (i  2>o  t),  the  forced  solutions  do  not 
differ  front  the  solutions  of  the  corresponding  equations  nuth  - 

coefficients  §1  C^i)*  ^  ^  * 'J? *  ^  *  * 

he  note  that  we  can  find  a  partial  solution  of  the  equation 

by  using  the  expansion  of  the  solution  in  a  Fourier  integrals 

(21) 


*f  ’  &> 


"too 


X  (0  ~ 


/_  fax’ 

e 

u> 


(mo 


(ll2£  -f-  V! 


if  W 


1 


f(x)el 


2tr  J  J  iwo  —  <*>*£  +  ■y2 


—  d  u>  dt , 


—  SO 


vhere  f f , >  .is  the  spectral,  density  of  the  function  f(t). 

For’  the  sake  of  simplicity,  it  was  assured  above  that  the 
medium  is  described  by  the  symmetric  tensors  & c a.  ' ,  *,hich 

made  it  possible  to  simplify  the  writing  of  these  tensors  in  the 
system  of  the  principal ’ axes.  In  the  case  of  a  gyrotropie  medium, 
this  would  be  impossible  (h)»  However,  the  results  preserve  -heir 
form  for  an  arbitrary  tensor  relation,  between  the  vectors 


t>  rn  -  £ '  (v rr  $  T  U/n  )  and  E .  As  sumiflg  that  P 


-or>/3f) 

or  (  Pv-  ) , 


<r. 


t  C* 


-  d 
C  A 


<of  ^  ^4 


c-'<  ■£- 

where 


A 

£ 


iofe 


dt 


4"  ^0<»*  ’ 


L 


<m  get  the  following  equation  for  : 

£  Ki  K  )*  *«  4  •&  ?,  =  «,  (k.  <,)  '* .  (22) 

Ml.'-  L 


HrVi  ere 


[  (am„  «;„)  -  (  km  Kn)  (km  amx)} 


3*  FIELD  OF  AM  OSCILLATOR  JH  AM  ISOTROPIC  ABSORBING  MEDIUM- 

Aa  an  example*  showing  the  use  of  hand!  ton1  s  method*  v.e  shall 
fill  cl  the  field  of  an  electron  in  an  isotropic,  absorbing  medium. 

Let  the  electron*  which  is  located  at  the  origin,  carry  out  siseu.1 
vibrations  about  the  z  axis  according  to  the  lay,'  s  *  a0  exP  U  »  W* 
Assuming,  as  usual,  that  the  factor  exp  (sdk^  te  )  is  approximately 
unity*  we  shall  have  the  solution: 

-  .  .  v| .  (JPO  )  *V 

«  ?„  +  4traJw  +  -j  =  <  / 4*  c  »„  —5—  f  ,  (23) 

^  *  At 


d?.  /x' 

A# 


the  forced  solution  of  wMch 


f  v?,  —  v?,  +  4lt/lv0 


here  re  set 


.  *  _  t.  f  x. 1  •  -  J  **  /  t/ 

It  follows  from  (19)  here  that  vac  ~  c'fex  . At  " 

Substituting  the  solution  {2k)  in  the  sura' (13) >  ve  get 

A  (r.  / )  =  4  tc  V*  — <nKr  (25) 

W  Hu  vg~HK/*v0 

We  change  the  summation  in.  (25;  to  integration  in  the  spherical 
cocrdiru-tes©  rf.  #  rv  over  the  sc3.id  angle  -/)„  ,  taking  it  into 
account  that* tie  number  of  oscillators  in  the  frequency  range 

j.j.  ,j_.4  -£,«  .  rith  normals  in  the  solid  angle  dJk  is  equal,  to 

A*  A  t  ~  •  A  i 

nl^o)  Vx,  ^tv  ,0  (26) 


(2w)9 


<2*0* 


In  integration  over  the  frequency,  re  shall  not  write  down  the  symbols 
Vjc  compute  the  component  Jy£,  at  the  point  whose  radius  vector 

is  Ro  (  $  -  O ,  ©  “  £ ,  rt  ~  R  a)  : 


L 


J 


.  ,,  p„  »„ «  M  f  f  f  Sin- » (cosgcosfcosg  ±  slngslng)  v 

A* ‘ 0  =  “  "W  J  J  J  —TZ 70  +  4 *«  v  A 


»  0  6 

i  fa  v  (*isi«c<5sj:stnp  +  coswenstg) 


ffcp  ^6  . 


(P  m  es  «  dipole  moment; . 

0  Integrating  over  <p  ,  we  hav 


Aa{R„  f- — -rfii  , ■.-■■-  ( ' cos  p  I  sin* e  cos  w X 

e '  T.C  J  V-  —  V0  -f-  4  K  *  ;ve  t  o 

■y;  /j  1"  $y  v  Sin0  sir$  j  exp  [ # « (*»)  c  ~ 1  R„  *  cos«  cosfJ  ]  -h  (28) 


n  ,  . 

4-  sirjS  |  sir?:te  /„  ^  ~  /?©  v  sinB  s*nP  J  exP 


*{Lllel/?0v  cosWcosp  rfol. 


Here,  I  and  %  are  the  Bessel  functions  of  zeroth  and  first  order,  j 
The  expression ’in  curly  brackets  in  (28)  can  be  computed  ’with  the  aid  '< 
of  the  '-egenbauer  integral  (!>):  j 

( 

f 

f  ^cnsecosfj  J  ^  ^  sln0  slnS)  C]  (cos  «)  Sin  v  Jr'^  d  B=--  j 


^  i  r  sjn*-l/2  S  (cos  p)  /  ^ f  (z) 


(t 


the  meaning  of  the  functions  £/*,  f  ^  j 
.n  the  book  (5>)j  it  is  equal  to 


is  shown  also 


2  £  shaft 
«  R*  v 


sin  I 


' v  \  .  r 

\  c  /  ft  Rq  v 


'  n  R6  v_' 
c 


njUvZ 

Starting  out  with  the  help  of-  the  theory  of  ds^wfcteas,  we  cans 
out  the  integrations  cferv  and  obtain 


«  /  is  \  Po  sinp  i  (V  - 

(«o)  **  ~y~e  1 


7  +  ^°(!  kr3Rf)\ 


?0/T 


~j-  <? 


>  iv 


yir-V^X 


4S3  (v0) 


A*'.’  —  — -  \/  tf  (Vft)  ~  k0  j/^Oh) »  *'  (vo)  ~  6  (vo)  + 


TSe  find  the  component  of  the  electric  field 

E»  (*»)=-  /*o  *a  W  -  ~  ~§ 

Making  use  of  the  formula  (10)  for  calculation  of  »  we 

estaKliah  the  fact  that  the  term/ tjg 4  /  <)  (*)  >  computed 

approximately  with  account  of  the  smallness  of  a  » reduces  to 
the  term  corresponding  to  the  last  component  in  130),  which 
depends  only  tea  the  time.  Finally,  obtain  the  weH-knor 
formula  (see,  for  example.  Ref. 


-6\^o 


Pq  Slop  [* 


t'  /?«  L 


f 

i 


In  conclusion,  I  express  ray  gratitude  to  V.  V*  Zhelaanyakov, 
■whose  advice  I -employed  in  the  writing  up  of.  the  work. 
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RilDIATIOK  OF  FERROMA/2'3KTIC  .SYSTEMS 

(This  is  a  translation  of  an  article  ^written  by 
V,  1*,  Fain,  in  ftadiofizika  (ftaliophysics^ 

Vol.  II,  No.  6,  1959,  pages  8?c-B8j.) 

(Submitted  to  editor  16  July  1959) 

{ abstract)  The  problem  is  considered  of  the  radiation  of 
ferromagnetic  systems  close  to  the  compensation  point. 

'  Jt  shown  in  Refs.  (1-3)  that  in  adiabatic  magnetic  polarity 
wv.w  f,c  a  ferromagnetic  or  paramagnetic  specimen,  «•  coherent 
ri&TonU  produced  r.ith  a  fre-epenev  ccrr.sponc.xng 
to  ferromagnetic  (paramagnetic)  resonance. 

Tt  is  of  interest  to  consider  the  problem  of  the  _ehavior  of 
ft, magnetic  In  the  presence  of  on  external  Vo  xe.-le  m., 

net  to  field.  As  is  seen  from nhst  ^  /T^r  t  hm\Lt 

^sterns,  to  obtain  radiation  witn  «  iro4uency  . 

sur.  Is  ir.  magnetic  reversal  of  tn  or  inary  ferromaguew 

vmxcn  is  obwanea  i.*  W.  from  tie  viewpoint  Cu. 

Thus  ferromagnetic  systems  can  oe  of  inter e.,t  from  one  ri  i 

the  utilization  of  much  higher  frequencies, 
i,  INITIAL  EgUATIOFS 

Tf  the  ferromagnet  consists  of  two  aublattices  with  “f 
vectors  M,  and  Mr,  then  the  equations  of  motion  will  ha/.  —  ■ 

1  "  (1) 

Mi  ~  ft  1  Mv  // » j  ; 

v;here  ffl  rcr  H(>  -j-  ff\,\  H\t:>  /^3  =  //ft  -f*  fit  A  fi^t- 


<n  iS  the  external  magnetic  field,  H1A,  are  the  anisotropic 
X&f'.  pntin"  -  the  first  and  second  sublattices,  respectively,  «-nd 
L^e  td  ii2E  irfthn  exchange  force  fields,  ere  the  gyro- 


*  5  * 


r 


:c (seTalso  (5)).  As  a  result,  it  is  *  <>™  thAt 
*ork  ol  bi!\"Da  ^  «  *«,«+.  K„  rerilfeCQd  by 


v,or<  ol  umzourg  v«/  v.r 

the  external  magnetic  field  Ho  must  be  repUceo  by 


4o)  2 

*»  * w  ‘  ju  _ _ -  it 

H  “  t!° "  1  ■  3r«  • 


4”>mK 

3-f’3 


.-h  M  ,  <2) 

3t3 


r 


\  <v  *  F  )dV  a  MV  is  the  total  magnetic  moment  of  the 
v:hew^  -  Jy  (\  +  Vd  p  is  the  radius  of  the  specimen,  or  a 

specimen,  ~  J,K  ,  ™  •  ;  difflensions  of  the  specimen.  The 

quantity  of  the  order  oi  wie  rxx*  .  oaticm.  The  second 

third  term  in  the  frequency  shift  and"  is  conservative  (*»). 

t  rra  gives  rxs--  ■q  d  J/='--Vno+  talc*  this  term  into  account, 

In  consider  In  more  detaif  the  case  without  account  of 

the  “SS/S/rf  the  fact  tbrt  the  fields  of  exchange  forces  hew 
the  form 


Hie  —  K  Mz  ;  H2e  -■ 

;,hcre  x  u  ,  constant  of  the  molecular  field),  equation  (1)  can 
'(in  the  oasi  of  %  -  -  0)  be  Witten  in  the  torn* 

(3) 


M  ,  S=  Y  S 


1A  "  “2& 

+  x.4f2  i  ;  Af2  -Tt !  **  + 


I  * 


f  r  Ration 

a8d  fhe  defcsity2of  the  total  spin  of  the  system,  then  equation  (3/ 
can  be  written  in  the  forms 


Yt  Ta 


5,  //0  4-  K  Af  4- 


5 


r,  //o  + 


—  Af 

3c3 

M 

2c* 


4~  (Yi  4*  T2)  ^  *  (n) 

(5) 


It  is  not  difficult  to  show  that  equations  (U)-($)  have  the  follow¬ 
ing  into  tsIs  of  the  motion: 


MS  -  Yf>.S*  ^C,;  Af 2  —  7.  7*  5*  Ct 

or  _ 

Af t  xc  const ;  Afg  =  const  ; 

S,  —  const;  Sg  --  const , 


(6) 

(6a) 


tr  > 

.  jj  . 


t'  =  h~+-f^h- 


nr0  —  '  (/  *  v  ~ 

T/ithout  consideration  of  dissipation,  the  energy  integral  is 


U  zz  ) 


Ji  T«*  52 


(7) 


2 


In.  What.  follows,  we  shall  need  equations  (U)~(£)  in  dimension!; 
less  for®.  We  make  the.  following  change  of  variables: 

t  ;  «„  .«■  i  7  //0 1 ;  -  M  ~  M0m  ; 

S  ^  So 5  ;  Af0  *=  |  Af,  J  +  1  Af>| ;  S„  =  -  <  f-S’ii  +  1 S* I )  ? 


Ah 


■d  __  (  d 


!  7 1  =  ‘”0  — _  1 

\Sa\  dt  rf- 


lit  ®  (/';■’ 

In  the  new  dimensionless  variables,  equations  (U)-(5)  take  the  form: 


m  *  —  J  s,  a,/w  4*  7 2 ft  +  m  j  +  ® 

s  =  -  [.ffl,  A  +  (Os/3*)  I . 


.  (8) 
(1?) 


where  ai  —  Yi  Ts k  Sq/wo  «a==Ti  T2 -J's/i  Y I  A*„  —  —  Ti  Ya/ 1  T  I*  5 
%  2y,  y2-V‘J  V  fZc% ;  «4  —  —  (Yi  4~  Ya)/!  Y  i  • 


THE  KADIATICK  PROCESS  m  TliS  ABSENCE  OF  a  MAGNETIC  FIELD 

Yj®  nw  consider  the  case  which  has,  perhaps,  only  methodo¬ 
logical  interest*  This  is  the  case  in  which  there  is  no  external 
magnetic  field,  but  the  system  is  excited,  so  that  it  is  Cdpabl'* 

of  dissipation,  and  in  the  absence  of  a  magnetic  field, 

equations  (h)"(5)  take  the  form: 


M 


T ,  t,  M  5.  M  I  :  $-0. 


(10) 


These  equations  describe  the  precession  of  M  relative  to  the 
constant  spin  vector,  with  frequency 

YiT**5-  (11) 


W„ 


L 


.  5V  * 


~It  is  easy  to  obtain  the  same  frequency  from  quantum  considerations* 

In  the  absence  of  a  magnetic  field,  the  Hamiltonian  of  the  system  has 
the  forms 

H  =  =  h,1rS,S,. -  {MS  1  A) -S,(S, + ft) -S|(. s2  +  * )  i  - 

2  (<*} 
The  frequency  of  the  radiation,  corresponding  to  the  transitions 
‘  AS=#  (AS.^AS.-o)}  is  equal  to 

u)  _  -  -  JLllii  {  (5  -  %)S  —S(S  4  ft)  j  =  TiT>  S  ■ 

/,.  2ft 

Radiation  retardation  can  be  obtained  from  energy  considerations 

ffl  _  (13) 

dt  3d3 

Thissanie  equation  can  be  obtained  from  (l-t),  (5)  (for  H0  ®  0,  by 
assuming  the  damping  to  be  small*  On  the  right-hud  side  of  (13), 

.tie  substitute,  jf  from  equation  (10)  (here  v.e  negLect  terms  of  order 
l/c3,  which  is  equivalent  to  the  neglect  of  terms  of  the  order 
(l/c^y  in  equation  (13)  •  Then 

M  =  T, *,*(*<,  si  =  1 1  ai,  •sisi  =  —  < T , tA>*  j A*s* — S( iKS) ; : 

(Mf  =  (T ,7,»)'  I  AfW  -  S-(MS)1 1  . 

Further,  we  make  use  of  the  integrals  (6); 

M'-  =  C+Iib!;  (MS)  =  C,  +  ToS!  • 

After  substitution,  we  obtain; 

{Mf  =  {  -  C,s*  4  (Ca.  —  2C,y«)5'1  4  (r,T*  -  7« )  S'5  i  • 

After  setting  S2  «  u,  ecp.it ion  (13)  takes  the  form: 

dJL  ~  j  _  C]  «4(Cs,-2C1T(j)«24(tiT-"Tj)  }  -  {lh) 

dt  3d3  1 

This  equation  describes  the  process  of  radiation  in  the  excitation 
of  the  ferroraagnet  by  the  exchange  frequency.  As  is  seen  from  ($), 

(11)  and  (1U),  in  addition  to  the  change  of  angle  between  M  and  S, 
a  change  in  frequency  takes  place  which  is  proportional  to  Jh.  * 

We  shall  not  consider  here  any  further  analysis  of  equation 
'  (Ih) (which  is  easily  solved  in  terms  of  elementary  functions),  since 


r  "1 

the  capability  of  excitation  of  radiation  at  the  frequency is 
not  known..* 

.  3#  MAOUSTIG  POLAhii’I  RBV35KSA1,  NEAR  THE  CviiPiil'ISM'lOri  dOUff 

If  use  is  ujgde  of  equations-  (1),  then  in  ..linear  ayproxiaation,  * 
when  the  magnetic  moment  is  ■  almost  psi’ellel  (sntiparalleCL /  to 
netic  field  H  t  one  can  obtain  the  following  characteristic  ireque«* 

"  cies  of  the  sf stem  (6) : 


<1> 


■  y0//c  4*  &H'a  -f  “^TfiYaS  i  |  (IoHa  4'  S/4)  i  Tt44i  4*  ^4 

iW  * 


•415) 


-  (-Si  ““  -SY)  I  +  x*  Tj  Ti  S2j  » 

where  ^  'TO/r  >  HA--  !  HIA!'=  «  1  )  • 

We  now  consider  this  expression  close  to  the  point  compensate 
tion  S  «  Sx  ♦  S„  *  0.  In  this  case,-  expression  (l5)  takes  the  form: 

0)  rrr  y0H&  -]-  &// A  ±  |/T \Ha  4  &#«)  I  To^  +  ^4  4"  ^XTlT'44  I  —  1 


cs,:  y0//0  S//^  4  ^  (i0/4\  4-  ^-4)  He  , ' 

■where  H  the  intensity  of  the  molecular  field .(the 

field  8  of  the  exchange  forces)  and  //4/  >>  Ifo  Ha  +  d  Ho  /  > 

which  is  the  usual  case. 

It  is  evident  from  equation  (16)  that  upon  inversion  of  the  mag¬ 
netic  field,  the  radicand  becomes  negative  if  the  condition 


i  T cHa  I  <  j  %HQ  j  . 


(17) 


is  fulfilled.  •  Then  the  system  jecomes  unstable,  and  the  components 
of  tins  magnetic  moment  begin  to  increase scponenti<w.ly  ♦ 

We  note  that  in  the  inversion  of  the  field  in  a  c 
(I-3V  t ho  components  of  the  magnetic  moment  also  increase,  newever, 
th«4  this  Js  connected  with  the  dissipative  mechanism?  here  we _ have 
not  vet'  considered  dissipation.  Such  an  increase  is  brought  a.oyt. 
only  by  the  conservative  terms,  which  are  of  a  much  larger  order  of 
maanitude  that* the  dissipative?  therefore,  the  increase  takes  place 
much  more  rapidly.  In  fact,  the  exponent  if  of  the  order  0* 

*  if }  0f  course,  one  does  not  consider  the  trivial  capability  ox 
radiation  with  the  same  frequency  • 


L 


J 


x  . 


r 


i 


vlnH*  +  MlthoHr  -  T  H 


9KB 


I'or  H  oersteds  and  H„  - 

magnetic  field  is  E.  *r  1C£  oersted^. 


10 


0^  oersteds ,  the  equivalent 


For  such  a  rapid  growth,  the  applicability  of  the  linear . approx¬ 
imation  is  rapidly  destroyed.  Therefore,  it  is  necessary . to Ixnd  the 
-  solution  of  the  corresooiiding  nonlinear  equations*  Numerical  solu** 

Won  of  equations  (8)-(9)  (without  the  anisotropic  field)  has  been 
carried  out.  Since  H  «  Gun  these  equations,  then  the  increase  in  the 


ied  out.  since  n  ®  u  un  uieoe  <squ.&^j.uuc.i, 
magnetic  moment  is  obtained  immediately  after  the  change  jin^sign  of 

s’  *  The  results  of  the  numerical  calculation  are  given  in  Fig”  - 
o 


■7» 

flQ  X’WQIJJ.  WICS  JP^oa  VCAWIU.MW*VW  ‘  v  O—  - -  -  *-* 

In  the  solution  of  equations  (8)~(9),  the  following  values  were 
used  for  the  parameters  and  the  initial  conditions  (Figs. 
of,  mil  Al  a  1280} ^  *  «*1.!5}C<5®  0}  CK,  m  2.?}  h  »  (e.  Sin  At, 

A  a  f:  k,  »  s,  «  2”<  (it  is  necessary  to  furnish  some  sort  o* 
sufficiently  ’small  arbitrary  perturb  it  ion)} 

!ti-  Yal/2h 


m 


(/  c*  -j-  4aJ  2 ~  ~  0,25;  •s>2  «0:  //^s^O 


Dissipation  is  not  considered  in  this  solution. 

Numerical  solutions  with  account  of  dissipation  were  carried 


shown  in  Figs.  3  and  5 
d 


.al  to 
are 
the 


S>i;.uri4  *  iu  a  ^  »  -  » 

dissipation  scarcely  shows  in  the  front  of  the  pulse  raj,  rap?  w-y 
which' arises  in  the .change  of  sign  of  the  magnetic  field.  Account  of 
dissipation  leads  to  an  increased  damping  of  the  pulse  after  it 
Oi  'j  f>V  S  v 

1<L  "  Thus,  as  a  result  of  the  action  ofi  the  ferromignet  near  the 

point  of  compensation  of  the  variable  field 


hL 


HJizsUHf't),  Hx~Hxz r0 


a  variable  magnetic  moment  arises,  with  a  frequency  determined  by 
the  ratio This  frequency,  as  is  seen  from  the  graphs,  _ 
is  at.  least  larger' in  order  of  magnitude  than  the  frequency  I  %  H*h 
The  amplitude  of  the  magnetic  moment  is  of  the  order  M  mg  »  M0  1  q.'-fai /» 
Dissipation  leads  to  damping  of  the  pulse  within  the  time  of  rcag~ 
netic  reversal.  The  frequency  is  almost  independent . of /6  (see  Jig, 

$  for/2 «  |)  and  increases  for  increase  in  H0  (see  Fig.  6).  The 
relative  frequency,  measured  in  units  of  u><,=  H©  I  does  deciease, 
however,  as  is  not  difficult  to  see,  the  frequency  unit  increases 

more  ranidlv  than  the  relative  frequency  decreases. 

#Th6  latter  value  of  corresponds  to  real  radiation  damping  of  the 

L  8Wle  in  the  volu se«(x/^  where  \*v  wavelength  radiated! from  graphs 31. 


•  S>~?  * 


Here  not  very  realistic  values  of  !  Qr  < ' *■ !  /  ^  I  9*1  or  o'  < 

« ndo(*  are  used.  However,  this  was  done  in  order  to  demonstrate  the 
iff. feet  more  clearly, 

A  curve  with  a  dissipation  term  of  the  form  °<j  m  (non-radlative) 
•for  o(j«  l/LO  is  shown  in  Fig,  7*  In  order  of  magnitude,  this  damping 
is  much  greater  than  that  of  the  previous  graphs* 


Use  of  ferromagnets  with  points  of  compensation  can  lead  to  a 
number  of  new  :..nd  interesting  effects.  One  of  these,  considered  in 
the  present  work,  consists  in  the  creation  of  a  pulse  with,  a  very  Sweep 
front,  full  of.  high  frequency.  In  fact,  the  large  amplitude  of  all 


three  components  arises  immediately  and  for  any  damping.  oinee  the 
radiation  in  the  dipole  approximation  (when  the  dimensions  of  the 
system  are  mch  smaller  than  the  radiated  wavelengths)  is  determined 
jy  the  magnetic  moment  of  the  system,  then,  along  with  the  pvd^oot 
the  magnetic  moment,  there  also  arises  a  pulse  of  the  radiation  field 
of  the  game  form.  It  is  of  interest  to  note  that  her®  (in  contrast 
to  the  ordinary c* Hetv© n  5  the  component  of  the  magnetic  moment  also 
oscillates  with  high  frequency  (the  component  parallel,  to  the  mag-* 
netic  field*) •  Thus  the  effect  considered  here  can  serve  to  obtain 
pulses  of  the  electromagnetic'  field  with  a  very  steep  front  and 
very  high  frequency* 

We  note  that  one  can  obtain  the  radiation  not  only  m  whs  form 
*  As  is  evident  from  the  graphs,  with,  approximately  doubled  frequency < 


1 


*  of  twlses,  but  also  continuously,  with  the  amp3  itude  modul  a  ed.  with 
y*  the" frequency  of  the  given  pulse  /3  *  This  is  slso  evident  from  the 

k*?  graphs*  _ 

Shock  electromagnetic  waves  can  serve  as  another  possible 
application  of  ferrites  with  s  compensation  point.**  Here,_  it  is  natural 
to  expect  the  appearance  of  the  same  high  frequsnoy  oscillations  on 
the  front  of  the  shotek  wave  as  we  have  just  been  discussing. 

In  conclusion,  1  want  to  express  ny  deep  gratitude  to  S»  I. 
“Al’aer  and  T.  ,N.  Pigolkin,  who  carried  but,  the  numerical  solution 
of  equations  (8),  (9)  on  the  computing  machine  M-2  of  the  Institute  of 
Electronic  Computing  Machines,' Academy  of  Sciences,  USSR* 
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’  THE  PHENOMENOLOGICAL  THEORY  OF  FREE  PRECESSION  OF 
MAGNETIC  MOMENTS  OF  ATOMIC  NUCLEI 
[This  is  a  translation  of'an  article  written  by 
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(Abstract)  The  conditions  for  obtaining  the  free  precession 
of  the  vector  of  the  nuclear  magnetization  of  a  specimen 
by  the  method  of  Packard  and  Varian  are  discussed.  The 
effect  of  the  inhomogeneity  of  the  measured  field  on.  the 
damping  of  the  signal  of  free  precession  is  considered. 

INTRODUCTION 

The  phenomenon  of  free  precession  of  the  vector  of  the 
nuclear  magnetization,  predicted  by  Bloch  [1],  was  discovered 
experimentally  in  the  earth’s  magnetic  field  by  Packard  and 
Varian  [?.).  'Recently  it  has  found  application  in  the  technology  of 
geomagnetic  measurement  [3-8]  and  it  is  beginning  to  be  used  for 
the  study  of  the  physical  properties  and  structure  of  matter  [9-10], 
The  theory  of  this  phenomenon  is  acquiring  practical  importance 
(at  the  present  time. 
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The  essence  of  the  method  of  Packard- Varian  consists  in  the 
following.  A  specimen  of  the  material  with  a  long  relaxation  time 
(of  the  order  of  a.  second)  is  magnetized  by  a  sufficiently  auxiliary 
field  in  a  direction  perpendicular  to  the  weak  measured  field.  h_. 
In  a  rapid  switching  off  of  the  auxiliary  field,  the  magnetization 
vector  M  fails  to  change  its  value  and.  its  orientation  relative  to  the 
field  h(y  and  begins  to  process  around  it  with  frequency  ~ 

The  coefficient  y  is  practically  equal  to  the  gyromagnetic  ratio  of 
the  nuclei  under  investigation  [11]. 

For  the  practically  important  case  in  which  transient  pro¬ 
cesses  connected  with  the  switching  off  of  the  auxiliary  field  decay 

in  time  that  is  significantly  smaller  than  the  relaxation  time  of  a 
system  of 

nuclear  spins,  the  motion  of  the  magnetization  vector  in  the  period 
of  duration  of  these  transient  processes  must  be  described  by  the 
equation: 

M  =•  Y  \MH\<  {1} 


In  this  case  the  damping  brought  about  by  relaxation  processes  is 
neglected  as  unimportant  in  the  course  of  this  interval  of  time. 
After  completion  of  the  transient  processes,  when  only  the  weak 
field  hQ  remains,  i.e.  ,  free  precession  of  the  magnetization  vector 
takes  place,  we  can  consider  the  following  equation  to  be  valid  [12]: 
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which,  takes  into  account  the  relaxation  processes  in  the  system  of 
nuclear  spins.  Here  is  the  static  nuclear  magnetic  suscepti¬ 
bility  of  the.  specimen,  and  TJf  and  Tx  are  the  longitudinal  and 
transverse  relaxation  times,  characterizing  the  rate  of  establish¬ 
ment  of  equilibrium  of  the  state  of  magnetization  M.  For  liquids 
usually  used  in  experiments  on  free  precession  in  weak  magnetic 
fields,  one  can  assume  TJ(  *  “  'D  [11].  In  this  case,  the  so¬ 

lution  of  Eq.  (2)  for  a  field  H  which  is  constant  in  magnitude  and 
direction: 

M  (/)  nr  Xc? //  4"  \M(0)h\  H~'  sin  fit)  + 

[>/  [M  (0)  H\\  ir 2  cos  M)  j  f  -"1!1 ,  {3) 

where  m  -■  yH, 

Such  an  approach  to  a  solution  of  the  problem  set  forth 
makes  it  possible  to  consider  independently  the  effect  of  process  of 
switching  off  the  auxiliary  field  Hr,  on  the  initial  amplitude  of  pre¬ 
cession  and  on  the  characteristics  of  the  damping  of  the  signal  of 
free  precession. 

1.  EFFECT  OF  THE  PROCESS  OF  SWITCHING  OFF  THE  AUXILI¬ 
ARY  FIELD  ON  THE  AMPLITUDE  OF  THE  FREE 
PRECESSION  SIGNAL 

The  initial  amplitude  of  precession  in  the  Packard- Varian 
method  reaches  a  maximum  for  instantaneous  switching  off  the 
auxiliary  magnetizing  field:  H  j  Hq ,  0*  h^  for  t  <  0,  H  /  0 ,  0 ,  ^ 
for  t  y  0.  In  this  case,  we  get  from  (3)  for  the  initial 
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condition  M{0)  “  t,a  H{0);  M 

^  ~  -  Xft  exp  (~  f/t)  cos  (<nQ  t)\ 


Mv  =  ~  Xtf  //o  exp  ( —  //t)  sin  («)<3  f); 

M* *o  V  ^ 

The  equations  obtained  describe  the  free  precession  of  the  magneti¬ 


zation  vector  M  around  the  field  hA,  being  damped  in  time.  The 
initial  amplitude  of  the  emf  found  in  a  coil  surrounding  the  specimen, 
for  an  ideally  homogeneous  field  h^,  will  in  tills  case  be  equal  to 

i&) 

where  k  is  a  coefficient  depending  on  the  structure  of  the  coil;  the 
axis  of  the  coil  is  directed  along  X. 

Jji  practice  the  auxiliary  field  Hq  is  produced  by  passage  of 
a  constant  current  through  the  inductance  coil  surrounding  the 
specimen  under  study.  Upon  breaking  fee  magnetizing  circuits 
(after  the  disappearance  of  the  electric  arc  on  the  contacts  of  the 
key)  a  .transient  process  takes  place  in  the  coil,  and  the  change  iri 
the  auxiliary  field  with  time  can  he  represented  in  the  form: 

H  =sr  -/i0e~9fcos  (»/), 

where  a  is  the  damping  constant,  and  u  is  the  frequency  of  the 
transient  process.  Thus  the  problem,  reduces  to  a  solution  of 
Eq.  (1)  for  a  magnetic  field  of  the  form: 

'  HiHot—'casfatU),  tic]  (6) 

for  K0»  Sh0. 

I  The  system  of  equations  (1)  can  either  be  put  in  the  form  of  j 
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a  Riccati  equation  by  means  of  the  substitution  of  Darboux  [13],  or 
can  be  transformed,  to  an  integral  equation  of  the  Volierra  type  [14]. 


Unfortunately,  in  the  problem  under  consideration,  it  is  not  possible 
to  isolate  a  small  parameter,  in  connection  with  which  the  solution 
~  of  the  equation  over  the  whole  range  of  values  t  St  0  can  be 
obtained  in  the  form  of  a  slowly  converging  series,  which  is  ill- 
suited  for  application.  Therefore,  in  what  follows  we  limit  our¬ 
selves  only  to  the  qualitative  estimate  of  the  effect  of  tire  switching- 
off  process  which  can  be  done,  and  do  not  seek  the  solution  of  Eqe. 
(1)  for  the  entire  region  t  J>  0. 

For  explanation  of  the  characteristic  features  of  the  prob¬ 
lem  under  consideration,  we  shall  choose  the  frequent  case  in  which 
the  magnetic  field  intensity  vector  H  rotates  with  constant  angular 


velocity  fi  to  an  angle  of  9G"t 

H  [H0  cos  («  0,  0,  H0  sin  (&  t)j 
H  {0,  0,  Ho) 


■for 


{  w/2&; 

71  2®.  ('7) 


In  the  system  of  coordinates  X’YZ*  (Fig.  1),  which  rotates  with 
angular  velocity  Q,  the  magnetic  field  (7)  is  transformed  to  the 
form:  H  {  Hq,  -  D/y,  o]  .  Solution  of  Eq.  {1}  in  this  system  of 
coordinate s. under  the  condition  that  at  the  time  t  =  0  the  vector 


M{0)  has  components  H9  H, ,  0,  G}  has  the  form: 

M,  =  xo  {Hi  H1 4-  (S~/yW2)  cos  <«>  ?)}: 
My  ~  Xo  {-“  (9  H0j\H2)  1 1  -  cos  <«  t)}}- 
M'z  ~  ~~loHc  (9/r  H)  sin  («>  t), 

where  w  » yH;  H  =  [  Hq  +  (&/y)  J  • 
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Transforming  to  the  original  system  of  coordinates  we  find 
for  tQ  =  ir/2£2:  s=  (x0  /‘4~/y  /"/)  sin  (™»/2~); 

.M,  -  -(xoWo'-'/t  Wz)  |1  -<<>5  (#«/20)|: 

I //o  M*  +-(27t”  Ws)  cos  (”“  2»)|.  (8) 

Now#  using  Eqs,  (8)  as  initial  conditions#  we  have  for  t  /  1q* 

sin  (L‘0f  -f  ?): 

Afy=  /\  cos  (201  +  <f); 

.W,  *  /H2,  *  (9) 

Where  UQ  =  yH^  A  »  [{m/  4-  (My)2]*^  and  *  a  arc  tan  (Mx/My). 
The  equations'  (9)  describe  the  free  precession  of  the  magnetization 
vector  around  the  field  parallel  to  the  Z  axis.  Using  (8)  and  (9) 
we  obtain  the  following  expression  for  the  amplitude  of  the  emf 


generated  in  the  coil  surrounding  the  specimen; 

„  \  1  *f  A-2  cos  (it  1/  1  ~h  .V“/2a-  I  ] 

1 1  - - —  T+X?  .  ’ 


where  x  ~Q/Qq. 

The  dependence  of  the  amplitude  of  the  precession  signal 
C  /p  t<  h  On  or;  the  angular  velocity  of  rotation  of  the  magnetic 
field  vector#  Q/&q,  is  shown  graphically  in  Fig.  2.  As  is  seen 
from  the  graph#  for  Q  <  Q.  5 &Qt  the  magnetisation  vector  virtually 
follows  the  direction  of  the  field  in  its  rotation  (adiabatic  case). 

For  £2  0Q#  the  magnetization  vector  is  virtually  unable  to  change 

its  orientation  (non-adiabatic  case).  Thus,  to  obtain  a  large  initial 
amplitude  of  the  signal  of  the  free  precession,  there  must  be  a 
^turning  of  the  vector  of  the  magnetic  field  intensityJH  in  a  time  less  J 


1 


f  than  the  period  of  Larmor  precession  in  this  field. 

To  explain  the  effects  of  transient  vibrations  of  the  switching 
field*  we  consider  another  special  case,  in  which  there  is  only  one 
oscillating  field  H  (hq  cos  (<4),  0,  0j\  ft.  The  solution  of  the  set 
"  of  equations  (!)  for  the  initial  conditions  M{G)  f  MJO),  0,  M^O)  \ 


in  this  case  has  the  form: 


M y  ~  A1  (0)  sin  |(0(/»t)  sin  («>  t) j: 
JWZ  rr  Mz  t<>)  cos  1 1 S0 /«•> sin  («•  n|. 


The  resultant  equations  describe  the  precession  of  the  magnetisa¬ 
tion  vector  around  the  direction  of  the  oscillating  field  with  variable 
frequency.  The  component  of  the  vector  M  in  the  direction  of  the 
field  in  this  case  does  not  change.  For  &  die  equations  will 

describe  small  oscillations  of  the  magnetization  vector  about  the- 
initial  position.  Thus,  with  accuracy  up  to  these  small  oscillations, 
the  oscillating  field  has  no  effect  on  the  motion  of  the  magnetization 
vector  if  its  angular  velocity  is  much  greater  than  the  velocity  of 
precession  £1^. 

For  the  case  in  which  the  external  field  has  the  form  (6),  we 
shall  assume  that  the  effect  of  Hie  transient  process  reduces  to  a 
small  perturbation  of  the  solution  of  Eq.  (1)  obtained  for  instantane¬ 
ous  switching.  Solution  of  Eq.  (1)  for  the  components  Mx  and  in 
this  cane  can  be  represented  in  complex  form: 


r 


t 

Mty  »*■  Mxy  (0)  -f  iU9c  'v  [  Mt  (0  ^-a)/cos  («>/}  dt , 


“1 


{10} 

vAPrp  M  =  M  4-  iM  .  The  first  term  on  the  right  hand  side  of 
xy  x  y 

this  expression  represents  the  solution  of  Eq.  (1)  for  the  case  of 
instantaneous  switching  of  the  field  Hq.  The  second  term  determines 
the  perturbation  brought  about  by  the  transient  process  upon 
switching  off  of  the  field  HQ.  If  we  set  Mjt)^  MJQ)  in  first  ap¬ 
proximation,  then  by  computing  the  integral  in  (JO)  and  neglecting 
damping  terms,  we  get,  for  t>>  l/a: 

Miy  =  M„ (0)  +■  IV.M, (0)  (4  +  '*i)e  .  (n, 

where 


or  (#*_  4"  _ _ 

+  -»)*)  i*-2  4  k  — u*)2] 

«*0  («*  4  Wio  —  w*> 


(12} 


^  jsr  -i  (»«  4  iy}"i  I*'  4*  (")"1 

for  the  initial  conditions  M(0)  (  *0  HQ,  0,  *0J  we  get  from 

(11): 

A1X  =:flf in  (®0 1  4-  *>:  cos  ^  4 

a  =  Xe  /-/0 1  —  : 

-won 


where 


arctg 


a/, 


(13) 


A s s um in  g  the  quantities  Mq  s.nd.  to  be  small  m  comparison 

with  unity,  and  neglecting  their  squares  in  (13)^ we  get  for  the  ampli¬ 
tude  of  the  emf  generated  in  the  coil  whose  axis  coincides  with  the 
\X  axis . 


J 
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£  “  k  Xc/4.  *>q  0  —  wo  '£'■ 


This  expression  differs  from  (5) 'by  the  factor  {1  -  ^  ),  which  is 

close  to  unity  for  «  0.  5.  For  this  case,  by  using  (12),  we  find: 

Taking  it  into  account  that  a  £  0,  we  obtain  the  conditions  which  a 


and  w  must  satisfy  in  order  that  the  perturbation  be  small  (i.  e.  , 
that  the  amplitude  of  the  emf  of  the  precession  for  a  decrease  of  the 
magnetizing  field  according  to  the  law  Hgexpf-apjcos  (wt)  differs 
slightly  from  the  amplitude  of  the  emf  for  instantaneous  switching 
of  the  field  H^): 


(14) 


4 

*  >  0 

UJ  >  ui„; 

'  V 

s 

•»  ‘'"ft- 

Thus,  for  a  frequency  of  the  transient  process  to,  signifi¬ 


cantly  larger  than  the  frequency  fcf  precession  to^  in  the  measured, 
field  h^,  the  transient  process  has  practically  no  effect  on  the  initial 
amplitude  of  the  signal  of  the  precession,  even  in  the  absence  of 
damping  (a  ~  0).  This  conclusion  is  identical  with  what  was  obtained 
earlier  for  the  special  case  in  which  there  was  only  one  oscillating 
field.  For  a  frequency  of  the  transient  process  ui  less  than  the  fre¬ 
quency  of  precession  the  transient  process  will  have  no  effect  on 
the  initial  amplitude  of  the  signal  of  the  precession  only  for  the  case 
of  its  rapid  attenuation.  In  particular,  for  a  periodic  decrease  of 
jthe  auxiliary  field  {  w  =  0),  the  damping  constant  a  must  be  much  J 
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larger  than  the  frequency  of  precession 
?.,  EFFECTS  OF  INHOMOGENEITY  OF  THE  MEASURED  FIELD  ON 
THE  DAMPING  OF  .THE  SIGNAL  OF  THE  FREE  PRECESSION 
If  we  neglect  the  effect  of  the  circuit  of  the  detecting  coil  on 
*  the  damping  of  the  free  precession  [15],  then*  for  an  ideally  homo¬ 
geneous  field  h0*  the  electromotive  force  induced  in  the  coil  will* 
in  accord  with  (4),  decay  exponentially  with  time  constant  "t  .  The 
effect  of  .inborn ogeneity  of  the  measured  field  from  the  macro¬ 
scopic  point  of  view  is  that  the  frequencies  of  precession  of  the 
1  magnetic  moments  of  the  different  elements  of  volume  of  the  speci¬ 
men  will  be  different*  and  they  will  diverge  in  phase  as  time  passes* 
which  leads  to  an  additional  damping  of  the  precession.  This  effect 
was  investigated  experimentally  by  Waters  [16];  in  his  opinion* 
it  could  be  reduced  to  a  decrease  in  the  time  constant  of  the  attenua¬ 
tion,  which  in  this  case  (by  analogy  with  the  effect  in  nuclear  mag¬ 
netic  resonance)  is  designated  in  [16]  by  T^v  However*  it  was 
Shown  earlier  [iZ]  that  the  form  of  the  nuclear  resonance  signal  for 
"rapid  passage"  depends  materially  on.  the  form  of  the  distribution 
function  of  the  external  field  in  the  specimen,  and  in  tie  case  of  a 
constant  gradient  within  the  limits  of  the  sample  "beats"  can  be 
observed  [18].  In  the  case  of  "rapid  passage"  of  narrow  resonance 
lines,  conditions  are  obtained  which  are  close  to  the  conditions  o f 
free  precession;  therefore,  one  can  expect  in  the  case  of  a  constant 
^gradient  of  a  magnetic  field  within  the  limits  of  the  specimen  that  J 


r 

there  will  be  ’ ’beats'*  of  the  signal  of  free  precession. 


Let  vis  consider  the  effect  of  the  inhomogeneity  of  the  meas¬ 


ured  field  on  the  damping  of  the  precession  signal  for  the  case  of 
a  cylindrical  specimen,  which  is  of  practical  importance  (Fig.  3). 


We  shall  assume  that  the  magnetic  field  within  the  limits  of  the 
specimen  changes  linearly:  H  £  Gx/2,  Gy/2,  h^  -  Gz  ]  and 
2GRq/Hq^<  1.  Assuming  that  the  specimen  was  homogeneously 
magnetized  at  the  initial  instant  of  time:  ^M(O)  ?  7l0  0,  ?C0  h^  ) 


and  that  the  magnetizing  field  HQ  was  instantaneously  shut  off  at 
t  k  0,  and  further  taking  it  into  account  that  Hq>^>  h^;  w  >>  l/  o  , 
we  get  from  (3):  .  /  ,  —  .  .  —  . , 

M,  =  —  XoHo  exP  (—  *A)  w  stn 

(15) 

where,  in  first  approximation,  w=o^(l  -  Gz/hQ).  Now,  for  ampli¬ 
tude  r  of  the  electromotive  force  ■  rr  ■ 

£(/)  =  *,  Af,  rf.V. 


t*> 


induced  in  a  coil  mounted  on  a  cylindrical  surface  of  the  specimen 
(S  is  the  area  of  the  cross  section  of  die  specimen),  neglecting  the 
change  in  the  amplitude  of  within  the  boundaries  of  the  speci¬ 
men,  we  find  the  expression; 

£  -  A* xo /4 v0 2cxp  ( —  */*) | /,  (P 0 !  fit, 

(16) 

where  Ij(fH)  is  the  Bessel  function  of  first  order  and  ft  --  yGRg.  The 
dependence  of  the  amplitude  of  trie  signal  of  free  precession 
j  £  /kl0  qHqWq  on  t/o  for  different  values  of  p  O  is  J 
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shown  in  Fig.  4. 

As  is  seen  from  the  drawing,  the  effect  of  the  ihhomogeneity 
of  the  magnetic  field  does  not  reduce  to  a  simple  decrease  in  the 
time  constant  of  dampihg,  as  was  assumed  in  [16],  but  has  a  more 
complicated  character.'  As  a  result  of  the  superposition  of  the  mag¬ 
netic  moments  of  the  different  elements  of  volume  of  the  specimen 
having  different  precession  velocities,  additional  maxima  arise  in 
the  signal.  In  consideration  of  the  change  of  amplitude  of  M,>;  within 
the  boundaries  of  the  specimen,  the  character  of  the  damping  does 

f 

not  change,  however,  the  signal  will  not  reduce  to  zero  between 
successive  maxima.  One  can  neglect  the  effect  of  ihhomogeneity 


for  {3  V  <  1.  For  example,  for  a  specimen  of  distilled  water  of 

diameter  10  cm  (  C  »  3  sec,  y  ~  2.67  x  104  sec  J -oersted  *)  one 

"6 

can  neglect  the  effect  of  inhomogeneity  for  G<2,  5  x  10  oersted- 
-1 

cm  .  I 

For  a  small  signal- to -noise  ratio,  when  the  “beats"  are  not 
observed,  one  can  assume  approximately  that  the  signal  continues  to 


the  second  zero  of  the  Bessel  function  Ij(Pt)  [formula  (16)].  The 
durations  of  the  signal  of  free  precession  observed  in  such  fashion 
for  R  «  4  cm  agree  qualitatively  with  experimental  data  of  [16]  for 
a  gradient  from  5  x  10“6  oersted-cm" 1  to  1.2  x  10  oersted-cm  . 

its 

As  the  estimate  shows,  one  can  neglect  fee  effect  of  diffusion  [19]  on 


the  damping  of  the 
(indie  a  ted).  In  [16] 


signal  {for  gradients  of ‘the  field  within  the  limits 
additional  maxima  of  the  signal  are  not 


J 


.  . 


discovered,  evidently  because  of  insufficiently  high  value  of  the  sig- 
nal-to-noise  ratio. 

Oscillograms  are  shown  in  Fig.  5  of  the  signal  of  the  free 
precession  for  distilled  water  {  t  -  Zsec)  for  an  inhomogeneity  of 

r  |  w  Cy  ** 

the  magnetic  field  of  6.  1  x  10  oersted- cm'  and  4.  2  x  10  "  oersted- 
cm"1,  obtained  with  the  help  of  the  apparatus  described  in  [8],  The 
ihhomogeneity  of  the  earth's  magnetic  field  in  the  region  occupied  by 
the  specimen  is  brought  about  by  a  constant  magnet  with  a  magnetic 
moment  of  2500  absolute  units,  placed  at  distances  of  125  and  138  cm 
from  the  specimen.  For  a  diameter  of  the  sample  equal  to  9  cm,  the 
gradient  of  the  magnetic  field  in  its  limits  can  be  considered  approxi¬ 
mately  constant.  Comparison  of  the  time  intervals  t  corresponding 
to  minimum  amplitude  signal  measured  by  the  oscillograms  and  com¬ 
puted  in  [16]  is  given  in  Table  1.  Coincidence  of  the  measured  and 
computed  values  can  be  considered  good.  The  initial  interval  of  the 
precession  signal  in  the  oscillograms  was  not  obtained  because  of 
the  large  time  required  for  establishing  use  of  the  recording  apparatus 
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Fig.  2.  Dependence  of  the  initial  amplitude  of  the  signal  of  the  pre¬ 
cession  £  AW  ^  on  the  angular  velocity  of  rotation 
of  the  vector  of  the  magnetic  field  for  rotation  through  90*. 
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Fig.  4.  Dependence  of  the  amplitude  of  the  precession  signal 
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rig.  5.  Oscillograms  of  the  signal  of  free  precession  for  distille  ; 

VSLter  (  T  =  2  sec)  for  a  gradient  of  the  magnetic  field  inside  the  j 

specimen  of  a)  G  =  6.  1  x  lO^oerated-on"1 ,  b)  G  =  4.  2  x  10  5oerste^ 
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OPTIMUM  NONLINEAR  SYSTEMS  .WHICH  BRING  ABOUT  A  SEPA¬ 
RATION  OF  A  SIGNAL  WITH  CONSTANT  PARAMETERS 
FROM  NOISE 

[This  is  a  translation  of  an  article  written,  by 
R.  L.  Stratonovicli  in  Radiofizika  (Radiophysics), 

Vol.  II,  No.  6,  1959,  pages  892-901.] 

(Abstract)  The  a  posteriori  distribution  of  the  parameters 
of  the  of  the  useful  signal  which  occurs  after  reception  of  a 

signal  distorted  by  a  non -Gaussian  interference  is  found 
by  means  of  the  apparatus  of  Markov  processes.  Dif¬ 
ferential  equations  for  optimum  filtration  are  derived; 
these  are  modeled  by  optimum  systems. 

INTRODUCTION 

In  practical  cases,  an  interference  n(t)  exists  at  the  input  of 
a  radio  receiver  designed  for  reception  of  a  useful  signal  s(t),  in 
addition  to  that,  useful  signal.  Considering  the  signal  r{t)  -  s<t)  +  n(t), 
we  do  not  assume  exact  information  on  the  form  of  the  useful  signal 
and  on  the  values  of  its  parameters,  since  n(l)  is  an  unknown  function. 
However,  by  accumulating  statistical  data ‘on  the  interference  n(t) 

(as  a.  random  function,  we  can  use  these  data  for  die  purpose  of  nioreJ 


exact  determination  of  the  form  of  the  useful  signal. 

Statistical  information  on  interference  and  on  the  useful  sig¬ 
nal  which  exists  prior  to  the  reception  of  the  entering  signal  •r(t)  is 
known  as  a  priori  information.  The  reception  of  the  signal  r(1;)  ma¬ 
terially  increases  our  information,  about  the  useful  signal.  The 
latter  is  now  described  by  an  a  posteriori  distribution  which  has  a 
smaller  statistical  scatter.  To  find  a  posteriori  information,  it  is 
appropriate  to  make  use  of  the  formula  of  ‘‘inverse  probability"  [1,2]. 

After  reception  of. the  oncoming  signal  r(t},  the  useful  signal 
remains  random,  i.e.  ,  we  cannot  say  with  certainty  the  exact  form 
of  s(t).  However,  if  we  select  a  criterion  of  optimum  behavior,  then 
on  the  basis  of  a  posteriori  information,  we  can  demonstrate  the  one 
most  preferable  form  of  s^(t)  of  the  useful  signal  from  all  possible 
such  functions,  Thus,  as  the  most  preferred  function  we  can 

choose  the  function  which  corresponds  to  the  largest  a  posteriori 
probability.  By  choosing  another  criterion,  namely,  the  criterion 
of  minimum  mean  square  error,  we  shall  have  as  s^{t)  the  mean  a 
posteriori  function. 

Thus,  as  the  basis  of  a  priori  statistical  information,  we 
have  the  representation  which  the  received  signal  r(t)  must  satisfy 
in  order  that  we  obtain  the  most  preferred  form  of  the  useful  signal. 

It  is  desirable  that  the  demonstrated  representation  of  r(t)  in  s^{t) 


be  obtained  automatically  by  means  of  a  system  which  we  call  the 


^optimum  filtration  system, 


The  construction  of  such  optimum 


r  1 

filtering  systems  is  an  extraordinarily  important  problem  for  radio 
communication*  automation  and  other  forms  of  radio  technology. 

As  is  well  known,  in  the  case  of  noises  and  signals  which  are 
characterized  by  Gaussian  distributions,  the  optimum  transforma¬ 
tion  is  a  linear  one  and  can  be  computed  by  the  theory  of  Kolmogorov- 
Wiener  [3,4].  However,  many  of  the  signals  actually  encountered  are 
quite  non- Gaussian  as,  for  example.*  every  type  of  pulse  signal  and 
sinusoidal  signal  with  discrete  possible  amplitude  values.  In  the  case 
of  a  non- Gaussian  signal  or  noise,  the  optimum  transformation  is 
actually  nonlinear.  If  one  seeks  the  optimum  transformation  only  in 
the  class  of  linear  transformations,  then  this  optimum  transforma¬ 
tion  can  be  shown  to  be  quite  far  from  the  actual  optimum  transfor¬ 
mation.  The  same  can  he  said  about  attempts  to  find  an  optimum 
transformation  among  'nonlinear  transformations  of  a  more  or  less 
broad,  class  [5,6J. 

We  shall  therefore  seek  the  absolute  optimum  transformation, 
not  limiting  ourselves  to  any  class  of  transformations.  In  the  case 
of  a  non- Gaussian  signal  for  noise,  the  search  for  such  a  transforma¬ 
tion  must  be  carried  out  on  a  basis  that  is  new  in  principle.  As  in¬ 
vestigations  have  shown,  in  certain  cases,  the  problem  we  have 
stated  can  be  solved  with  more  or  less  generality.  Thus,  in' the  fil¬ 
tration  of  pulse  signals,  combined  with  Gaussian  noise,  the  optimum 
transformation  can  be  found  by  use  of  the  theory  of  correlated  random 
^points.  In  other  cases,  it  is  useful  to  employ  the  techniques  of  j 


r 

Markov  processes  for  the  solutions. 


“1 


When  the  signal  or  noise  is  a  Markov  process  or  is  the  com¬ 
ponent  of  a  multi-dimensional  Markov  process*  the  solution  of  the 
problem  is  made  possible  by  virtue  of  the  fact  that  it  is  not  difficult 
to  write  down  an  analytic  expression  for  the  functional  of  the  proba¬ 
bility  of  the  Markov  process.  In  the  present  work,  we  shall  consider 
the  case  in  which  the  noise  n(t)  is  a  Markov  process,  in  the  general 
case  non-Gaussian,  while  the  signal  s  -  s(Xj,.  .  .  *s  character¬ 

ized  by  constant  values  of  the  parameters  x, , .  . .  »x  ,  which  must 

then  be  determined.  For  fixed  values  of  x,,...,x  ,  the  signal  is 

J.  m 

a  known  function  of  time.  Knowing  the  concrete  form  of  the  assumed 
signal  r(t)  =  s(x^, . . .  ,xm>t)  +  n(t)  in  the  time  interval  from  0  to  T, 
we  subject  r(t)  to  analysis  in  order  to  extract  from  it  the  desired 
values  of  the  unknown  parameters  of  the  signal.  Such  a  treatment 
(optimum  transformation)  is  performed  by  analysis  of  the  a  posteri¬ 
ori  distribution  of  the  signal  parameters. 

1.  THE  FUNCTIONAL  OF  THE  PROBABILITY  OF  MARKOV  PRO¬ 
CESSES  AND  THE  FORMULA  OF  INVERSE  PROBABILITY 
We  define  the  functional  of  the  probability  W[g(t)]  of  the  ran¬ 
dom  process  £(t)  as  an  expression  depending  on  §(t)  which,  with  ac¬ 
curacy  up  to  a  constant  factor  (which  is  common  for  all  | (t) )  char¬ 
acterizes  the  probability  of  the  given  form  of  £(t)  of  this  process. 

The  functional  of  the  probability  can  be  obtained  by  consideration  of 
jthe  joint  distribution  of  the  random  quantities  J 


r 


(tj  <  . .  .<t^  and  the  compression  of  the  selected  points  t^, .  . .  ,t 

so  that  |t.+1  -  b  j  -*  0.  • 

We  consider  examples  of  functionals  of  the  probability* 
Let  f-(t)  be  a  delta  correlation  {"white")  normal  noise  with  zero 
mean  value  and  correlation  function 


N 


f  (TTMO  -•  K  M  t  —  / ' ) . *  ( i ) 

Carrying  out  a  partition  of  the  time  axis  by  the  points 
’WVl  “~fc‘  we  consider  the  average  values  over  the 


interval 


As  a  consequence  of  (1),  these  values  are  independent  of  one  an 
other,  and  have  the  dispersion 


(3) 


Inasmuch  as  (2)  are  Gaussian  random  quantities,  they  are  described 
by  the  distribution  density 


Making  use  of  the  independence  condition,  we  obtain  the  joint  distri 
bufcion  in  the  form  of  a  product 

w  ....  %n)  w  (h)  •  •  •  «’  (5.v)  — 

The  normalized  constant  factor  does  not  add  any  additional 
information;  therefore  it  can  be  omitted.  ‘Then  this  functional  is 


*  $¥  * 


written  in  the  form 


r(M0l=e*P[-±J^rf/j.  (5) 

0 

where  T  is  the  length  of  time  interval  selected.  The  integral  of  this 
must  be  taken  in  the  sense  of  the  sum  which  appears  in  {4). 

Let  us  consider  the  noise  n{t),  which  is  represented  itself  by 
a  Markov  process.  Let  it  satisfy  the  equation 

«“/(«)  =5(0,  ‘  (6) 

where  £(t)  is  the  delta- correlation  process  described  above,  and 
£(n)  is  a  known  function.  In  the  general  case,  for  a.  nonlinear  func¬ 
tion,  f(n)  of  such  a  process  is  non-Gaussian,  The  probability  dis¬ 
tribution  density  W (n)  satisfies  the  Fokker- Planck  equation 


dn 


|/  (//)  w  («)|  4-  -~ 


(f  -w  (n } 

^*S3l 


(7) 


It  follows  from  the  latter  that  for  small  intervals  A.  ,  the 

probability  of  transition  W(n  |n.  .),  which  corresponds  to  the  initial 

condition  n(t.  . )  an.  , ,  i.  e.  ,  the  condition  w(n)  -  8(n  ~  n.  A  for 
A  I " A  j  *■  i. 

t  at.,,  i,s  determined  by  the  expression 
J  ***  * 


exp 


.  nJ-nJ-\  -/(//y-i)  A[- 

2Af 


(8) 


It  follows  from  the  definition  of  Markov  processes  that  the 


probability  density  of  a  multi-dimensional  distribution  can  be.  written 
in  the  form  of  a  product  of  transition  probabilities; 

w  («<„  n i,  .  -  .  ,  //a-)  ~  {nN\n^  j)  .  .  .  io  (//,|/r0)  «» {nb).  ^ 
^Substituting  (8)  in  this  relation,  we  obtain  j 


1 


w  [n0f  n . nH)  «  const  exp 


2K  .r, 


///  —  ///  < 

’  A 


/  («/  i)  A  |  «•  (//<>). 


Squaring  (n.  -  n.  ]_)  ^ 


we  transform  the  term 


i  3 


f(n.  }{n.  -  a,  )  to  another  form.  For  this  purpose*  we  use  several 

j "  1  j  J "  ^ 

formulas,  the  first  6£  which  is  self-evident; 

/  (///  ,)  {///  —  ///- 1)  =•  /  j  (flj  -  M j~ I ) ' 

—  J-  /'  (^lUstlLzl  j  (///  _  „j^f-  -h  O  |  (tij  —  Wy— i)a|.  <n> 

For  the  derivation  of  the  second  formula,  we  take  note  of  the  fact 
that  the  siur,  £  (m  -  nj.  ,)*,  which  contains  t  A"  term.,  has  the 


mean  value 


T  d~!  («y  —  11)  \f  /<  t 


and  the  dispersion 

o  E  (;/y  —  ,)*  ~  ?  A-- !  />  (//y  —  H)-iY} «  2  (/*  A)?  *  2/i9  tA. 

From  this  follows  the  equality 

^  <e  r  i  '  /“*  f  A  *  /A 


£  '  («,.  -  =  AT  t  4-  0  (A'A). 


Dividing  the.  interval  [O,  T]  into  sub- intervals  of  length  ^  : 

j»t»i 

and  applying  (12),  we  Obtain  the  formula 

I’/-  (  'IL±Il±  j  <„;  _  =  V  /'  (/;,)  A't-+  O(A'A)  f-O(t) 

U  (//,  —  ft  (! 


As  a  consequence  of  (11),  (13),  Eq.  (10}  can  be  transformed  to  the 


N 


expression 

ft" 
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(14} 
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In  the  following,  we  shall  assume  that  the  function  f  does 
not  depend  explicitly  on  the  time.  We  introduce  the  potential  . 


function 


(15) 


U  ( n )  =  J  /(//)  (in. 

Subtracting  the  equalities 

•  u  («,.)  =  v  ( iu±ju=l} + L"  (£LiYJ-)  1"j  -  "j  >>  + 

4  —  U-  /■"/  (ttj-  0  <(«,-  - 

u  («,.,)  =  i/  (i!*±2£L)  _  |  v  \2i±£* =l)  <»,-  «,_,)  + 

1-  P"  (■  K'1-  )  <«J  —  »,-l)2  4  O  <(«;  -  //,  ,)3)  ^ 
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from  one  another,  we  obtain. 


/  j  5l±It±\  („J  -  =  U  (It,)  -  U  («,_,)  +  o  ((«,  - 

-  U  (ttj)  -  U  (ttj-i)  +  O  (d% 


Here  J n^dt  is  understood  in  the  sense  of  the  sum 
fn.  -  n.  ,  Xs" 

Zl  )  A*  the  other  integrals  have  the  usual  meaning, 
A  / 


j 

Knowing  the  form  of  the  received  signal  and  the  form  of  the 
functional  of  the  probability,  we  can  compute  the  a  posteriori  distri¬ 
bution  of  the  parameters  of  the  useful  signal,  making  use  of  the 
principle  of  inverse  probability. 

Let  the  parameters  Xj., , . .  ,x  be  described  by  the  a  priori 
distribution  w  .  (x. , . .  .  ,x  , ),  For  fixed  values  of  the  parameters 

J.  X&A  - 

x. , .  . . ,  x  the  effective  signal  r(t)  =  s(x. , . . .  ,  »  *)  +  n(t)  vvoas 3 tl 

{have  fee  a  priori  distribution 


U"  |r  I JT, . »v m |  ~  ir  j//|#cr-s  »  r„  |r  -  *|. 


(22) 


Therefore  the  joint  distribution  for  x^...  ,*m  and  r(t)  has  the  form 


tt  f A*t ,  ...»  xmt  r]  —  Wp,  (a(,  .  .  .  ,  xm)  U  „  \r  S| • 


(23) 


B<?  fee  definition  of  conditional  probabilities,  it  is  also  possible  to 


write  them  in  the  form 


x,n\r% 


IT  {jr„  ,  xm,  r\  =  r  jrj  K'(Xj, 


*  * 


(24) 
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t 


where  w(x, , . . .  ,x  jr)  “  w  (x. , . .  .  ,x  )  is  the  conditional  or  a 

i  S  A  2-3TX  “•i** 

posteriori  distribution  of  the  parameters.  Comparing  {23}  and  (24), 
we  find 


u1 


IH  (Xt.  ....  Xm)  **  **«'  '  '  • 5  Xm^  ^  ^ 

* —  s  (a |,  .  •  »  a/k,  01* 


where  the  constant  C  does  not  depend  on  xJ} .  • »  »xm* 

With  the  help  of  the  a  posteriori  distribution,  density  thus 
obtained,  one  can  determine  the  preferred  values  of  the  parameters. 
If  we  take  as  the  latter  the  a.  posteriori  mean,  then  we  shall  have; 


X„  Wp,  <A'i 

\*  *)***'- - “*7 - “ ~ 

.  .  .  \  W.k,  (*n  • 

»/  ii 


:: . ,  xm)  w„  | \r  (0 
• ,  xm)  Wa  \r  (0  -  s  (xu  . . . , 

(&  =  1,  .  .  .  ,  iit). 


■ «  xmt  0]  dxt . . .  dxm 

xmt  f)\  dxi...dxrK 

(26) 


In  the  same  way  we  found  the  optimum  transformation,  which  is  non. 
linear  in  the  general  case  and  which  is  adjusted  in  the  best  fashion 
for  obtaining  the  unknown  parameters.  A  solution  for  Gaussian 
noises  was  obtained  in  [7]  in  analog ous  form. 

However,  the  solution  of  the  problem  that  we  have  written 


r  i 

down  has  two  shortcomings.  In  the  first  place,  the  optimum  trans¬ 
formation  that  was  obtained  contains  integral  operations  which  can 
be  shown,  to  be  complicated  for  the  practical  realization  of  optimum 
systems.  It  is  easier  to  carry  out  operations  corresponding  to  dif¬ 
ferential  equations.  In  the  second  place,  the  method  of  solution  that 
we  have  shown  does  not  permit  generalization  to  the  case  of  parame¬ 
ters  which  change  with  time.  -Therefore,  we  shall  consider  another 
solution  of  the  problem. 


2.  THE  DIFFERENTIAL  EQUATIONS  OF  OPTIMUM  FILTRATION 
In  order  to  obtain  the  equations  of  optimum  filtration  in  dif- 
£gi  ential  form,  let  us  study  the  change  in  the  a  posteriori  distribu¬ 
tion  upon  increase  in  the  time  of  observation.  Let  the  length  of  the 


interval  of  observation  T  be  increased  by  dT.  The  change  in  the  a 
posteriori  density  in  this  case  can  be  found  by  using  Eq.  ( 25 )„ 

.Faking  the  logarithm  of  both  sides  of  the  equation  and  differentiating 


with  respect  to  T,  we  obtain 

=  --j.  I„  r»  \r  —Sl  +  ■  (27, 

Here  we  have  taken  it  into  account  that  w  does  not  depend 
on  T,  inasmuch  as  we  shall  consider  only  the  constant  parameters  of 


the  signal.  Another  paper  will  be  devoted  to  a  generalization  of  this 


theory  to  the  case  of  variable  parameters  of  the  signal, 
changes  with  time. 


in  which  w 

pr 


If  we  introducf  the  notation 


F(r„s)=  ~~  In  W,  \r  —s\. 


(28)  J 


.  ?/  . 


*» 


r 

then  we  can  write  (27)  in  the  form: 

®,.,=  j/7(r —  s)  —  K{  icv  (29) 

(we  shall  indicate  differentiation  with  respect  to  T  and  also  with  re¬ 
spect  to  t  by  means  of  the  dot).  The  constant  here  X  ~  -d  In  C/dT  is 
‘  connected  with  the  normalization  constant.  It  can  be  determined  by 
employing  the  fact  that  the  integral  .  j  wpSdxi»  *  *  *  ‘  c‘xrn  vamshes 
by  virtue  of  the  normalization  condition.  Therefore,  integration  of 
(29)  over  Xj , . .  ;  ,  gives: 

x  *  | . . .  j  F  (r  ~~  s)  «*,«  d*,, ....  ^  —  ’s)-  . 

The  resultant  differential  equation  w  =  (F  -  F)wpg  is  thus 
a  nonlinear  differential  equation.  It  would  have  been  advantageous 
to  use  the  system  which  models  this  equation  for  purposes  of  sepa- 
ration  of  the  parameters  of  the- signal.  However,  direct  modeling  of 
Eq,  (29)  is  difficult  for  the  reason  that,  for  continuous  possible 
values  of  the  parameters  , . .  .  it  corresponds  to  an  unbounded 

number  of  degrees  of  freedom.  It  is  more  suitable  to  consider  the 
evolution  not  of  the  a  posteriori  density  itself  hut  certain,  numerical 
characteristics  of  it,  and  to  model  the  equations  which  describe 

their  change  with  respect  to  time. 

We  consider  the  case  in  which  there  is  one  unknown  parameter 
x  of  the  signals  taking  on  continuous  values.  In  place  of  the  distri¬ 
bution  density  w  (x),  we  can  consider  its  replacement  by  the  aumeri- 
pS- 

cai  characteristics- a1-,a2,a3, ...»  which  represents  the  coefficients 
Ipf  the  expansion  of  its  logarithm  in  a  Taylor  series.  The  J 
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corresponding  connection  formula  has  the  form 


%s  (4  =  exp 


[c‘+i 


(x-a,y  +  ^  (jr -,(,)*  + 

U. 


(dg  =? — a  <  0). 

The  quantity  aj  is  the  most  probable  value  of  the  parameter, 

'  It  is  useful  to  choose  it. as  the  most  preferable  value  of  x  .  The  co-- 

u 

efficients  we  have  introduced  change  during  the  ‘.course  Of  observation 
(they  depend  on  T).  Substituting  (30)  in  (29),  we  obtain: 

i  (**  ”  atf  ,  i  (x—  «():i  , 

a2  ~ — - +  d,i - - - -f...  —  d2d,  (a 

~  fh  at  -f  .  .  .  «  F{r  -  s)  ~~  x  - 

Taking  the  derivative  with  respect  to  x  of  both  sides  of  the 
equation  at  the  point  x  =  we  shall  have  a  system  of  equations 
which  define  the  evolution  of  the  coefficients  a^a^a^  .  .  during  the 
course  of  observation  ^  \dFf<)x\xsttti\ 

a  >  —  ~  \o*Fj<)x*\ 


an  —  a„+ iff,  =  j<?''/7^',JjrtS„I ; 


As  initial  values  of  a^a^.a  , ...  at  T  =  0,  we  should  take 
those  values  which  correspond  to  the  a  priori  distribution  density 
w  (x).  In  the  case  in  which  the  a  priori  information  on  the  parame¬ 
ters  of  the  useful  signal  are  absent,  w  (x)  is  a  constant.  In  this 

pr 

case  one  should  choose  the  zero  initial  conditions: 

az  (0)  =  0.  (32) 

The  value  of  a^(0)  =  x  is  determined  from  the  condition  of  the 


.  ?J  • 
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Maximum  of  the  function  F(r  -  b)  at  the  particular  moment: 

OF  |r  (0)  -s  (x,())\jdx  «  0.  (33) 

Under  the  conditions. (32)  for  the  momenteof  time  which  are 
not  too  far  from  the  initial  moment,  the  term  a^jXj  m  .(31)  is  much 
•  smaller  than  the  term  i,  .  One  can  use  this  to  break  the 

chain  of  equations  (31),  leaving  only  n  equations  relative  to  the  vari- 
,  ,  _  --.a  s-Hino  a  ,  «0.  The  larger  the  value  of  n, 

ables  a,, a^, ...  ,an,  ana  setting  an+1  u‘  A  6 

the  smaller  the  error  we  make.  XI  we  have  two  equations,  then 


3jr0«=  W-ldx],-,, 


(A « 


«  =  -  loV/fl^ir 
a  ==  —  fla) 


for  the  initial  conditions  a(0)  «  0,  &F/0x  =  0  for  x  ■  xQ(0). 

'  The  system  which  models  these  equations  will  give  at  the  out¬ 
put  x0(T)  as  the  value  of  the  parameter  which  corresponds  to  the 
maximum,  a  posteriori  probability,  and  the  quantity  a,  by  means  of 
which  the  error  of  the  resultant  value  is  expressed  according  to  the 
formula  'Ax*  l/(ft  (A  x  is  the  order  of  the  difference  of  xQ  from 
the  real  value  of  x).  As  is  seen  from  (34),  xQ(T)  initially  depends 
strongly  oh  T;  thereafter  this  dependence ' weakens ,  corresponding 
to  the  fact  that  new  information  obtained  from  r(t)  makes  up  a  small 
fraction  of  all  the  received  information.  The  error  A  x  decreases 
Without  limit  during  the  passage  of  the  time  of  observation. 

Equations  (34)  refer  to  the  case  in  which  there  is  a  single 

unknown  parameter  of  the  signal.  In  the  case  of  many  parameters 

x  .  ,x.  ,  the  following  formulas  are  obtained  by  a  similar  j 

il 3 '  *  ‘  m 
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(method  in  the  same  approximation; 

ns 

f"1  (35) 

,iaP  -  -  vriiixMf,  («j=i.,,. 

where  x.,...,x  are  the  preferred  values  of  the  parameters. 

1  ITS 

"  3.  EXAMPLE.  DE TERMINA  1'ION  OF  THE  DEVIATION  IN  NON-* 
GAUSSIAN  NOISE 

We  shall  take  a  concrete  case  of  the  differential  equation  of 
optimum  filtration  worked  out  above  for  the  situation  in  which  the 
useful  signil  represents  an  unknown  constant  quantity.  During  the 
passage  of  time  from  0  to  T,  the  total  signal  r(t)  —  s  +  n(t)  is  re¬ 
ceived,  where  n(t)  is  a  Markovian  random  process,  non -Gaussian  in 
the  general  case.  Let  us  satisfy  Eq.  (6)  and,  consequently,  be  de¬ 
scribed  by  the  functional  of  probability  (21). 

Making  use  of  Eqs.  (38)  and  (21),  we  have  in  the  given  case: 

/■  (r  —  s)  a=  — ' ■  J-  \r~  f  (r  —  .v)|2  "  •'•')■  (36) 

•  Differentiating  the  resultant  expression,  we  find  the  corresponding 
equation  of  optimum  filtration  (34),  which  takes  the  form: 

Kasn  =  -  |  r  —  /  (r  —  sj  j  /  (r  —  sj  4 (/*—  •«„); 

*  (37) 

/(«  ■*,_  [r  —  /  (r  -  4) }  /"  (r  —  s0)  +f  (r  -  su)  -  y/w  (r . -%) 

f/'  («)  =  <?/(ft)/<to]. 

In  the  absence  of  a  priori  information  on  the  signal,  the  initial  value 
of  a(0)  is  equal  to  zero,  while  s^O)  is  determined  from  the  condition 
of  the  minimum  of  the  function  F(r  -  Sq).  Differentiating  it, we  J 
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obtain  the  result  that  it  achieves  its  extremum  value  for 
|r  (0)  -  f(r  (0)  -  se  (0))|  /'  (r  (0)  -  s„  (0))  + 

+  ~ /"  (•'  (0)  -  S„  (0))  =  0.  (38) 

2 

Further  contributions  will  be  realized  for  the  case  in  'which, 
one  can  neglect  the  term  -.l/2f ‘{r  -  s)  in  (36)  in  comparison  with  the 
first  term.  In  this  case  the  condition  for  the  initial  value  of  s^(0}* 
for  which  the  function  (36)  takes  on  its  maximum  value  has  the  form: 

/  (r  (0)  —  s0  (0)|  =  r  (0).  (39) 

Equations (37)  with  the  given  initial  conditions  determine  the 
evolution  of  the  preferred  value  of  the  signal  (SqT)  during  the  course 
of  observation  completely  and  unambiguously.  It  is  true,  the  value 
of  the  derivative  at  the  initial  instant  is  not  »  entirely  explicit 
from  the  first  equation.  In  order  to  find  it,  one  must  clear  up  the 
indeterminacy.  As  is  seen  from  the  second  equation  (37),  we  have 
for  email  T: 

Ka  =-'  P  \r  (0)  -  s„  (0)|  T. 

At  the  same  time,  for  small  T, 

r  (T)—f  \r(T)-s„  (7)|  W  (0)  T-f  \r  (0)  - 
—  s„  (0)1  |r  (0)  —  s„  (0)1  T. 

Substituting  these  relations  in  the  first  equation  of  (37),  and  dividing 
by  T,  we  obtain: 

/'V  -  *.)  k  =  - 1?  -/'('•-  *..)  (<•'  -  *»)l  /'  *»>• 

We  then  determine  the  value  of  the  derivative  Sq  at  the  initial  instant; 


r 


t 


K  (0)  -  j  [  r 

The  value  of  a  increases  with  increase  in  T.  Therefore,  as  is  seen 
in  the  first  equation  of  (37),  the  value  of  the  derivative  (T)  in  what 
follows  decreases,  and  the  a.  posteriori  signal  Sq(T)  approaches  a 
constant  value,  which  coincides  with  the  actual  value  of  the  useful 
field.  The  error  s  1/ {fa  in  this  case  decreases  to  zero. 

The  resultant  equations  (37)  are  nonlinear.  In  the  special 
case  in  which  f(n)  is  a  linear  function,  they  reduce  to  linear  equations. 
Setting  f(n)  =  (3  -  n,  we  find: 

Kn^  =  [l  \r  +  p  r  —  p  .<?„! ;  /Cd  ~  [>2.  (41 ) 

The  latter  equation  has  the  solution 

Ka  —  p2  T.  (42) 

Substitution  of  it  in  the  first  term  gives  the  equation 

Ts0  +  s0  =  r  -f  r/P 

(with  the  initial  condition  (38):  s(0)  =  r(0)  +  r(0)/p),  whose  solution 
is  written  in  the  form: 

T 

(0  +  rf>  tit. 

9  J  (43) 

This  result  could  have  been  obtained  by  another  way,  directly  using 
Eq.  (26).  Indeed,  for  a  linear  function  f(n),  the  noise  n(fc)  is  Gaits- 
sian,  and  the  solution  of  the  problem  is  materially  simplified.  For 
pon-Gaussian  noise,  other  more  appropriate  forms  of  solution  are  J 
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absent  and  it  is  necessary  to  make  use  of  Eqs.  (37). 
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ON  THE  EXCITATION  OF  DIELECTRIC  WAVEGUIDES 
[This  is  a  translation  of  an  article  written  by 
V.  I-  Talanov  in  Radiofizika  (Radiophysic  a ) , 

,  Vol.  H,  No.  6,  1959.  pages  902-910.  ] 

(Submitted  to  editor  June  13,  1959) 

(Abstract)  Tine  problem  is  considered  of  the  excitation 
at  the  open,  end  of  a  semi-infinite  waveguide  of  surface 
electromagnetic  waves  on  a  dielectric  slab  placed  on  an 
ideally  conducting  plane  and  continued  inside  the  wave¬ 
guide.  A  rigorous  solution  was  obtained  by  the  method 
of  integral  equations  in  the  case  in  which  the  system 
as  a  whole  is  screened  by  an  ideally  conducting  plane 
placed  at  a  certain  distance  from  the  dielectric  plate, 
parallel  to  the  latter.  Formulas  are  obtained  for  the 
fields  of  the  reflected  and  transformed  waves;  the  moduli 
of  the  coefficients  of  transformation  of  the  traveling  wave 
in  the  propagated  wave  are  represented  in.  closed  form 
and  are  determined  only  by  the  wave  numbers  of  the 
propagated  waves.  The  expressions  for  the  moduli  of 
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coefficients  of  reflection  and  transformation  of  the 
fundamental  waves  can  be  used  for  approximate  calcu¬ 
lation  of  the  corresponding  quantities  in  the  unscreened 
system  if  one  assumes  that  the  screening  plane  is  placed 
at  a  sufficient  distance  from  the  dielectric  plate. 

Excitation  of  surface  waves  in  dielectric  waveguides  and  an¬ 
tennas  [1]  usually  takes  place  at  the  open  end.  of  the  waveguide.  Ex¬ 
perimental  studies  [2]  have  shown  that  in  this  case  a  rather  signifi¬ 
cant  fraction  of  the  power  of  the  incident  wave  is  not  transformed 
into  the  energy  of  the  surface  wave,  but  is  lost  in  radiation  directly 
from  the  end  of  the  exciting  waveguide.  This  radiation  has  a  known 
effect  on  the  directivity  diagram  of  dielectric  antennas,  and  also 
lowers  the  resultant  coefficient  of  transformation  of  dielectric 
waveguides. 

In  connection  with  this  fact,  it  is  of  interest  to  estimate 
quantitatively  the  effectiveness  of  such  a  method  of  excitation.  A 
similar  problem  on  the  excitation  of  surface  waves  on  the  impedance 
plane  was  considered  in  [3].  For  a  dielectric  waveguide,  the  calcu¬ 
lation  can  be  completed  in  principle,  at  least  in  the  simplest  cases 
by  the  same  method  which  was  used  in  [3],  but  this  is  combined  with 
great  difficulties  of  factorization  of  the  kernel  of  the  integral  equa- 

Tr,  order  to  avoid  these  difficulties  and  at  the  same  time  to 


tion. 


1 

*”make  possible  to  calculate  the  amplitude  of  the  excited  surface  wave 
with  sufficient  accuracy  (practically  with  as  much  accuracy  as  de¬ 
sired),  let  us  consider  the  problem  of  excitation  not  of  an  open,  but 
of  a  screened  dielectric  waveguide,  in  which  we  limit  ourselves  to 
"  the  simpler  case  of  the, excitation  of  two-dimensional  H  Waves  on  a 
dielectric  slab  lying  on  an  ideally  conducting  plane.  Consideration 
of  the  screened  system  materially  simplifies  the  problem  of  factori¬ 
zation  of  the  kernel  of  the  integral  equation. 

1.  STATEMENT  OF  THE  PROBLEM,  DERIVATION  AND  SOLUTION 

OF  THE  INTEGRAL  EQUATION 
Let  us  consider  the  system  shown  in  Fig.  1.  It  represents  a 
dielectric  slab  of  thickness  d  with  parameters  tj,  Hj#  lying  in  an 
ideally  conducting  plane  x  ~  0.  The  exciting  waveguide  is  formed  by 
the  plane  x  -  0  and  the  ideally  conducting  half-plane  x  =  d,  z<  0,  set 
directly  on  the  surface  of  the  dielectric  slab.  At  a  distance  D  from 
the  plane  x  =  0,  there  is  placed  an  ideally  conducting  screen  sheet 

(x  =  D  >  d). 

Limiting  ourselves  to  a  consideration  of  two-dimensional  H 
waves  (H  0,  E  =  0),  we  represent  the  diffraction  current 

y  y 

I  =  1(a),  excited  by  the  incident  wave  of  a  definite  type  on  the  h.al£- 

z  * 
plane  x  a  d,  z  <  0,  by  the  Fourier  integral' 

..  (1.1) 

~  |  F(h) c~~'u dh  . 

'  The  time  dependence  e1U5t  is  everywhere  omitted.  J 


.  /  0 /  * 
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The  component  H  »  H  of  the  magnetic  field  of  this  current  in  the 
dielectric  (!)  and  on  top  of  the  dielectric  (II),  respectively,  will  be 
described  by  the  equations; 

ikZ 


}i  ~  f  Cx(h)  cos(*ix)e~tu  dh 


where 


fin  ==  \  Q(/?)  i  x*  (A*  "  I 
Xj  Sill  [  *2  (  x  —  D)  j 


I'm 


dh  , 


"  s-i  vtj  sin(*i^)cos|*2(rf-~ D)j— ^*s!n[v-2(^  /))]cos(/«s 


/  > 


x.  sin  (x,  tf) 


c,(/o  -  m  — oV  i — I  — oncost*,^ 


F{h)\  (1.4) 


}/  Vf -//*’;  K  ^  h' 


a 


<« 


Using  (1.2)  and  satisfying  the  boundary  conditions  on  the  plane  p  -  d, 
we  obtain  the  following  set  of  integral  equations  for  the  function  k  (h): 

V> 

j  F( h)  i (It)  e~‘"‘  dh  =  0  (sr  <  0) ; 


(1.6) 


,  (U 

-Hi),  f 


j  /'  (//)  dh~  ~  /„ e~l"»  ‘  (* > 0) , 

where  I  is  the  amplitude  of  the  current  on  the  plane  x  =  d,  brought 
n 

about  by  the  field  of  the  incident  wave  of  number  n  with  propagation 


„  (1) 

constant  h  > 


/.(//)  =  v?(”  («)  (A)/»(3i  {/?)  ; 


(1.7) 


L 


*  /  o  J  * 


r 


'i 


(/?)  »  1  —  £>~2,Itlrf  ; 

(A)  =  l  -  <rw m/;--'). 


(1.8) 

0.9) 


(//)»=  «** 1  f  1  — ’ e 


-2h, 


1  [!+■ 


-?/*,(/)—  d) 


1  4  *T\bJre~2i*‘‘t]  [i-e 


~2U,0-d) 


]. 


(1.10) 


The  set  of  equations  (1. 6}  is  of  the  same  type  as  those  con¬ 
sidered  in  [3,4].  For  their  solution,  it  is  necessary  to  factorise 
the  kernel  L(h),  i»  e.  ,  to  find  the  auxiliary  functions  L^(h)  and 
(h)  which  bring  about  the  expansion  of  the  function 

/.(//)  ss  l. , (//)  AS(A)  (1.11) 


in  terms  of  factors  hclornorphic  in  the  upper  and  lower  half-planes 
of  h,  respectively.  Then  the  solution  of  Eq.  (1. 6)  will  be  the  function 


F(h)  -~*r 


/„  /-•(  *»’l  1 


"~Fni 


2 t4  Lz(fi)  h  —  hn  (1.12) 

2.  FREE  WAVES 

The  equations 4 ^(h)  »  0  (p  *  1,2,3),  which  are  equivalent,  re¬ 
spectively,  to  the  equations 

sin  (v.s  d)  =  0 ;  (2.1) 

[  *2  (D  —  d) }  ---  0  ;  (2 .2) 

t“‘  *,  tg  {*, d)  *  -  *>tg  [  *8 (O  -  d)  J,  (?  3) 


determine,  together  with  (1.  5),  the  propagation  constanteof  the  par¬ 
ticular  types  of  waves  h^  (p  =  1,2,3)  in  regular  waveguides  1,  2,  3  j 
i  m 


•  /0Z  * 


(see  Fig.  1). 
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The  solutions  of  the  first  two  equations  (2. 1},  (2.  2}  are 


*,m  «  m  «/</ ;  A(«  =  K 

<2  2 
k  J  —  Xl»| 

(m  - 

=  0,  U  2, 

(2.4) 

tZrR  —  m  *I(D  —  rf) ;  Am* 

=  1  d" 

2 

“  x2« 

{/«  =  0,  1,2,. 

•  ^*(2.5) 

(*)  .f2) 

The  roots  and  of  Eqs.  (2.  3}  and  (1.  5)  can  he  found 

graphically.  It  is  important  to  note  that  besides  the  infinite  number 

(3) 

of  roots  h  ‘  >  corresponding  to  real  eigenvalues  ,  these  equa¬ 


tions  always  have  at  least  one,  and  for  sufficiently  thick  dielectric. 


plates  and  large  &  ,  several  roots,  which  correspond  to  imaginary 

<*$}  ,  'v  cs'j  .  ,  . 

eigenvalues  ^ ^  •  These  roots  are  contained  in  the 

range  j~  h ir  k^,  and  give  the  wave  numbers  of  * ’ slow1  ’  waves,  the 


phase  velocity  of  which  is  less  than  the  velocity  of  plane  transverse 
waves  in  a  medium  with  parameters 

The  dependence  of  the  dimensionless  constants  of  propagation 
4-,^  A  of  the  first  types  of  waves  (m  ~  0,  1,  2,  3)  on 


I  ss(D  -  <55,/d  are  given  in  Figs.  2,  3  for  the  following  values  of  the 
parameters:  ~  p  —  1:  £  *  2»s;  k~,d  ~  1.  Tire  values  £  **  ^ crrn 

(m  s  1,2,...)  are  critical  for  the  corresponding  types  of  waves : 
for  §4  g  .  the  propagation  constant  becomes  imaginary,  and 
the  wave  of  the  given  type  cannot  be  propagated  in  the  waveguide . 

For  the  fundamental  wave  m  =  0  such  a  critical  value  of  the  parameter 
4  does  not  exist.  '  - 

IV 

Setting  ~  i  Kx  in  (2.  3)  and  assuming  that  the  size  of  j 


I 


i 

'D  -  d  to  be  sxifficiently  large,  we  obtain  the  equation 

x,  (*,  d)  ~  i%  ,  (2.6) 


which,  together  with  (1.5)  determines  the  propagation  constants  of 


surface  waves  on  the  dielectric  plate.  Equation  (2.6)  has  been 


studied  in  sufficient  detail  in  a  number  of  researches  [5,6]. 

We  shall  write  down  the  expressions  for  the  components  of 
H  H  of  the  field  of  free  waves  in  regular  wave  guides .  1,  2,  3: 

i  y 


T  .<!)  _ 

(3> 

-  *!?  sin  |  ,2  (rf -  t»  I  cos  (  «S  *)  <.•*'** * ; 

H„»  -  >tS*->.2*ln(»ffirf)co.  «)«’**' 


(2.7) 


!  The  field  (2.  7)  for  all  waveguides  should  be  so  normalized  that  the 

f 

:  partial  energy  flux  (complex)  in  the  direction  of  the  z  axis  would  be 

i 

j  equal  to 


,v«>  =  2  \/  -S; —  ;■  -  2  1/  — - 

m  r  *  £•> 


Aa 


4(3) 
'  m 
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rf  +  vis-  s'"  ( 2*'.S (/ )  -1- 

&t-\m  J 
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T-  sii>’{  «  </ !  /-»-'/+  .TT:r  s"*  [  2»3.  (°-‘0  I  ] 

k;  s-  v  )  ZR>m  '  ' 


where  =  jf~ Pp/ep  ~  ^)* 


f  I  \ 

Assuming  the  incident  wave  (of  the  type  ■')  to  be  normalised > 


and  making  use  of  the  boundary  condition  for  the  tangential  component 
of  the  magnetic  field  on  an  ideal  conductor,  we  obtain  the  following 
expression  for  the  current  I  on  the  plane  x  =  d,  connected  with  the 
field  of  the  incident  wave:  _ 

l„  =  <-!)*+'  2  VTjZfii'd  e~‘""  •' .  (2.  ii) 

We  then  find  the  explicit  expression  for  the  amplitude  Ir  in  (1. 6): 

/„  rc  (  - 1  )'H  1  2  \/~k{ jljffd  . 

3,  DETERMINATION  OF  THE  AUXILIARY  FUNCTIONS 


To  find  the  auxiliary  functions  Lj (h)  and  L^h),  we  consider 
separately  each  of  the  factors  entering  into  the  expression  for  L(h). 
We  assume  that  the  quantities  and  possess  such  a  small  abso¬ 
lute  value  of  the  negative  imaginary  part  that  in  the  final  results  we 


can  set  Im 


-  Ira  k  =  0. 
£* 


The  expansion  of  is  evidently 

*g  =  \  —  k  - 


(3.  1) 
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.  /<?/* 


\J*  V 
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The  functions  which  make  possible  the  expansion 

?W(A)  =  f?’  (h)  -4"‘(h)  {p  —  1,2), 

were  obtained  in  reference  [4]: 


—  ikpdpM  k- ; 

?f(A)  =  (-h), 

M(r/p))  ~  (k/2  4-  tW)co$t<w  _  sin  ; 


(3.2) 


(3.3) 


where 


A*"*-  |/2/slnI^);  ^sin  ^slnt^C  (w* 4,2, ...); 


'  where  <L  »  d>  ■  —  D  -  d. 

The  auxiliary  functions  4^  (h)  and  for  the  expansion 

fW(A)  -  ff{h)  <$>(*)  (3.4) 

can  be  obtained  by  well-known  formulas  [4»  7].  The  special  char¬ 
acteristic  here  in  comparison  with  the  computation  of  auxiliary  func¬ 
tions  4 (p  ~  1*2),  and  also  of  the  functions  given  in  [3]  is  the 

X  ~  L* 

presence  of  two  cuts;  Im  =0  and  Im  -  0  in  each  of  the  half¬ 
planes  of  the  complex  variable  h,  while  in  the  limiting  case  Im  kj  « 

Itn  ~  0*  all  the  roots  of  the  characteristic  equation  (2,  3)  lie  on  these 

cuts  (the  part  of  the  roots  with  Re  h^  y  k-,  lie  only  on  the  cut 

Jxn  -  0).  Omitting  the  rather  involved  intermediate  calculations. 


we  only  write  cut  the  final  result; 

<yMh)  =•  jV<3,(1  ~h/kt)-lfcx p  [  ~ 


ik  id- 


Af(  "4 


M(xz)  1  x 


x  II  0  ~  A/*2‘)  exp  -  Z(  n  exP 


mszk)r\ 


l)  dj  ^  (3)  y 

I  l  l'll  2oi -i  | 


*/0$“ 


(3o) 


where  “I 

v  , 

,V‘3)  ■  •  2eir '  |  --  sin(6,</)  cusj&n(D—  d)\  -f  co$(fr,d)sln|**(D-d)l  j 

I  3  j/su  j 

Sin  t„  hjkpX  sin  tg»  =  *">/*„  ‘  (p  =  1 ,  2). 

Re  h^  >  k,  form  =  0,  1, .  .  .  ,k  and  Re  hf3^  <  k,  for  m  =  k  +  1, 

Hi  '  &  Tr\  c* 

”  k  +  2,  ,  .  .  *  In  (3.  5),  it  must  be  assumed  that  T  ^  =  v/2  under 

the  sign  of  the  first  product,  and  -  tt/2  under  the  sign  of  the 

ji  2  31 

second  product.  All  the  auxiliary  functions  '(h)  given  above 

are  limited  to  finite  ranges  in  those  half-planes  where  they  are 
holom  orphic.  [7], 

The  auxiliary  functions  Lj(h),  L->(h)  can  evidently  be  written 

(l  2  31 

down  in  terms  of  the  functions  4j>2  *  '  *n  ^ e  following  way: 

/•.(*)  'fV’W'fpW /♦’,“(*):  ^ 

i,<*)  -  R*s~+A  ??>(*>  Tf  (*)/??'(*)  • 

We  shall  develop  expressions  for  the  squares  of  the  moduli 
of  the  auxiliary  functions  which  are  necessary  in  what 

follows  for  real  values  of  h. 

Assuming  that  in  each  of  the  waveguides  l,  2,  3,  only 
jiP)  -f  1  waves  (p  =  1,2,3)  can  be  propagated,  so  that  the  propagation 
constants  h^,  h|P*,  are  real  numbers,"  while  h|p*  ~ 


*We  recall  that  the  fundamental  types  of  waves  in  these  waveguides 
have  zero  critical  frequencies.  , 

(Im^  -  0  for  m  =  i^  +  1,  i^  +  2,  .  .  . )  and,  making  use  of  the 

V  rv% 


expression 


m  j~  ]  p  =  j  p, 


(3.  6) 


we  find  that 


|?f|>=  2.11. 


I 

/  it  IrA^1 !  r/>=i  ,2j; 

\1  +*/*,/  il,H-A/A«r 


.?» f  - 1  (*»<•  H «.  /  J_±^/*i_Yfc  si  J 

\  »  ~  */*l  '  m  0 


where 


]?!/’><  f  -=|ff  (-A)f 


i,  2S  a), 


(/?  >  a,,) 
<!*!<*„>  ; 
(/?  <  -  k„) 


(3,7) 


/A{?  ! 


m  0  1  m 


=  </>=!•  2) 


In  (3,  7)}  it  must  be  assumed  that  /£  »  -i  for  fhj_)>  k^. 

4.  EXPRESSIONS  FOR  THE  FIELDS.  TRANSFORMATION  COEF¬ 
FICIENTS 

Substituting  the  solution  (1.  12)  for  the  function  F(h)  in  (1.2), 
it  is  not  difficult  to  establish  the  fact  that  the  only  singular  points  of 
the  integrands  in.  (1.2)  are  simple  poles  in  the  roots  of  the  char¬ 
acteristic  equations  (2.  l}-(2.  3).  Applying  the  theorem  of  Ca. 
j  we  obtain  for  the  fields  in  the  wave  guide  s  1,  2,  3, 


i  ,  i  ,'  i  n  i  '*2'  tt 

!  X  1  *.  Ti/Wl’i-e  Tnr//-2'  i +«'"/*!?  I 


r1/  tn~ 0 


|  (/>=!.  2,  3). 


where 


f_M’' 21  2) 

I  /(!*'  i  />  =  3) 


and  the  factor  with  m  =  1  for  p  ^  1 ,  2,  3  should  be  omitted.  ! 

The  dependences  of  the  square  of  the  modulus  of  the  trans-  ! 
formation  coefficient  |  T,,  |2  of  the  incident  fundamental  wave  j 

n  =  0  in  the  first  wave  guide  in  the  fundamental  (slow)  wave  in  the  | 
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second,  and  also  the  coefficient  of  reflection  of  the  incident  wave 
|R00r  031  tJie  parameter  ~  {D  -  d)/d  are  shown  in  Fig.  4  for 

values  of  tlie  parameters  given  on  page  Breaks  in  the  curves 

* 

tak.e  place  at  the  critical  valuess  >  which  correspond  to  the 
“appearance  of  alternate  types  of  propagating  waves  in  waveguides 
2,  3. 

For  ,  the  quantities  |Tqq]  4  [^-qq!  approach  cer¬ 

tain  limiting  values  which  can  be  approximately  determined  from  Fig. 

4:  I  1n~  |  "  ™  0.64,  IH , .  I  —  0.  1.  It  is  evident  that  these  values 
♦  00 1  *  00 

characterise  the  transformation  of  energy  of  the  incident  ground 
fundamental  wave  into  the  energy  of  the  surface  wave  on  the  dielectric 
plate  and  reflection  of  the  incident  wave  from  the  open  end  of  the 
waveguide  in  the  unscreened  system,  respectively.  The  effective¬ 
ness  of  excitation  of  surface  waves 

■  1-IR.J2 

is  seen  to  be  approximately  equal  to  Q.  71  in  the  limit. 

The  same  quantities  will  aleo  apply  to  the  system  shown  in 
Fig.  5a  and  representing  a  flat  dielectric  waveguide  of  thickness  2d, 
excited  by  a  screened  waveguide  with  a  wave  of  the  fundamental  type. 
Thus,  Eq.  (4.  7}  can  be  used  for  the  approximate  calculation  of  the 
excitation  of  open  dielectric  waveguides. 

(P) 


It  is  interesting  to  note  that  only  the  wave  numbers  of 


tlie  propagating  waves  enter  into  (4.  7).  A  completely  analogous 

ke 


J 


.  pi  . 


T 


formula  was  obtained  in  [8]  for  the  solution  of  the  problem  of  the 
diffraction  of  electromagnetic  waves  on  a  shelf  of  surface  imped¬ 
ance  inside  the  waveguide.  The  method  of  solution  considered  here 
can  evidently  be  applied  to  the  calculation  of  the  generation  of  slow 
-  H  waves  in  the  more  general  case  also,  in  which  the  upper  wall  of 
the  exciting  waveguide  is  raised  above  the  surface  of  the  dielectric 
plate  (Fig.  5b).  In  this  case,  the  moduli  of  the  transformation  co¬ 
efficients  will  again  be  described  by  Eq.  (4.  7).  The  problem  is  also 
solved  for  E  waves  by  a  similar  method. 
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CONTROLLING  AMPLITUDE  AND  PHASE  OF  ELECTRGMAG- 
NETIC  WAVES  IN  A  GUIDE  BY  MEANS  OF  A  GERMANIUM  PLATE 
[This  is  a  translation  of  an  article  written  by 
N.  V.  Aleksandrov,  L.  B.  Gorskaya,  E.  M. 
Gershenzon  and  V.  S.  Etkin  in  Radiofizika 
(Radiophysics),  Vol.  II,  No.  6,  1959,  pages 
911-914.] 

(Submitted  to  editor  June  8,  1959) 

(Abstract)  Possibility  of  control  of  the  amplitude  and 
phase  of  an  electromagnetic  wave  in  a  waveguide  by 
means  of  a  germanium  plate  is  demonstrated.  .The  plate 
is  placed  perpendicular  to  the  guide  and  in  a  magnetic 
field  in  the  passage  along  it  of  the  controlling  current. 

*  Paper  given  at  the  Third  All-Union  Conference  MVO  USSR  on 
Radioeiectronics,  Kiev,  1959. 

-  / 

In  the  research  of  Gunn  and  Hogarth  [l],  an  attenuator  of 
centimeter  waves  was  described  which  made  use  of  the  dependence 
jof  the  absorption  of  electromagnetic  waves  by  free  carriers  in 
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germanium  on  the  concentration  of  the  carriers.  Since  that  time, 
this  note  has  been  frequently  cited  in  reviews  (see,  for  example, 

[3]),  but  new  data  on  the  use  of  suitable  arrangements  in  the  ultra- 
high  frequency  region  have  been  produced.  At  the  same  time,  this  ; 
“  problem  is  of  interest  because  the  concentration  of  free  carriers 
affects  not  only  the  conductivity,  which  determines  the  absorption 
of  the  electromagnetic  waves,  but  also  the  dielectric  constant  of  the 
semiconductor . 

V 

Actually,  the  conductivity  and  the  dielectric  constaht  of  the 

>}c 

semiconductor  are  determined  by  the  expressions  [4,  5] 

y-  ,  ,„s  2n/  |s  -  _  ,  2W  |e  -  1| 

M'-P'/V’l  M'  -  (KlKr)*\ 

$ 

In  the  Gaussian  system  of  units. 


where  e  is  the  charge  on  the  electron,  N  is  the  number  of  current 

carriers  per  unit  volume,  'T  is  the  time  of  free  flight  of  the  carriers 
❖ 

m  is  the  effective  mass  of  the  carrier,  u>  is  the  electromagnetic 
field,  is  the  dielectric  constant  of  the  crystalline  lattice,  deter¬ 
mined  by  the  bound  charges. 

As  in  experimental  investigations  have  shown  [6,  7,  9],  the 
contribution  of  free  carriers  to  the  dielectric  constant  of  high  re¬ 
sistance  semiconductors  can  be  very  significant  which  makes  it  pos¬ 
sible  to  use  the  measurements  of  the  dielectric  constant  of  semi-  . 

L  J 
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conductors  in  the  ultra-high- frequency  region  for  the  determination 

of  m*  and  "t  . 

In  the  present  work,  the  possibility  of  phase  and  amplitude 
modulation  of  an  electromagnetic  wave  incident  on  a  germanium 
'  plate  lying  across  the  waveguide  by  means  of  a  change  in  the  concen¬ 
tration  of  free  carriers  has  been  studied. 

Control  of  the  concentration  of  carriers  was  achieved  by  use 
of  the  Hall  effect  in  the  germanium  plate,  where  different  rates  of 
recombination  were  produced  on  opposite  surfaces  by  scouring  and 
mechanical  polishing  [l,  8].  The  Hall  emf  compresses  the  line  of 
the  controlling  current  alternately  to  the  differently  treated  sur¬ 
faces,  and  by  the  same  token  changes  the  general  conductivity  of 
the  plate  as  a  result  of  the  change  of  the  mean  lifetime  of  the  cur¬ 
rent  carriers  [10].  The  location  of  plate  1  in  waveguide  2,  and  also 
the  mutual  orientation  of  the  magnetic  field  H  and  the  current  j  are 
shown  in  Fig,  1.  High  resistance  (p  ^  35-40  ohra-cm)  ivtvpe  ger¬ 
manium  was  used  in  the  research  alloyed  with  antimony  and  having 
a  concentration  of  free  carriers  of  N  10  ,particles/cm  and 
16.  The  plates  had  a  thickness  1  =  0.25-lmm. 

The  normalized  input  resistance  of  the  plate,  whose  thickness 


is  small  in  comparison  with  the  electromagnetic  wavelength  in  ger¬ 
manium  loaded  with  a  matched  load^has  the  form  [11]: 

rs  p  T.'  IJii  "  C  At-  /A,,)']  __  .  ‘kTf  l  jt  ij _ 

Z*.  a  ZTW  VA*,)  *  f  J  MizU,/A 


118. 


r 

for  tan  & M.  1.  ,  Here  X  Q  is  the  wavelength  in  free  space,  X  cr  is  the 
critical  wavelength,  X  is  the  wavelength  in  the  waveguide,  tan  6  is 
the  tangent  of  the  loss  angle  in  germaniurri. 

One  can  derive  the  following  expressions  for  the  modulus  q 


and  the  phase  4  of  the  reflection  coefficient: 

1 


arc  tg 


__o 


V  1  +  |2/A''-tg$l2 

-Mi  - 


2tg5 


arc  tg 


"/  («—  1) 


where 

,  •  2~/  [s  —  1 1 

A  k  1 1  —  (x„Ak,)-|  ' 

It  is  evident  from  this  that  the  modulus  and  phase  of  the  re¬ 
flection  coefficient  depend  upon  e.  The  corresponding  dependence 
on  e  and  tan  5  also  takes  place  for  the  transmitted  wave. 

The  experimental  investigation  was  carried  out  on  apparatus 
whose  block  diagram  is  shown  in  Fig.  2.  The  phase  and  modulus  of 
the  reflection  coefficient  were  measured  on  this  apparatus,  and  also 
measurements  were  carried  out  on  the  phase  of  the  transmitted  wave 
as  a  function  of  the  value  of  the  current  passing  in  the  plate,  and  of 
the  intensity  of  the  magnetic  field. 

The  results  of  the  investigation  reduce  to  the  following. 


The  germanium  plate  in  the  magnetic  field  actually  possesses 
a  different  conduttivity  for  currents  of  different  directions  (change 
in  the  direction  of  the  current  for  fixed  magnetic  field  changes  the 
conductivity  by  a  factor  of  2).  The  modulus  (Fig.  3a)  and  the  phase  J 
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change  (Fig.  3b)  of  the  reflection  coefficient  are  shown  in  Fig.  3, 
and  also  the  phase  change  of  the  transmitted  wave  (Fig.  3c).  The 
possibility  of  phase  modulation  whose  intensity  can  be  estimated 
from  the  difference  in  values  of  the  ordinates  for  a  given  value  of 
-  the  current  (for  different  directions  of  the  current)  follows  from 
Figs.  3b  and  3c. 

If  a  section  with  a  piston  is  placed  at  a  distance  of  four  wave¬ 
lengths  from  the  plate,  instead  of  the  equivalent  antenna  for  the 
plate,  then  one  can  obtain  a  large  phase  modulation  for  small  values 
of  the  reflection  coefficient. 

Modulation  of  the  electromagnetic  wave  reflected  by  the 
germanium  plate  and  passing  through  it  was  investigated  by  intro¬ 
duction  on  the  plate  of  a  variable  stress.  Modulation  was  accom¬ 
plished  by  a  sound  generator  or  pulse  generator.  Dependence  of 
the  percentage  modulation  on  the  period  of  the  modulating  stress 
was  not  observed  up  to  pulses  up  to  length  0,  1  microsecond.  Oscil¬ 
lograms  corresponding  to  a  modulation  frequency  of  500  cycles  are 
shown  in  Fig.  4  both  for  a  reflected  (Fig.  4a)  and  for  the  transmitted 
(Fig.  4b)  wave  for  values  of  the  intensity  of  the  magnetic  field  of 
1000  and  3000  oersteds  and  a  matched  load. 

It  should  be  noted  that  the  increase  in  the  difference  between 
the  rates  of  recombination  on  both  surfaces  as  a  result  of  a  better 
treatment  of  the  plate  should  materially  increase  the  effectiveness 
of  the  modulator  described. 
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INVESTIGATION  OF  THE  FLUCTUATIONS  OF  OSCILLATION  OF  A 

KLYSTRON  GENERATOR* 

[This  is  a  translation  of  an  article  written  by 
V.  N.  Nikonov  in  Radiofizika  (Radiophysics), 

Vol.  II,  No.  6,  1959,  pages  914-926.] 

(Submitted  to  editor  May  17,  1959) 

(Abstract)  The  effect  of  the  interference  of  the  shot  effect 
in  current  induced  in  a  resonator  in  the  superposition,  of 
counterflows  of  electrons  on  the  fluctuation  of  frequency 
and  amplitude  of  vibrations  is  considered.  It  is  shown 
that,  as  a  consequence  of  the  interference  of  the  shot 
effect,  the  line  width^and  spectral  density  of  the  fluctua¬ 
tions  of  the  amplitude  of  the  vibrations  for  voltage  ap¬ 
plied  to  the  reflector,  increased  in  comparison  with  the 
?  v.L 

optimum,  exceeds  by  a  factor  of  1.5-3  the  line  width 
and  spectral  density  of  fluctuations  of  amplitude  for  de¬ 
creased  voltage,  under  definite  conditions.  The  effect 
of  flicker  noise  on  the  line  width  of  the  vibrations  as  also 
in  the  vacuum  tube  generator,  cannot  be  obtained  from  a 
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f~  solution  of  the  first  approximation  of  the  nonlinear  problem. 

An  experimental  investigation  is  carried  out  of  the  "natural1' 
fluctuations  of  the  oscillations  of  a  klystron  at  a  wavelength 
of  3.2  cm  as  a  function  of  the  oscillation  states,  which  shows 
-  go°d  agreement  with  theory.  For  the  usual  oscillation  states, 

.  the  measured  spectral  line  width  corresponds  to  0.  1-0.  5 
cycles;  the  band  of  the  spectrum  of  amplitude  fluctuations 

changes  from  20  to  50  megacycles,  while  the  spectral  density 

46  - 1 5  - 1 

changes  from  10  to  10  cycles 

'"The  results  of  the  research  were  reported  at  the  Conference  on 
Statistical  Radiophysics  (Gorky,  1958). 

A  number  of  researches  have  been  devoted  to  the  the^cjfctical 
and  experimental  investigation  of  the  fluctuations  of  the  oscillations 
of  a  klystron  generator  [1-3].  However,  several  important  facets 
of  this  problem  remain  unclear  both  theoretically  and  experimentally. 
The  present  research  fills  in  this  problem  in  definite  measure.  In 
the  theoretical  part  of  the  paper,  the  effect  is  considered  of  shot  and 
flicker  effects  on  the  flow  of  electrons  on  the  amplitude  and  frequen¬ 
cies  of  vibration.  Account  of  the  effect  of  amplitude  fluctuations  on 
the  frequency  of  the  generator  is  also  carried  out  in  comparison  with 
[1],  and  also  account  of  the  interference  of  the  Fourier  components 
of  the  shot  noise  arising  in  the  resonator  in  the  superposition 
of  random  components  of  the  current 
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rof  direct  and  inverse  electron  flows.  Consideration  is  carried  o\xt 
by  the  spectral  method  [4]j  as  initial  equations,  the  equations  of  the 
klystron  generator  obtained  in  reference  [l]  are  used. 

The  first  experimental  investigations  of  "natural”  ampli- 
*  tude  and  frequency  fluctuations  of  the  klystron  oscillations  were 
completed  in  reference  [2],  However,  only  single  measurements 
were  made  in  [2],  which  cannot  give  a  complete  picture  of  the  be¬ 
havior  of  the  fluctuations.  In  the  present  paper,  a  method  is  set 

fit 

forth  which  makes  it  possible  to  carry  out  measurements  of  ampli-' 
tude  fluctuations;  the  results  of  a  detailed  investigation  of 
"natural"  amplitude  and  frequency  fluctuations  of  the  klystron  os¬ 
cillations  as  a  function  of  the  regimes  of  its  operation  are  set 
forth  and  compared  with  theory. 

1.  THE  THEORY  OF  OSCILLATION  FLUCTUATIONS  OF  THE 

KLYSTRON  GENERATOR 


According  to  [l^in  the  case  of  idealization  of  the  cavity  of 
a  klystron  by  an  L,  C  and  R  circuit,  the  dynamic  equations  of  the 


system  can  be  written  in  the  forms: 

„  dv 


dt 


—  i  +  lo 


L  — . 

dt 

1 


v 


1  4-  (ta  2  UA)  dv ,  dtl 


Ri : 

-  1 


(i) 

(la) 


where  L,  C  and  R  are  the  equivalent  parameters  of  the  oscillation 
system  of  the  klystron,  v  is  the  variable  voltage  on  the  capacitor, 
i  is  the  oscillation  current  in  the  circuit.  The  second  term  in  Eq. 
(la)  represents  the  current  carried  by  the  electron  flux  penetrating 
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*"the  grid  (1^  is  the  cathode  current  of  the  tube,  TQ  is  the  meap  time 

of  flight  of  the  electron  from  the  cavity  to  the  reflector  and  return; 

*U  -  is  the  constant  voltage  on  the  cavity  of  the  klystron).  In  the  deri- 
s  > 

vation  of  Eqs.  (l)~{la),  the  time  of  flight  of  the  electron  through  the 
"  gap  between  the  grids  of  the  cavity  is  neglected. 

The  beam  of  electrons  penetrates  the  grids  of  the  cavity 
twice.  The  time  t  of  penetration  of  the  grid  of  the  cavity  by  an 
electron  after  reflection  is  connected  with  the  time  of  passage  by 
this  same  electron  through  a  grid  toward  the  reflector  by  the 
relation 


where  v^  is  the  voltage  between  the  grids  at  the  time  t^. 

In  the  consideration  of  the  fluctuations  of  the  oscillations, 
we  shall  consider  as  the  source  of  these  fluctuations  not  nnly  the 


shot  effect  but  also  the  flicker  effect  in  the  electron  beam.  The 
thermal  effect  can  be  neglected  in  the  case  under  consideration  [I]. 

Designating  by  f^(t)  and  f^it)  *he  ran^orD  components  of  the 
induced  current  produced  by  the  shot  and  flicker  effects  of  the  beam 
of  electrons  penetrating  the  grids  of  the  cavity,  and  by  f^(t)  and 
f  (t)  the  components  of  the  current  induced  by  the  reflected  beam, 
we  write  down  Eqs.  (l)-(la)  with  account  of  random  currents: 

L  —  —  Ri ; 

(it 


(h 


L 


—  [/i  (0  4 -  /*  (0  ~f /i  (0  4"  fz  (OJ  ■ 


l 


(2) 

(2a) 


J 
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Equations  (2)-(2a)  differ  from  the  equations  used  in  reference  [1] 
only  by  the  consideration  of  the  flicker  effect  in  the  electron  beams. 
However,  the  spectral  approach  [4]  to  the  solution  of  these  equa¬ 
tions  gives  results  which  differ  somewhat  from  those  obtained  in 
“  [i].  Therefore,  we  shall  carry  out  a  detailed  solution  of  Eqs. 

(2)-  (2a). 

The  random  components  of  the  current  induced  by  the  re¬ 
flected  beam  (which  represents  an  alternation  of  compression  and 
rarefaction  of  the, electrons),  are  periodic  non- stationary  functions 
and  are  expressed  in  terms  of  the  stationary  components  of  the 
current  at  the  time  of  passage  through  the  grid  to  the  reflector,  t^. 


by  the  following  relations: 

f  {!)  «  _ LdbL- — 

JlK  i  1  +  (t0/2 U,)dv%  at , 


m 


w _ _ 

1  (t0/2 Ua)  civ,  (it , 


Transforming  in  (2)- (2a)  to  polar  coordinates  r  and  0 

YXjCi  -  r  cos  -ft,  v  =  r  sin  & 

and  using  the  method  of  averaging  over  6  [4],  we  obtain: 

2“ 

A-  =  *0  (r)  +  -i-  f  [  /,  (0  +•/,  (0  - 
(it  2*  C  ,i  L 

6 

_ _ sin9rf9; 

1  —  («Vo/2^)rcos9u 


“  —  (,,o  4-  ^  ('  ) 


1 

C 


2' 

-j  /,  (<)-f/2(0 


!-( 


/.  (^.)  4-  /ajjj) -  CQS  8  8> 

-  (o»0T0/26rfl)''cos&,. 


•  129  • 


L 


“! 


where,  according  to  [l], 

'  ;<l»  ( r )  ~  —  o  f  —  {I0fC)  stn  («»0t0)  jt  (Xr); 

»F  (r)  =r  (iJCr)  cos  (««0t0) ./,  (AV).  (3b) 

In  the  given  expressions  on,  —  1/  \T  JLC»  a  -  R./2 L,  J ^ (Xr )  is  the 
Bessel  function  of  first  order  with  argument  Xr  5  q/2\3&)t. 

The  stationary  amplitude  of  the  auto -oscillations  is  deter¬ 
mined  by  the  condition  §(r)  =  0  for  p  =  -(d*/dr)  >  0.  The  quantity 
(r^)  characterizes  the  non- isochronous  character  of  the  gen¬ 
erator.  In  the  maximum  of  the  region  of  generation,  where 
-\jr  (r^)  ~  0,  the  generator  can  be  regarded  as  isochronous.  The 
presence  of  fluctuating  forces  in  Eqs.  (3)-{3a)  leads  to  random 
modulation  of  amplitude  and  phase  of  the  oscillations  of  the  form 
r  =  rjl  +  a(t)]  and  0  ~  0Q  +  S(t),  where  a(t)  is  the  random  per¬ 
centage  modulation  of  the  amplitude  and  §{t)  is  the  phase  of  oscil¬ 
lation.  Setting  a{t)  «  1  and  dGQ/dt  *  -o>0  if  (r),  and  carrying  out 
linearization  of  Eqs.  (3)-{3a)  in  a(t),  we  obtain  equations  for  the 


fluctuations  of  amplitude  and  phase  of  the  oscillations: 


d  a 
lit 


p 5  (0  4 


2« 

_  r ...  r .  / 

2~  r„C  j 


i  (0  +  f  >  (01  sin®  d  0 


2~ 

J_  f  | /,  (f,)  \.f,  (*,)J  sin  |»j  —  m0tw  -  Xf\,  sin  »,  j 
2  r.  rbL  J 


(4)| 
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t 
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djL 

dt 
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2*  rX 


2rr 

i  ( t )  =  ?r0a  (/) - —  (  |  fi  (0  +  /a  (0!  COS&  -f 

2~r ,,  C  J 


2<r 

f  I/,  (f,)  +  u  Ml  cos  I#,  -  «A-  -V;-0  sin  #,|  d  »„ 


(4a) 


where  p  =  p(r0)  ~  (d*/dr)'r  and  q  =  q{rQ)  -  (d^/dr)r=r^.  It  can 
be  shown  from  (3b)  that  p  and  q  are  connected  by  the  relation 


qr0  =  -p  cot  <oo0  TQ).  In  the  second, fluctuating  components  of  (4) 
and  (4a),  the  substitution  of  the  variable  6  for  Gj  has  been  carried 


out. 

We  shall  compute  the  integrals  lying  on  the  right  hand  sides 
of  Eqs.  (4)- (4a).  For  this  purpose,  we  expand  the  function  in  a 

Fourier  series 

sin  |«,  -  «Vo-  AV0sin$,i  =  o„  2  +  £  \a„  sin  (»*,)  +  *„cos  («*,)]: 

37,- 1 

cos  [»!  —  —  Xrc  sin  2  4-  I  sin  («  $t)  +  c°s  («  #i)J  • 

Substituting  these  expansions  in  Eqs.  (4)- (4a),  we  note  that  the  in¬ 
tegrals  on  the  right  hand  side  will  be  different  from  zero  if  the  in- 
|  tegrand  functions  change  slowly  in  comparison  with  sin  9  and  cos  9. 
The  latter  is  the  case  if  there  are  frequencies  in  the  spectra  of  the 
random  quantities  which  are  close  or  equal  to  the  frequency  of  gen¬ 


eration  or  its  higher  harmonics.  Assuming  also  that  the  spectrum 
of  the  flicker  effect  extends  to  zero  frequency  and  that  this  effect 
can  be  neglected  in  the  region  of  radio  frequencies,  we  obtain; _ 
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-  COS  (o»o"  „)/,  (AV0) 


-L  cos2  M  J*  (JO:,)  }  +  i#-w*  < I 


(on 


(  gV, 


1  r’C*  /r  f 


02 


sin  (2»v©)  Jz('2Xr 0) 


2s in  (“'oTo)  U(X>\) 


~b 


4.  ^ — sin  (2^)  ./f  <A>a)  • . 

+  r-C2  p*  +  U*  J 

^ff:ere  wf  is  the  spectral  density  of  the  shot  effect,  wf^(0)  is  the 
spectral  density  of  the  flicker  effect,  J0(Xr0),  J^Xt^)  and  J2(2XrQ) 
are  the  Bessel  functions  of  the  first  kind  of  zeroth,  first  and  second 


order. 

In  the  expression  (6a)  for  the  spectral  density  of  the  fluctua¬ 
tions  of  the  frequency  of  oscillation,  the  terms  in  the  first  curly 
brackets  describe  the  direct  effect  of  .the  shot  and  flicker  effects  on 
the  frequency  of  oscillation,  while  those  in  the  second  curly  bracket 
the  effect  of  the  non- isochronous  character  of  the  generator,  and 

the  third  curly  bracket  owes  its  appearance  to  the  correlation  of  the 
direct  fluctuations  of  the  frequency  with  fluctuations  from  the  non- 
isochronous  behavior  of  the  generator. 

If  we  neglect  the  non- isochronous  behavior  of  the  generator 
(which  can  be  done  when  the  klystron  operates  in  regimes  close  to 
the  maximum  of  the  region  of  generation)  and  limit  ourselves  to  a 
consideration  of  the  action  of  the  shot  processes  alone,  then  we  ob 
tain  the  following  expressions  for  the  spectral  densities  of  the  flue 
tuations  of  amplitude  and  frequency: 
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el 


io. 
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^cos(^)|70(Ar0)-f/»(^0)]. 
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(7a) 


Here  it  has  been  taken  into  account  that  in  the  latter  case  wf^  - 
2el0(e  is  (he  charge  oh  (he  electron).  These  expressions  differ  by 
the  presence  of  a  third  component  from  the  similar  relations  ob¬ 
tained  in  the  research  of  [1].  The  first  components  in  both  expres 
sions  represent  the  contribution  to  the  fluctuation  of  the  amplitude 
and  frequency  of  the  shot  effect  in  the  electron  beamj  these  first 
penetrate  the  cavity  on  the  way  to  the  reflector.  TV*  second  com¬ 
ponents  characterize  the  contribution  of  the  shot  effect  of  the  re¬ 
jected  electron  beam.  The  third  component  is  connected  with  the 


“1 


p 

interferences  of  each  of  the  Fourier  components  of  the  shot  effect; 
this  interference  arises  in  the  cavity  upon  superposition  of  the  ran¬ 
dom  components  of  the  current  of  direct  and  reflected  beams.  The 


interference  term  vanishes  at  the  maximum  of  the  region  of  genera¬ 
tion  under  the  condition  k’  ^  =  (n  +  3/4)2 it.  For  deviation  in  the 
direction  of  smaller  or  larger  transit  angle  o  T'c,  ,  it  becomes  re¬ 
spectively  positive  or  negative,  bringing  about  at  the  same  time  a 
non-- symmetrical  of  and  in  the  range  of  electron  tuning.  For 
detuning  relative  to  the  maximum  in  the  currents,  where  the  power 
of  the  generator  amounts  to  one-half  of  the  power  in  the  maximum 
region,  w  and  w  for  smaller  transit  angles  (by  a  factor  of  1.5-3) 

€1  V 

will  exceed  w  and  w  on  the  other  side  of  the  region  of  generation. 

&  v 

The  difference  in  the  change  of  wq  for  change  in  the  transit  angle 
comes  about  as  an  interference  term  and  also  from  the  asymmetries 
of  the  region  of  generation.  The  asymmetry  of  the  region  of  gen¬ 


eration  also  affects  the  difference  in  the  change  of  the  total  spectrum 
of  the  frequency  f  luctxiations  in  terms  of  its  component  O  . 

The  expression  (7)- (7a)  can  be  transformed  to  another  form 


2 

by  replacing  C  and  rQ  by  Q/tva Zp  and  P2Zp(Q  is  the  quality  factor  of 
the  cavity,  Z  is  the  resonance  resistance  of  the  circuit,  P  is  the 
power  of  the  oscillation).  We  then  obtain  the  result  that 

1  ( j  __  J-eos  (2*ot0)  A  (2AV0)  - 

*> 


i*M-) 


%  d/tiZ,, 
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Q-  P  /»s+-sM 

—  cos  \A  (A>o)  4  (Ar0)j  j ; 


(8) 
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«,  =  ^  {i +4  cos  A<a*fc.)- 

— tos  (Vo)  [^(Xro)  +-  /.  {•A'f'  o)l|  •  . 

Taking  it  into  account  that  6*-^/ Q  =  2ttZX  f,  it  is  not  difficult 
to  see  that  the  spectral  densities  of  the  fluctuations  of  frequency  and 
amplitude  ,  wQ>are  proportional  to  the  ratio  of  the  power  of  the 
shot  noise  in  the  cavity  to  the  power  of  the  oscillations.  As  is 
known  [5j,  the  quantity  w  (0)/4ir  in  the  case  of  the  consideration  of 
the  shot  effect  alone  determines  the  "natural  width"  of  the  lines  of 
oscillation,  measured  in  cycles. 

We  shall  consider  in  more  detail  the  flicker  effect  of  the 
beam  of  electrons  on  the  fluctuations  of  amplitude  and  frequency. 
Neglecting  in  (6) -(6a)  components  associated  with  the  shot  noise, 
and  assuming  that 

R/2L  w^/2Q,  sin  (%t0)  /,  (Xr{))=C  <«„  r„/2QL,  avj-)  =  II ri  (~), 

0,2  *,(12) 

we  W'  (2)*  =  ; 

obtain  4 Q-  (p‘ 


W,  (2)$ 


(2)4, 


®Sn(S)  ' 

«  •»**v***»*m&t-'-~ — — 

4  Q3  . 


Clg2(«»,ro)  T 


,*  -a.  02 


P*  4- 


+  -(9) 

p*  -|._02 


Replacing  A,  in  this  expression  by  its  equivalent  in  terms  of  p, 

we  get  for  the  fluctuations  of  frequency: 

mb,  (O)  y; 

(S)*  =  ~TT>~  ct^  K^)*  {10) 

Assuming  that  the  spectrum  rj(£2)  has  the  form:  q(£2)  =  n/£2  .(where 
m  and  X  are  quantities  independent  of  £2),  it  is  not  difficult  to  see 
jthat  for  X  2,  the  spectral  density  of  wv(£2)^  as  £2  -►  0  falls  or 
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Remains  constant,  while  the  spectral  density  wa(Q)^  under  these  con¬ 
ditions  increases  without  limit.  If,  in  accord  with  [6],  we  take  it 

•  •  t  ^  ^  j2  ' 

into  account  that  for  tubes  with  oxide  cathode's,  m  ^  cycles 

and  1  6:  X  ir  2,  then  w^ (•&  10  9  rad  -s6c  (for  X  =  2;  Q  -  i- 

-2  x  103;  f  «  9  x  109)  will  be  much  smaller  than  the  spectral  density  of  * 
the  frequency  fluctuations  which  arise  because  of  the  shot  effect.  We 
note  that  wd(-A)f  for  m  ~  ID-12,  X  =  2  and  p  =  107  cycles  will  be 

equal  in  order  of  magnitude  to  w  from  the  shot  effect  at  a  frequency 

>(  , 

of  40  cycles. 

Thus^in  the  given  approximation,  account  of  the  flicker  effect 
in  the  klystron  (just  as  in  a  vacuum  tube  generator  [73)  does  not  ex¬ 
plain  the  increase  in  the  spectral  density  of  the  frequency  fluctua¬ 
tions  in  the  direction  of  low  frequencies. 

2.  EXPERIMENTAL  STUDY  OF  THE  FLUCTUATIONS  OF  OSCIL¬ 
LATION  OF  A  KLYSTRON  GENERATOR 
The  experimental  arrangement  for  the  investigation  of  the 
fluctuations  of  the  oscillation  of  a  klystron  was  similar  to  that  used 
in  reference  [2].  A  block  diagram  of  the  apparatus  is  shown  in  Fig. 

1.  The  oscillations  under  investigation  fell  on  a  crystal  detector  or 
simultaneously  b^: mse.ahs  of  a  short  channel  and  delay  line,  or  only 
by  a  short  channel.  The  order  of  measurement  of  noise  at  the  output 
of  the  detector,  determined  by  the  fluctuations  of  frequency,  was  the 
same  as  in  reference  [2].  At  first  the  noise  was  measured  in  the 
interference  of  two  oscillations  travelihg~along  different  channels  to  . 

L  J 
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^the  crystal.  For  a  definite  phase  difference  ^  between  their 
amplitude^ the  vibrations  were  so  selected  that  they  formed 
(iointly  with  difference  in  amplitude)  a  right  triangle  [5,  §]»  In  this 
case,  noises  were  measured  which  were  determined  by  phase  and 
amplitude  fluctuations,  plus  the  self  noise  of  the  detector.  In  the 
feeding  of  oscillations  by  one  channel  and  toy  the  equality  of  its  ampli¬ 
tude  to  the  amplitude  of  the  difference  oscillation  of  the  first  meas¬ 
urement,  noises  were  measured  which  were  determined  by  ampli¬ 
tude  fluctuations  and  by  the  self  noises  of  the  detector.  The  dif¬ 
ference  between  the  results  of  the  two  measurements  gave  the  noise 
at  the  output  of  the  detector,  determined  by  fluctuations  of  the  fre¬ 
quency  of  vibration. 

The  self-noise  of  the  detector,  which  is  necessary  for  de¬ 
termination  of  amplitude  fluctuations ,  was  measured  by  means  of 
a  special  circuit  of  suppression  of  amplitude  fluctuations  on  a  twin  . 

T  with  two  oppositely  connected  crystals  {similar  to  the  circuit 
usually  employed  for  noise  suppression  of  a  heterodyne  in  uh£  re¬ 
ceivers).  Balancing  of  such  a  circuit  was  carried  oxt  by  amplitude 
modulation  of  the  klystron  oscillations  with  a  signal  having  a  fre¬ 
quency  falling  in  the  hand  of  the  fluctuation  meter;  this  signal  was 
in  turn  modulated  by  an  acoustic  frequency.  The  regime  of  the 
detectors  was  brought  into  alignment  by  ear  by  the  total  suppression 
of  amplitude  modulation.  The  noises  measured  in  such  a  mixing  are 
jthe  self  noise  of  two  crystals  switched  in  in  the  particular  manner  J 
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(Fig.  2).  Then  the  output  of  the  crystals  was  connected  in  cophasal 
fashion.  In  thus  case  the  noise  at  the  output  of  the  detector  s  was 


generated  from  the  known  noise  of  the  crystals  and  the  noise  deter¬ 
mined  by  the  amplitude  fluctuations.  By  subtraction  of  the  result  of 
the  first  measurement  from  the  result  of  the  second  measurement , 
the  spectral  density  of  noise  was  obtained,  connected  with  the  ampli¬ 
tude  fluctuations.  We  have  assumed  that  in  lire  switching  over  of  the 
otitput  of  the  crystals,  their  resulting  self  noise  undergoes  little 


change. 


Measurement  of  the  noise  of  the  output  of  the  detector  was 
carried  out  by  comparing  it  with  the  noise  voltage  of  the  diode  to 
D  to  S  connected  to  the  input  of  the  fluctuation  meter.  All  the  rest: 
of  the  apparatus  in  this  case  served  as  a  zero  indicator  of  the  equality 
of  the  mean  square  of  both  noise  voltages  in  the  band  of  the  fluctuation 

tm  g 

meter.  Analysis  of  the  method  of  hat asurement  is  given  in  detail  in 
references  [5,  8].  in  the  treatment  of  the  results  of  the  measure¬ 
ments,  the  formulas  for  the  spectral  density  of  noise  power  at  the 
output  of  the  detectors  W^fin  the  measurement  of  amplitude  fluctua¬ 
tions)  and  W  (in  the  measurement  of  phase  fluctuations)  which  are 
given  in  [5]  were  employed: 


Wry  =  p*KJt*cos*V0 


IF*  V2wa  (/•'); 

sinHUx  2) 


(ll) 


(Q-  2)a 


7~  -f +  Q  ctg(2x- 2)tgV0A -Wet  |, 


(12) 


L 
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wh.ex'6  fJ  and  are  the  transfer  coefficients  of  the  detector  for 
measurement  of  frequency  and  amplitude  noises,  respectively,  Vq 

»#.  •  mm  •*  m-  -«  «*  »•  • ,« 

is  the  amplitude  of  the  oscillation  at  the  detector  which  enters 

along  the  short  waveguide  channel,  ^  is  the  delay  time, 

.  ■  _  F 

JT,  »  2v3f  is  the  frequency  determined  by  the  spectrum-analyzer. 

We  designate  the  quantity  appearing  in  square  brackets  in 
(12)  by  the  letter  ®y  .  The  third  term  in  Q,  characterizes 
the  additional  component  in  the  noise  spectrum  at  the  output  of  the 
detector  which  appears  as  a  result  of  the  correlation  part  of  the 
frequency  fluctuations  with  the  amplitude  fluctuations.  Depending 
on  the  signs  of  tan  and  A  ,  this  correlation  term  can  enter  into 
the  expression  for  Wy  with  a  plus  or  minus  sign.  As  a  consequence 
of  the  dependence  on  the  actual  frequency  and  parameters  of  the 
delay  line,  the  presence  of  the  additional  components  at  the  output 
of  the  dtetector  will  appear  in  a  strong  and  sometimes  unusual  de¬ 
pendence  of  the  spectral  density  on  the  frequency.  Curve  IV  in 
Fig.  3  can  serve  as  an  example  of  such  an  unusual  frequency  de¬ 
pendence  (increase  with  increase  in  frequency);  here  the  depsidence 
of  the  spectral  density  ©^  ~  *  IV  M-  i  *0  on  the  frequency  9  is 

shown. 

It  is  easy  to  see  that  in  the  measurement  of  the  noise  spec¬ 
trum  in  an  unlimited  range  of  frequencies  it  is  not  possible  to  obtain 
attenuation  of  the  correlation  components  over  the  entire  range  in¬ 
vestigated  by  a  choice  of  the  delay  time  ^  .  An  exception  is  the  easel 
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of  its  practical  absence  at  the  output  of  the  detector.  For  the  deter¬ 
mination  of  the  frequency  intervals  in  which  one  can  neglect  this 
-additional  spectrum  for  a  given  delay  time,  one  must  satisfy  the 
inequality  following  from  the  results  of  [5]: 

VtK  (2t/2)  ;  (13) 

This  inequality  is  obtained  from  the  condition 

«y+  A2  >  $  ctg  ($?/2)  tg  A  w«  * 

•  ■•.-ft 

where  w  A  w  .  The  intervals  shown  vn.ll  be  located  around  the 
v  a 

frequencies  _./2,  -  -jr(2n  +  1)/t  »  in  which  the  correlation  term 
vanishes. 

Exclusion  of  the  correlation  component  can  be  brought  about 

with  the  help  of  the  repeated  interference  measurement  with  a  dioice 

of  the  angle  between  the  voltage  vectors  equal  to  2?  “Vo 

The  latter  is  achieved  by  a  change  in  the  Ifength  of  the  delay  line. 

As  a  result  there  is  a  change  of  sign  for  the  correlation  components 

of  the  spectral  density  .  After  superposition  of  the  results  of 

the  first  and  repeated  measurements  and  division  by  2,  we  obtain: 

w  ~  w  +  &  w  *  The  difference  between  these  results  of  measure- 
v  y  a 

meat  makes  it  possible  to  estimate  the  coefficient  A  . 

3.  ,  RESULTS  OF  MEASUREMENT 

The  klystrons  were  studied  at  a  wavelength  of  3.  2  cm  in  an 
operating  regime  corresponding  to  6(^d  =  13.  Sir)  and  7 

(  fc{T0  =15.  5tt)  numbers  of  regions  of  generation.  The  length 
jof  the  delay  line  was  14.  4  m .  The  range  of  frequencies  investigatedj 
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was  from  0.  1  to  30  Me  in  the  case  of  amplitude  fluctuations  and 
from  0.  1  to  10  Me  in  the  case  of  frequency  fluctuations. 

The  measurements  were  carried  out  in  the  maximum  region 
of  generation  (curve  1  in  Figs.  3-5;  all  the  drawings  refer  to  a 
klystron  of  a  single  type),  and  also  for  detuning  relative  to  the  maxi¬ 
mum  in  the  direction  of  increase  (curve  II)  and  the  direction  of  de¬ 
crease  (curve  HI)  in  the  angle  of  flight  (for  a  power  of  generation 
equal  to  0.  56  of  the  maximum  power). 

The  quantities  and  p,  which  are  required  for  the  calcula¬ 
tion  of  the  spectral  densities  of  fluctuations  wq  and  wy  were  deter¬ 
mined  by  several  simple  measurements  and  calculation  on  the  basis 
of  the  results  of  [1].  The  capacitance  C  which  appears  in  Eqs.  (7)- 
(7a)  was  estimated  from  measurements  of  with  the  help  of  the 

relation  C  =  Q/  c-ueZ  .  In  this  case,  the  quality  factor  of  the  cavity 

^  3 

Q  was  assumed  known  from  cold  measurements.  For  Q  =  2  x  10  , 

the  capacitance  of  the  gaps  for  different  klystrons  lay  in  the  limits 
from  1. 8  to  2.  5  mm*. 

Amplitude  fluctuations.  After  treatment  by  Eq.  (11)  of  the 
results  of  measurement  of  the  noise  generated  at  the  output  of  the 
detector  by  amplitude  fluctuations,  one  can  find  the  spectral  density 
of  the  pereexitage  random  modulation  of  the  oscillations  wq.  The 
experimental  curves  for  the  dependence  of  the  spectral  density  w^ 
on  frequency  F  (for  the  region  of  generation  for  Wq'C'  q  —  13.  Sir, 

|they  are  shown  in  Fig.  4)  are  satisfactorily  approximated  by  J 
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functions  of  the  form  .=  B[l  +  (F/j>)  ]  ,  where  B  determines  the 

intensity  and  p  the  band  of  amplitude  fluctuations. 

The  results  of  the  measurements  6f  the  spectral  densities  of 
the  amplitude  fluctuations  are  given  in  Table  1;  the  values  given 
here  correspond  to  the  values  computed  by  Eq.  (&)  for  C  =  2  mm  f, 

Ua  »  300v,  1^  =  25ma.  The  results  given  in  Table  1  confirm  the 
very  well  known  fact  that  in  the  detuning  on  both  sides  of  the  maxi¬ 
mum  of  the  region  of  generation  (to  the  ha-lf-power  point)  the  value 
of  B  increases  while  the  band  p  decreases  more  rapidly  in  the  case 
of  detuning  with  decreased  angle  of  flight  than  with  increase  in  it. 
This  phenomenon  finds  its  explanation  in  the  asymnletry  of  the  re¬ 
gion  of  generation.  In  the  case  of  a  mirror  shift  of  the  asymmetry, 
the  situation  is  changed:  B  and  p  will  change  more  rapidly  with  in¬ 


crease  in  the  angle  of  flight. 

We  note  that  the  noise  power  of  the  sidebands  of  amplitude 

—2 

modulation  can  be  estimated  by  the  formula  =  a  P^,  where 

—2 

is  the  power  in  the  generation  line,  ^  ile  a  is  the  mean  square  of 

the  percentage  modulation,  equal  to  § wa(F)dF  =  it  Bp/2.  Thus, 

_ 2 

for  example,  for  the  curve  I  of  Fig.  4,  e  *1.7x10  (i.  e. ,  t 


d  *  0.  013  percent). 

Frequency  fluctuations.  Using  (12)  and  the  results  of  meas¬ 
urements  of  the  noise  spectra  at  the  output  of  the  detector  in  an  in¬ 
terference  experiment,  we  obtain  curves  for  the  spectral  density 
(Bxi  given  in  Fig.  3.  These  curves  contain  the  spectrum  of  the  j 
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frequency  fluctuations  and  the  additional  correlation  spectrum 
mentioned  above.  Taking  into  account  the  fact  that  the  correlation;, 
spectrum  vanishes  for  F  *  l/Zt  (in  our  case  for  F  ~  7.  5Mc)  and 
that  the  spectrum  of  the  amplitude  fluctuations  differs  little  in  the 
range  from  0.1  to  lOMc,  we  can  separate  the  correlation  spectrum 
from,  (w^  and  determine  the  values  of  the  quantities  \y^  and 
&  w  .  The  spectral  density  of  the  frequency  fluctuations  v^(F)  is 
given  in  Fig.  5.  Knowledge  of  w  from  measurements  of  the  ampli¬ 
tude  fluctuations  make  it  possible  to  determine  the. coefficient  A  , 
and  then  to  estimate  the  value  of  the  components  of  the  spectral 
density  of  the  frequency  fluctuations  A  'w  and  the  remainder  wy. 
Detailed  procedure  makes  it  possible  to  carry  out  a  separation  of 
the  components  of  spectral  density  for  the  case  of  the  region 

of  generation;  however,  in  operation  in  the  maximum  the  correla¬ 
tion  noise  is  small  and  reliable  determination,  of  the  coefficient 
proves  to  be  impossible. 

Table  2  gives  the  experimental  values  of  the  quantities  w  , 

L\  >  wy;  corresponding  values  of- w  computed  from  Eq.  (7a)  are 
given  for  compari  son. 

The  results  of  measurements  of  the  spectral  density  of  fre- 
quency  fluctuations  of  the  klystron  wy ,  given  in  Table  2,  make  it 
possible  to  determine  the  quantity  "natural  width"  of  lines  of  os¬ 
cillation  of  the  klystron  A  F  and  to  explain  the  behavior  of  this 
^quantity  upon  change  in  the  operating  regime. 
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For  the  maximum  of  the  region  of  generation  (curve  1  in  Fig. 

5),  the  "natural  width"  of  the  line  A  F  =  0. 08cps.  The  theoretical 
value  of  the  line  width  for  the  same  parameters  of  the  generator  as 

f 

in  the  case  ©f  calculation  of  amplitude  fluctuations  is  equal  to  0.  087 

cps;  the  relative  line  width  is  A  fy^F  '"'■'10  .In  the  transition  to 

higher  numbers  of  the  regions,  when  the  angle  of  flight  is  increased, 

the  line  width  of  the  oscillations  of  the  klystron  generator  increase 

Ivhich  *$ 

approximately  in  the  same  ratio  as  Lae  quantity  the  reciprocal  of  the 
power  generated.  For  change  in  the  angle  of  flight  the  process  of 
electron  tuning  from  the  center  of  the  region  to  the  half-power  point 
the  line  width  increases  by  a  factor  of  1.5-2  upon  increase  and  2.  4 
upon  decrease  of  the  angle  of  flight. 

Thus  the  spectral  line  width  for  electron  tuning  changes  un- 
symmetrically.  Unsymmetrical  change  of  the  line  width  of  the  gen¬ 
eration  is  a  consequence  of  the  lack  of  symmetry  of  the  cha.nge  of 

A  2 

both  components  of  the  spectral  density  wy  -  wy  +  A  wft  (see  Tables 
1  and  2).  The  non  symmetrical  change  of  wy  is  possibly  the  result  of 
the  interference  of  the  random  components  of  the  shot  noise  in  the 
cavity  in  the  superposition  of  the  direct  and  inverse  electron  beams. 

As  follows  from  what  has  been  said  above,  experiments  on  the 
measurement  of  frequency  and  amplitude  fluctuations  of  klystron 
oscillations  give:  satisfactory  agreement  with  the  theoretical  investi¬ 
gation  of  the  fluctuations  of  the  oscillator  vibrations. 

In  conclusion  I  express  my  deep  gratitude  to  V.  S.  Troitskii  J 
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ng.  Block  diagram  for  of  the  fluctuations  of 

oscillations  of  the  generator:  1-generator,  2-attenuator,  3-delay 
line,  4-line  of  variable  length,  5-noise  diode,  6-detector,  7-null 
fluctuometer ,  8 -output  operators. 


Jfig*  J*  7  -x- 

noise  current  of  the  diode  J(J  i.  plotted  along  the  ordinate) 


w  +  W 

V 


Fig,  3.  Dependence  of  the  spectral  density  of  frequency  fluctuations 
of  vibrations  with  unseparated  correlation  components 
(SL,  A  )  on  the  frequency  F  for  klystron  no.  1:  I—  52  13*  5tt> 

H__  tn-O  13.  sir:  HI--  W  <  13.5-if.  . . . . 
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Fig.  4-  Dependence  of  the  spectral  density  of  the  amplitude  fluctua¬ 
tions  of  the  oscillations  wa  on  the  frequency  F  for  klystron  No.  1 
(I,  II,  III  are  experimental  curves,  la,  JIa,  Ilia  are  theoretical 
curves):  I-- =13.  Sir;  II- -  ^  >  13.  5ir;  III--  <  13.  5ir. 
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ig.  5.  Dependence  of  the  spectral  density  of  frequency  fluctuations 
f  the  oscillations  wy  on  the  frequency  F  for  klystron  No.  1: 

CjT  a  13.  Sir;  H— >  13.5wj  m—  <  13*5lr' 
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for  constant  attention  to  the  work.  v 
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THE  problem  of  the  method  of  detector 

CHARACTERISTICS 

[This  is  a  translation  of  an  article  written  by 
K.  I.  Kononenko  in  Radiofiasika  (Radbphysics) 

Vol.  H,  No.  6,  1959,  pages  927-930.  ] 

(Abstract)  A  further  development  is  given  in  the  paper 
of  the  method  of  detector  characteristics.  An  equation 
is  introduced  for  the  detector  characteristics  which 
makes  it  possible  to  determine  the  potential  of  plasma, 
and  the  temperature  and  density  of  electrons  in  the 

V 

plasma  directly  from  experimental  detector  character¬ 
istics. 

As  was  shown  in  [1],  the  detector  characteristics  make  it  pos¬ 
sible  to  determine  the  basic  parameters  of  gap  discharge  plasma- - 
potential,  temperature  and  density;  moreover,  one  can  determine 
the  electron  velocity  distribution  function  from  the  experimental  de¬ 
tector  characteristic. 

As  is  well  known,  the  sonde  characteristic  of  a  negatively 
charged  plane  sonde  can  be  represented  in  the  following  form: 

L 
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(1) 


where  I  is  the  sonde  current,  is  the  electron  charge,  v  is  the 
mean  velocity  of  the  electrons,  V  is  the  potential  of  the  sonde  rela¬ 
tive  to  the  potential  of  the  plasma,  k  is  the  Boltamann  constant,  T  is 
the  temperature  of  the  electrons,  N  is  the  density  of  the  plasma. 

If  we  limit  ourselves  to  a  consideration  of  quadratic  detection, 
then  we  shall  have  the  following  expression  for  the  valued!  the  de¬ 
tector  current: 


0V2\  2  I 


(2) 


where  Y  is  the  amplitude  of  the  alternating  detector  voltage. 

Determining  the  second  derivative  from  (1)  and  substituting  the 
resultant  expression  in  (2),  we  obtain: 

a/  ~nNrai*  i~ey*rvb  <3\ 

where  - 

H  =^ell\/?tlkH.m .  (4> 

On  the  other  hand,  as  Druyvesteyn  has  shown  [2],  the  distribu¬ 
tion  function  can  be  represented  in  the  form: 


m 


I 


i!Hy  M 

ec 


OV-  (5) 

Substituting  here  the  value  of  the  second  derivative  from  (2),  we 
obtain: 

p^T-VA/, 

L  (6>  J 
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where  the  coefficient 

|  /•'-  I (7) 

in  the  construction  of  the  distribution  function  can  be  regarded  as  a 
constant,  inasmuch  as  the  amplitude  of  the  detector  voltage  does  not 
change  taking  down  the  detector  characteristic.  Substituting  in  (6) 
the  value  of  the  detector  current  A  I  in  correspondence  with  Eq.  (3), 
we  obtain  the  distribution  function  in  explicit  form: 

5 1  /f/»  AT-y,  Ve~<* »v*r 

\  k  r  itk  (8) 

This  function  passes  through  a  maximum  at  the  point  where 

1  e,VeJkr-].  (9) 

It  is  then  easy  to  determine  the  temperature  of  the  electrons 

>  r  =(<?,/*>  v,, ,  do 

where  V«  is  the  potential  corresponding  to  the  maximum  of  the 
r k' 

distribution  function. 

To  obtain  the  density  of  the  plasma,  we  compute  the  maximum 
of  the  distribution  function  (8).  Making  use  of  the  condition  (9}  and 
eliminating  the  temperature,  we  find  that 


Solving  the  equation  thus  obtained  for  N,  we  obtain  a  formula  for  the 
determination  of  the  plasma  density: 


L 


!Ar 


const 


(ll»  J 
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*~In  the  resultant  expression  we  can  introduce  the  temperature  in 
place  of  the  potential.  In  this  case,  the  equation  for  the  density  of 
the  plasma  takes  the  following  form: 

\i  ’  / 

/ — I 

t  /  **»  Jr* 

—  =s  COllSt  . 


Af=o>«/r;  D'  =  ey 


8  m 


(12) 


Thus,  by  taking  down  the  detector  characteristic  and  con¬ 
structing  the  distribution  function  in  accord  with  (6),  we  can  com¬ 
pute  the  tempei*ature  with  the  aid  of  (10),  while,  with  the  help  of  (11) 
or  (12)  we  can  determine  the  density  of  the  plasma.  As  was  shown 
in  [3,  4],  the  method  of  detector  characteristics  is  most  accurate  in 
comparison  with  all  other  sonding  methods.  Its  value  lies  in  the 
fact  that  it  makes  possible  an  experimental  determination  of  the 


distribution  function. 

In  the  method  set  forth  for  the  determination  of  the  parame¬ 
ters  of  the  plasma,  it  is  necessary  initially  to  construct  the  distri¬ 
bution  function  from  the  detector  characteristic,  and  only  then  to 
determine  the  parameters  of  the  plasma  from  the  maximum  of  this 
function. 

We  shall  now  show  that  the  parameters  can  be  obtained 
directly  from  the  detector  characteristic. 

According  to  [Sj,  the  detector  characteristic  is  satisfactorily 

approximated  by  the  function 

U=A'\^e  e°vlhr .  (13) 

where  A*  is  an  experimental  constant.  We  write  down  this  formula  j 
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in  a  somewhat  different  form,  namely: 

*  A/  =  A  \/'/*-e-~evvlkTV^J  ,  {14) 

where  A  is  a  certain  new  constant,  V  is  the  amplitude  of  the  alter* 
nating  detected  voltage.  The  latter  formula  corresponds  to  the  case 
of  square  law  detection. 

The  function  (14)  passes  through  a  maximum  at  the  point 
where  the  condition 

2e(iV~kr. 

(15) 

is  satisfied.  From  this  condition  on  the  potential  V  ~  which 

corresponds  to  a  maximum  of  the  detector  current  function,  one  can 

ids 

easily  obtain  the  temperature  T.  Equating  (9)  and  (15),  we  obtain 

1  (16) 
For  the  determination  of  the  plasma  density,  we  compute  the 
value  of  the  detector  current  from  Eqs,  (3)  and  (14)  at  the  maximum 
of  the  distribution  function: 


A/,> 

'  W 


BA’T  Vi : 
’/*-  1  1/2 


A  L  =x  /\  V'l%  e~~x  V. 

rM  ‘  M 


(17) 


Comparing  the  right  hand  sides  of  these  equations,  we  obtain: 

HNT  y*  —  AVf* .  (is) 

Eliminating  the  temperature  by  means  of  (15)  and  transforming 
from  V^,  to  by  means  of  Eq.  (16),  we  obtain  the  following  ex¬ 
pression  for  the  plasma  density: 


/V=*  I)V2, 

'  M  ’ 


(19) 


|Where  D  is  a  constant  associated  wi.th  the  constant  A  in  Eq.  (14)  J 
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through  the  relation 


l)~  16  |/ 2r.m€Q*A  .  (20) 

We  now  show  that  the  experimental  constant  A  can  generally 

be  eliminated  from  discussion.  For  this  purpose  we  make  use  of  the 

-  relation  (18).  Eliminating  V  by  means  of  (9),  and  solving  rela- 

'  At 


tive  to  A,  we  find  that 


aL-h^Y'nt-* 


(21) 


Substituting  the  latter  value  of  A  in  (14)  and  taking  (4)  into  account, 
we  obtain: 


A/  _ e°%  M7'-*  V',le  *v'kTV2  - 

A* 3  V  32“/// 


(22) 


This  expression  represents  the  curve  of  the  detector  current 
in  Which  no  experimental  constants  appear.  Thus  we  have  obtained 
an  analytic  expression  for  the  detector  characteristic  of  a  function 
of  the  fundamental  parameters  of  the  plasma:  potential,  temptera- 


ture  and  plasma  density,  and  also  of  the  value  of  the  amplitude  of 
the  detected  voltage. 

The  plasma  potential  enters  in  (23)  through  the  expression  for 
V  by  means  of  the  formula 

V  *  -  Vr4  (23) 


where  V  is  the  potential  of  the  sonde  relative  to  the  anode,  the 
cathode  or  any  other  reference  electrode,  V  ^  is  the  plasma  pO" 
tential.  The  plasma  potential  is  determined  by  the  intersection  of 
the  detector  characteristic  with  the  abscissa.  ,  J 


Making  use  of  Eq.  (23),  we  now  obtain  the  connection  between 
the  values,  of  the  detector  current  at  the  maximum  of  the  distribu¬ 
tion  function  and  at  the  maximum  of  the  detector  current  function. 
Taking  it  into  account  that  at  these  points 

A  A.  =  AN7  ^  ; 

A Ir  -  AXT~,V'J’-  r'vl, 

A  /,  /  A  lK  ..  /e  VJV~  =  /Tp 

(24) 


we  obtain: 


[see  (16)]. 

We  shall  now  show  that  the  plasma  density  can  be  obtained 
directly  from  the  detector  characteristic  without  having  recourse  to 
calculation  of  the  distribution  function,  and  without  making  use  of 
any  experimental  constant.  For  this  purpose  we  substitute  the  value 
of  in  Eq.  (11),  making  use  of  (6).  As  a  result  we  obtain: 

T5"  =  1>FVK  a  /v  . 

Taking  (17)  and  (24)  into  account,  and  transforming  from  V*,  and 

Cm 

A  Ip  to  the  values  of  these  quantities  at  the  maximum  of  the  de¬ 
tector  current  function,  we  have: 

4  DF 


n 


r? 


A/„V[v. 

M  M 


Substituting  the  values  of  the  constant  coefficients,  we  finally  obtain 
the  result  that 

N  —  M±lHV% »;  M  =  \6VZ?  2 r.mee^3  . 


J 
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The  quantity  M  can  be  r e gar ded  as  a  constant  since  the  amplitude 
of  the  alternating  detected  voltage  remains  unchanged  in  taking 
down  the  detector  characteristic.  For  other  measurements,  in 
which  V  will  take  on  different  values,  the  constant  M  will  also 
change. 
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A  STUDY  BY  BENDIXSON’S  METHOD  OF  THE  TOPOLOGICAL 
STRUCTURE  OF  THE  LOCATION  OF  TRAJECTORIES 
‘  IN  THE  VICINITY  OF  A  SINGULAR  POINT 
OF  A  DYNAMICAL  SYSTEM 
[This  is  a  translation  of  an  article  written  by 
N.  A.  Gubar  in  Radiofizika  (Radiophysics) 

Vol.  II,  No.  6,  1959,  pages  931-941.] 

(Submitted  to  editor  5  June  1959) 

(Abstract)  All  possible  topological  structures  of  singular 
points  of  a  dynamical  system  containing  linear  terms  in 
right  parts  are  established  in  the  paper  by  means  of  the 
method  of  Bendixson. 


The  dynamical  system 

dxjtit  =  P  (x,  v);  dyjdt  —  Q  (x,  y),  ^ 

is  considered,  the  right  hand  sides  of  which  are  analytic  functions 
in  a  certain  region  about  the  origin.  It  is  assumed  that  the  origin 
0(0,  0)  is  an  isolated  singularity  of  the  system  (1),  for  which  the 
following  conditions  are  satisfied 


159  • 


A  (0,  0)  x=r  0; 

S  (0,  0)  =■'<); 

\K  (0,  o)( f-jp;  (0,  0> J -f- 1 q; (o,  o)|-HQ;<o,o)|^o. 

/yA  {X,  V)  py  (A*,  y) 

A  (A’  V)  ~  (■*%  y)  Qy  (x ,  y) 

l  (x,  y)  ~  P;  (x,  y)  +  Q'  {,*,  y) 


It  follows  from  the  resalts  of  Bendixson  [1]  that  the  topologi¬ 
cal  structure  of  the  distribution  of  trajectories  in.  a  sufficiently 
small  region  around  a  singular  point  of  the  system  {1}  which  is  not 
at  the  center  is  completely  determined  by  the  number  of  closed 
nodes,  open  nodes  and  saddle  regions  which  abut  the  given  singular 
point  and  by  the  mutual  arrangemenc  of  these  regions.  (We  shall 
denote  these  numbers  by  the  letters  N^,  N  and  C,  respectively. 
Here  the  open  nodal  regions  which  accompany  the  closed  nodal  re¬ 
gions  do  not  enter  into  the  number  N.  \  Let  us  make  this  concept 
precise.  Let  the  trajectox’y  L  tend  to  the  singular  point  O  both  at 
t  -t  co,  and  at  t  -  oo,  and  let  there  be  no  singular  point  of  the 


system  (1)  inside  the  simple  closed  curve  Cj.  ,  consisting  of  the 
trajectory  L  and  the  point  O.  We  denote  the  region  bounded  by  the 
curve  by  .  Then  any  trajectory  passing  into  the  region 
also  approaches  the  point  O  for  t  -*•  +  oo  and  for  t  -  oo  (see  [1]}, 
forming,  together  with  the  point  O,  a  simple  closed  curve.  If  one 
^region  of  each  two  regions  bounded  by  such  curves  lies  inside  the  j 
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^other,  then  we  call,  the  region  0*^  the  closed  nodal  region  of  the 
singular  point  O.  Two  closed  nodal  regions  of  the  point  O  are  dif¬ 
ferent  if  they  are  located  one  inside  the  other*. 

Let  us  consider  further  the  circle  C  of  radius  r  with  center 

r 

“  at  the  singular  point  O.  We  assume  that  1)  inside  Cy  there  .&x*e  no 
other  singular  points  of  the  system  (1)  except  the  point  O,  2)  outside 
of  Cr  there  are  known  to  lie  points  if  only  of  a  single  half-trajectory, 
tending  to  the  point  O,  3)  outside  Cr  there  are  known  to  lie  points  of 
each  of  the  closed  regions  of  the  point  O.  Let  L^  and  L^  be  two  half¬ 
trajectories  tending  to  the  singular  point  O  and  having  common 
points  with  the  circle  Cr>  Let  and  he  the  last  common 
points  of  these  half-trajectories  with  the  circle  Cr«  We  denote  by 
CT  the  region  whose  boundary  consists  of  the  part  M^O  of  the  half¬ 
trajectory  Lj,  the  part  of  the  half- trajectory  the  point  O, 

v 

and  that  of  the  part  of  the  circle  Cr  within  on  which  motion 

in  the  direction  from  the  point  Mj  to  the  point  M2  is  positive  (counter 
clockwise). 

If  there  exists  a  circle  Cp  with  center  at  the  point  O  of  radius 
p  r,  such  that  all  trajectories  passing  through  points  of  the  region 
( y  lying  inside  the  circle  Cp  for  +  00  (t-$>  -  00)  not  emanating 
from  CT  approach  O,  and  with  decrease  (increase)  of  t  emanate  from 
CT  ,  then  the  region  between  the  half- trajectories  Lj  and  L2  is 
called  an  open  nodal  region  of  the  point  O.  If  there  is  no  other  nodal 
^region  her,  containing  the  on.  centered,  and  penetrating  to  the 


r  i 

boundary,  of  at  least  one,  of  the  half-trajectories  jLj  and  L2>  then 

the  region  between  the  half-trajectories  and  Lz  is  known  as  a 

complete  open  nodal  region.  Above,  by  the  number  N  is  meant  the 

number  of  complete  open  npctkl  regions.  Furthermore,  in  speaking 

of  complete  open  nodal  regions,  we  will  omit  the  word  "complete.  " 

If  all  the  trajectories  passing  inside  the  region  ^  both  for  in¬ 
crease  and  for  decrease  in  emanate  from  CT  ,  then  the  region  be¬ 
tween  the  half-trajectories  Lj  and  JL^  is  known  as  a  saddle  region 
of  the  point  O. 

For  the  singular  points  considered  by  us,  the  numbers  Nf,  N 
and  C  are  such  that  the  topological  structure  of  the  Singular  point  is 
determined  uniquely  by  them.  In  this  case  in  addition  to  the  known 
singular  points  (node,  focus,  saddle  and  saddle -node}; the  following 
two  additional  types  of  points  are  encountered. 

1.  A  singular  point  which  is  abutted  by  only  two  saddle  regions; 
for  this  point  =  0,  N  =  0,  C  *  2.  We  shall  call  such  a  point  a  de¬ 
generate  singular  point. 

2.  The  singular  point  which  is  abutted  by  one  closed  nodal 
region  and  one  saddle  region;  for  this  point  Nf  *  1,  N  a  0,  C  *  0. 

We  shall  call  such  a  point  a  point  with  a  closed  nodal  region. 

We  shall  say  that  the  half-trajectory  x  *  x(t),  y  =  y(t)  reaches 
the  singular  point  0(0,  0)  for  t-?  +  oo  in  the  direction  y  =  kx(in  the 
direction  x  =  0),  if  x(t)  ~?0,  y(t)  0  for  t  and  lim  y(t)/x(t) 

i“  k  (lim  x(t)/y(t)  =0).  In  a  similar  way,  we  shall  speak  of  the 
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half  “trajectory  touching  the  point  0(0,0)  for  t-£~00  ,  or  simply 

of  the  half- trajectory  reaching  the  poin£  0(0,  0)  if  we  are  indifferent 
as  to  whether  t  tends  to  +  or  to  .  W 

For  the  system  (1)  let  0(0,  0)  be  &  singularity  and 

P(x,  y)  " Pm\x,  y) -f  PmY j  (x,  y , 
i  Q  (x,  y)  -  Qm  (x,  y)  -f  Qmf-i  (X,  y)  -f . . . 

be  the  expansions  of  the  functions  P(x,  y)  and  Q(xj,y)  in  powers  of  x 
and  y,  in  which  and  are  homogeneous  polynomials  of  kth  degree 
and  m  is  the  smallest  number  for  which  Pm  and  Q^.  are  simultane¬ 
ously  not  identically  equal  to  zero. 

Bendixson1  s  Theorem  ([1],  page  34).  Let  the  system  (1)  have 
an  isolated  singularity  at  the  origin  0(0,  0).  Then  the  half- trajectory 
of  the  system  (1),  which  approaches  O  for  t-^  +  oo,  will  either  be  a 

spiral  or  will  pass  through  the  point  O  in  a  direction  satisfying  the 

_  _  _  ❖ 
equation  xQ 


m 


yP  =  O. 
3  m 


❖ 


The  direction  y  =  kx  for  x  =  0  satisfies  the  equation  XQ  -  yPjri  »  0 


m 


if  the  expression  y  ~  lex  for  x  is  one  of  the  linear  factors  of  the  homo¬ 


geneous  polynomial  xQ 


•  yP  , 
m  1  m 


We  note  that  if  any  one  of  the  half-trajectories  passes  through 
the  singularity  O,  then  all  the  trajectories  approaching  O  enter  it. 

If  there  are  no  trajectories  entering  O,  then  the  singularity  O  is  a 
focus  or  center. 

In  the  investigation  of  the  system  (1),  Bendixson  applied  J 
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bilinear  transformations  of  the  coordinates,  in  particular  the  trans¬ 
formation  of  the  form; 

x  cr  x ,  y  (rj  -t*  kj  x,  (2 } 

For  k  »  0,  we  obtain  the  transformation 

x~x,  y  =  ^xt  (3) 

the  properties  of  which  are  given  below. 

a)  The  transformation^  3)  unambiguously  and  continuously 
(topologically)  map  into  one  another  the  regions  of  the  planes  (x,  y) 
and  (x,  >}  )  which  are  obtained  if  one  separates  the  points  of  the 
straight  lines  x  =  0  from  both  planes.  In  this  case  the  points  of  the 
first,  second,  third  and  fourth  quadrants  of  one  plane  transform  into 
the  points  of  the  first,  third,  second  and  fourth  quadrants,  respec¬ 
tively,  of  the  other  plane.  All  the  points  of  the  axis  x  =  0  of  the  plane 
(x,  ^  )  transform  into  the  point  0(0,  0)  of  the  plane  (x,  y).  At  the 
points  of  the  axis  x  =  0  of  the  plane  (x,  y)  the  transformation  is  not 
defined. 

b)  We  consider  the  6-vicinity  Ug  of  the  point  0(0,  0)  of  the  plane 

(x,  y).  This  region  is  divided  by  the  axis  x  =  0  into  two  regions.  In 
the  transformation  (3),  each  of  these  regions  transforms  into  a  region 
of  the  plane  (x,  Jj  )  which  represents  a  band  located  on  one  side  of  the 
axis  x  =  0  and  bounded  by  this  axis  and  Si  line  which  approaches  it  art 
asymptotically.  Thus  the  entire  region  Ug,  excepting  the  cut  of  the 
axis  x  s=  O^is  mapped  into  the  region  bf  the  plane  (x,  ^  )  located  be¬ 
tween  two  lines  which  asymptotically  approach  the  axis  x  »  0,  J 


.164  . 


r  1 

excluding  the  axis  x  =  0  itself.  We  denote  this  region  by  the  letter 
r  (Fig.  1). 

'  ,  Let  us  formulate  the  following  obvious  confirmation,  which 
lies  at  the  basis  of  the  Bendixson  method  and  which  is  systematically 
*  employed  for  the  proof  of  fundamental  assumptions. 

Let  the  system  (1)  have  a  singularity  at  the  origin.  Applying 
the  transformation  {2),  we  transform  the  system  (1)  to  the  form: 

dxldt P\x,  >0;  titjdt  yj).  (4) 

Further,  let  x  =  x{t),  y  »  y(t)  be  the  half-trajectories  of  the  system 
(1)  which  enter  the  point  0(0,  0)  in  the  direction  y  =  kx.  Then  the 
corresponding  half-trajectoryHdf  the  system  (4)  approaches  the  point 
0(0,  0),  i.  e. ,  it  either  enters  the  point  5(0,  P)  or  is  a  spiral.  Con¬ 


versely,  each  half- trajectory  of  the  system  (4}  which  approaches  the 
point  0(0,  0)  (excluding  the  half- trajectories  'which  are  part  of  the 
))  axis  if  there  are  such),  corresponds  to  a  half-trajectory  of  tire 
system  (.1)  entering  the  point  0(0,  0)  in  the  direction  y  =  kx. 

Let  us  consider  the  system 

=£P»^,,)J  d  ijdi  -  g*  (,,  .n)t  (5) 

which  is  obtained  from  the  system  (1)  by  the  transformation  (3). 

Let  the  system  (1)  have  in  the  region  Ug  (see  Fig.  1)  no  other  singu¬ 


larities  than  the  point  0(0,  0).  On  the  basis  of  the  properties  a)  and 
b)  of  the  transformation  (3),  we  conclude  that  only  the  points  of  the 
axis  x  =  0  can  be  the  singular  points  of  the  system  (5)  located  in  the 
^region  r  (Fig.  1).  It  is  evident  that  each  half- trajectory  of  the  j 


1“ 

system  (5)  which  approaches  the  singularity  0^0,  k)  (excluding  the 
half- trajectories  which  are  parts  of  the  >)  axis)  corresponds  to  a 
half-trajectory  of  the  system  (1)  entering  the  point  0(0,  0)  in  the 
direction  y  =  kx, 

“  The  system  (1)  considered  in  the  present  note  reduces,  by  a 

■  jgc 

linear  non- singular  transformation  ,  to  the  form: 

dxfdt  —  y'i'Pz  (-x\  y):  dy  dt  ~Q«  (x,  y),  |  (6) 


^Under  the  condition  P*  {0,  0)  4s  0  the  transformation 

y 


x  kx  y. 

P)  (0.  o)  y  tfO’y  ( 0 ,  0)  x  /  pv  (0  t)\  y. 1 


where 


k-  |/  |  Py  (0.  0)  j  -  Qy  (0.  0| 


is  such  a  transformation.  ‘ 

Where  P-,  (k,  y)  and  (x#  Y )  are  analytic  functions  in  the  vicinity  of 

the  origin  whose  expansions  in  powers  of  x  and  y  begin  with  terms 
not  smaller  than  the  second  order.  Furthermore,  the  system  (6)  is 
reduced  by  the  transformation 

y  =  y,  +  ?u>.  ; 

where  l^fx)  is  the  solution  of  the  equation  y  +  P^(^»  Y)  *  to  tJae 
form 

dxfdt  =  y(:  dyjdt  -  Ql  (x,  yi). 
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It  is  easy  to  see  that  the  topological  structure  of  the  location 
of  the  trajectories  in  the  vicinity  of  the  singular  point  0(0, 0)  of  the 
system  (1)  does  not  change  for  the  transformations  we  have  made 
(a  node  in  this  case  remains  a  node  and  a  focus  remains  a  focus  by 
virtue  of  the  analytical  character  of  the  transformation).  Thus  we 
have  the  possibility  of  considering  a  system  of  the  form 

dxjiit  ~y\  dy/dtssQz(x,y),\  (7) 

in  place  of  the  system  (1),  where  Q2(X»  y)  is  a  function  which  satis¬ 
fies  the  same  conditions  as  does  Q£(x,  y).  It  follows  from  the 
assumption  on  the  isolated  character  of  the  singularity  of  the  system 
(1)  that  Q2(x,  0)^=  0.  . 

We  now  consider  a  number  of  propositions  which  are  used  in 

the  proof  of  singularity  theorems.  By  the  transformation  (3)  x  =  X, 

y  x  x,  the  system  (7)  reduces  to  the  form: 

dxfdt  rr  /jjr;  d  t\dt^Q2(/,  tj).  (8)  . 

Since  the  only  direction  in  which  the  half-trajectories  of  the  system 

(7)  can  enter  the  point  0(0,  0)  is  the  direction  y  =  0,  then  each  of  the 

semiaxes  x  =  0,  >  0  and  x  ~  0,  )  *  0  is  an  entire  trajectory  of 

the  system  (8)  (see  pages  7,  $  ).  Let  be  the  vicinity  of  the 

point  0(0,0),  and  f~*  be  the  corresponding  region  of  the  plane  (x,  )  ) 

(see  Fig.  1).  We  assume  that  there  exist  the  half-trajectories 

L  and  L'  of  the  system  (8),  which  reach  the  point  0(0,  0)  for  x  0 

and  x  <  0,  respectively.  Let  fT  and  N’  be  the  last  common  points 

.of  the  half-trajectories  E)  and  L*  with  boundaries  of  the  region  j 

L 
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r(Fig.  2),  while  Land  V  are  the  half-trajectories  of  the  system  (?) 
corresponding  to  the  halfr trajectories  L  and  Lf  of  the  system  (8). 

By  virtue  of  the  property  a)  of  the  transformation  (2)?and  with  the 
confirmation  formulated  on  page  p  >  the  half-trajectories  L  and 
*  L’  enter  the  point  0(0.,  0}  for  x  >  0  and  k  <  0,  respectively,  and  the 
points  N  and  N!,  which  correspond  to  the  points  N  and  N’»  are  the 
last  common  points  with  the  boundaries  of  the  region  Ug  (see  Fig,  2). 

1,  Let  us  consider  the  region®  abutting  the  point  6(0,0)  of  the 
plane  (x,)j  )  between  the  half- 1 raj ectorie s  L  and  the  half- trajectory 

I  -  .  .  ..  ■■ 

x  =  0,  0,  and  between  the  half-trajectory  L*  and  the  half¬ 
trajectory  x  *  0,  ^  <[  0-  We  denote  them  by  the  letters  ^  and 

f 1  (Fig,  2). 

1)  If  these  regions  are  open  nodal  regions  at  fee  point  6  of  the 
system  (8),  then  the  region  between  the  half- trajectories  L  and  L!  of 
the  system  (7)  is  a  closed  nodal  region  of  the  point  0(0,0). 

2)  If  the  regions  mentioned  are  saddle  regions  of  fee  point 
6,  then  the  region  between  the  half- trajectories  L  and  L’  is  also  a 

saddle  region  of  the  point  0(0,0). 

3)  If  one  of  fee  regions  is  a  saddle  region  of  the  point  O,  while 
the  other  is  an  open  nodal,  then  fee  region  be  tween  the  half-trajec¬ 
tories  L  and  L'  is  an  open  nodal  of  the  point  G.  We  note  feat  instead 
of  the  regions  Tj  and  we  could  have  in  entirely  similar  fashion 

jjt  if, 

considered  fee  regions  F  j  and  F ^  (see  Fig.  2). 

We  now  tonsider  fee  system  J 
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dx/dt  =  xX(x,y);  dy/dt  =  Y(x,y),  (9) 

where  X(x,y)  and  Y(x,y)  are  analytic  functions  in  a  Certain  region 
about  the  origin  and  Y(0,0)  0.  We  shall  assume  that/he  half- 

axes  x  =  0,  y  >  0  and  x  »  0,  y  <  0  are  the  only  half- trajectories 
entering  the  point  0(0,0)  in  the  direction  x  =  0,  and  also  that  there 
exist  two  directions  y  =  k^x  and  y  —  k2x,  half-trajec¬ 

tories  of  the  system  (9)  can  enter  the  singular  point  0(0,0).  Then, 
applying  the  transformation  x  =  x,  y  =  t}x  and,  in  accord  with  the 
method  of  Bendixson,  dividing  the  right  hand  side  by  the  common 
factor  xk(k^.  1)  if  there  is  such,  we  obtain  the  set 

dx/dt  =  xX*(x,t|);  drj/dt  =  Y  (x*^),  (i0) 

for  which  the  r\  axis  consists  of  the  half- trajectories  and  the  points 
O1(0,k1)  and  O2(0,k2)  are  its  singular  points  (see  [1],  page  62). 

II.  We  assume  that  the  singularity  OjfOjkj)  is  a  saddle  of 
the  system  (10)  and  that  6  ^  0  at  the  point  0^(0,  k2).  Then,  de¬ 
pending  on  whether  the  singularity  O2(0,k2)  of  the  system  (10)  is  a 
node,  a  saddle  or  a  saddle -node,  the  topological  structure  of  the 

*There  can  be  no  other  cases  by  virtue  of  the  fact  that  6^0. 

singular  point  O  of  the  system  (9)  is  completely  characterized  by  the 
following  values  of  the  numbers  C,  N  and  Nf  (see  page  Z  ): 

1)  If  O2(0,k2)  is  a  node,  then  C  =  2,  N  =  2,  Nf  =  0; 

2)  If  O2(0,k2)  is  a  saddle,  then  C  =  6,  N  =  0,  Nf  a  0; 

j_  3)  If  O2(0,k2)  is  a  saddle-node,  then  C  =  4,  N  =  1,  Nf  =  0.  J 
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The  assumptions  I  and  II  are  proved  by  direct  consideration  of 
the  location  of  the  half-trajectories  in  the  region  T  and  the  forms  of 
these  trajectories  in  the  region  Ug,  which  isr  obtained  in  the  trans¬ 
formation  (3),  In  the  proof  properties  a)  and  b)  of  the  transforma- 
*  tion  (3)  are  employed*  and  also  Bendixson's  theorem  and  the  state¬ 
ment  formulated  on  page  £>  .  Here  we  obtain  for  the  singular 

point  0(0,0)  of  the  system  (9)  a  definite  distribution  of  the  separa- 
trices  as  a  function  of  the  numbers  k^  and  k^. 

HI.  The  system 

» 

dx/dt  ~  xy;  dy^fdt  =  -ky^  +  x^f(x,  y)  +  xyf j  (x,  y),  (11) 

where  f(x,y)  and  fj(x,y)  are  analytic  functions  in  the  vicinity  of  the 
point  0(0 ,  0)  and  k  >  0,  has  two  and  only  two  half- trajectories, 
entering  the  point  O  in  the  direction  x  «  0,  and  these  are  the  posi¬ 
tive  and  negative  semiaxes  y. 

This  proposition  is  proved  by  application  of  the  transformation 
x  =  £y,  y  ~  y  to  the  system  (11).  For  the  system  obtained  after 
transformation  and  division  of  the  right  sides  by  the  common  factor 
y,  the  origin  of  the  coordinates  is  a  saddle,  whose  separatrices 
are  the  positive  and  negative  semiaxes  |  =  0  and  y  =  0.  In  the  transi¬ 
tion  to  the  system  of  coordinates  x,  y,  the  half-trajectories  v  =  0, 

|  >  0  and  y  =  0,  §  <  0  are  reflected  in  a  single  point  0(0,0).  The 
half-trajectories  £  «  0,  y  >  0  and  £  «  0,  y<  0  transform  into  the 
half-trajectories  x  a  0,  y  >  0  and  x  a  0,  y  <  0  of  the  system  (11). 

L  IV'  J 
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dx/dt  =  xy;  dy/dt  =  ax  [1  +  4(x)]  +  *>y2-+  xyf(x,y),  (12) 

ia  given  in  which  f(x,y)  and  +(x)  are  analytic  functions  in  the  vi- 
cinity  of  the  point  0(0,0).  a  ^  0,  b<  0  and  4(0)  =  the  singular 
point  0(0,0)  of  this  system  is  a  saddle  i  whose  separatrices  are  the 
half- trajectories  x  »  0,  y  >  0  and  x  a  0,  y  <  0  and  two  half-trajecto¬ 
ries  entering  the  point  O  in  the  direction  x  =  0  and  located  in  the 
first  and  fourth  quadrants  (if  a  >  0)  and  in  the  second  and  third  quad¬ 
rants  (if  a  <  0). 

Proof  of  this  statement  will  be  given  in  more  detail.  It  fol¬ 
lows  from  Bendixson' s  theorem  that  there  exists  a  single  direction 
in  which  the  trajectories  of  the  system  (12)  can  enter  the  point 
0(0,0)  (the  direction  x  =  0).  Applying  the  transformation  x  »  £y, 
y  =  y,  we  obtain: 

d£/dt  =  (1  -  b)£y  -  a£2  -  £2a4(£y)  -  £2yf(£y,y); 

2  2  ,(13) 

dy/dt  »  a£y  +  by  +  a£y4(£y)  +  £y' f(£y,y). 

The  direction  of  the  trajectories  of  the  system  (13)  entering  the  singu¬ 
lar  point  0(0,0)  is  obtained  by  virtue  of  the  same  theorem  of  Bendix¬ 
son  from  the  equation  £y[(l  -  2b)  y  -  2a£]  =  0.  Two  and  only  two 
half- trajectories  of  the  system  (13)  enter  the  point  0(0,0)  in  the  di¬ 
rection  |=0:  £  =  0,  y  >  0  and  £  =0,  y  <  0.  (This  can  be  shown  in 
the  same  way  as  was  done  above. )  For  investigation  of  the  two  other 
directions  y  =  0  and  y  =  2a£/(l  -  2b)  the  transformation  y  =  q£,  £  =  £ 
is  employed.  After  transformation  and  division  of  the  right  side  of 
(13)  by  the  common  factor  £  we  obtain:  J 
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dS/dt  =  -a£  +  (1  -  b>  -  a£<H?|£2)  -  it£2f{q£2»,nl); 

7  7  2  7  0^) 

dq/dt  ~  2aq  -  (1  - Zb)?]  +  Xar^f'nt  )  +  Zr\  |f(q£;  ,q§). 

It  is  easy  to  see  that  for  the  system  (14)  the  q  axis  consists  of 

the  half -trajectories  and  the  points  Oj(P>0),  ®2.^aT~~~~Zb  ^  are  s*ngu" 

larities.  Titus  one  can  apply  the  proposition  II  to  the  system  (13). 

By  direct  calculation  we  obtain: 


I  A  (0,  0)  2a-  0;  A  1 0,  —  -)  = 

•  \  I  — 2b  I 


I  —  Qff 


Therefore  both  singularities  and  O-,  are  saddle®  of  the  system 
(14),  and  by  virtue  of  the  proposition  II  {case  2)  for  the  singularity 
0(0,0}  of  the  system  (13),  C  =  6,  =0,  N  =  0,  i.e.  ,  6  half-trajec¬ 

tories  enter  the  point  0(0,  0).  Consequently,  in  addition  to  the  haff- 
trajectories  which  are  the  semiaxes  £  «  0  and  y  ~  0,  there  are  two 
half- trajectories  entering  the  point  6(0,0),  We  denote  them  by 
and  Lg.  It  is  not  difficult  to  show  that  the  half- trajectories  and 
L-,  enter  the  point  6  in  the  first  and  third  quadrants,  respectively, 
if  a  >  0,  and  in  the  second  and  fourth  quadrants  if  a<  0.  Now, 
transforming  to  the  system  (12),  we  conclude  that  in  addition  to  the 


half- trajectories  x  a  0,  y  >  0  and  x  =  0,  y  <  0,  there  are  two  and 
only  two  half-trajectories  entering  the  point  0(0,0).  We  denote 
them  by  and  L^.  They  are  images  of  the  half- trajectories  Lj 
and  obtained  in  the  transformation  x  a  £y,  y  =  y.  From  the 
properties  of  this  transformation,  which  are  analogous  to  the 


properties  a)  and  b)  of  the  transformation  (3),  and  from  the 


J 
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location  o£  the  half-trajectories  Lj  and  L ^  shown  above,  it  follows 
that  the  half-trajectories  L^  and  L ^  enter  the  point  O  in  the  first 

and  fourth  quadrants,  respectively,  if  a  >  Ojand  in  the  second  and 

% 

third  quadrants  if  a  <  0.  Thus  the  point  0(0,0)  of  the  system  (12)  is 
a  saddle  with  the  location  of  the  separatrices  as  shown. 

We  now  proceed  to  a  consideration  of  the  system  (7)  which 
can  be  written,  in  the  following  form: 

dx/ dt  =  y  ; 

,  ?  (15) 

dy/dt  =  axx  [1  +  h(x)]  +  bnxny[l  +  g(x)]  +  y  f(x,y) 

(h(x),  g(x)  and  f(x, y)  are  analytic  functions  in  the  vicinity  of  the  ori¬ 
gin,  h(0)  =  g(0)  =  0,  k 2,  n~T  1  and  a^^L  0  by  virtue  of  the  proper¬ 
ties  of  the  function  Q^x,  y)  ).  All  possible  topological  structures 

which  the  singular  point  0(0,0)  of  the  system  (7)  can  have  are  estab- 

$ 

lished  in  theorems  1  and  2. 


Effectually  the  same  results  were  obtained  independently  in 
references  [2]  and  [3].  in  the  method  applied  by  Frommer. 


Theorem  1.  Let  k  =  2m  in  system  (15).  Then  the  singularity 
p(0,0)  of  the  system  (1£)  is  a  degenerate  singular  point  (see  page 
y  ),  if  =  0  or  bn^  0  and  m  (Fig.  4a),  and  the  singular 
point  0(0,0)  is  a  saddle-node  if  b^^  0  and  n  <  m  (Fig.  3). 

We  note  that  Fig.  3a  was  completed  under  the  conditions  b^^CT, 
a ^4  0,  Figure  3b  corresponds  to  the  conditions  bn  0, 


L 
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a2m  ^  ®  and  n  an  odd  number  or  ^  0,  &2m  n  an  even  n\im- 

ber ,  Fig.  3c  corresponds  to  the  conditions  bn^  0,  n  an 

even  number,  or  bn  />  0,  a2m>  0,  n'an  odd  number.  Figure  3d 
ie  completed  under  the  conditions  b^^*  0,  a2m^*  ^  ^6*  corre¬ 

sponds  to  the  conditions  a2rQ  0;  in  the  case  ^2^  ^  0,  the  location 
of  the  integral  curves  is  obtained  by  a  symmetric  mapping  relative 
to  the  y  axis. 

Proof.  For  the  system  (15)  the  only  direction  in  which  the 
trajectories  can  enter  the  point  0(0,0)  is  the  direction  y  »  0.  Ap-  * 
plying  the  transformation  x  »  x,  y  =  t^x,  we  reduce  the  system  (15) 
to  the  form: 


dt 


dx  dt  ss  x  vjjj 


(16) 


~  4-rt?wAr2«~t  jt  +  A  U)|  -f*  |1  +1?  (*>  V* 


under  the  conditions  of  Theorem  1.  , 

For  m  =  1,  ilj£  1,  it  follows  from  proposition  IV  that  the  singu¬ 
lar  point  0^0,0)  of  the  system  (16)  is  a  saddle,  for  which  the  sepa- 
ratrices  are  the  half-trajectories  y  »  0,  t)^>  0  and  x  =  0,  <  0. 

The  location  of  two  other  separatrices  is  determined  by  the  sign  of 
a2m'  211  tiie  traRsition  to  the  system  of  coordinates  x,  y,  the  tra¬ 
jectories  which  are  the  semiaxes  x  =  0  are  mapped  into  the  single 
point  0(0,0).  Thus  only  two  half- trajectories  of  the  system  (15) 
exist  which  enter  the  point  0(0,0),  and  consequently  the  point  0(0,0) 
is  a  degenerate  singular  point.  In  the  case  a2m  >  0,  the  location  of  J 
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the  trajectories  is  shovm  iri  Fig.  4a. 

For  .mi'?  1,  we  carry  out  the  system  of  transformation: 

X.=  X,  ^  =1]2x;  X  a  X*  T}2  ss  T|^X$  ...}  X  =  X,  Tj._  J  ss  T^X, 

as  a  result  of  which  the  system  (16)  takes  the  form: 

dx/dt  =  \  x\ 

d  ?):  dt  s=  —  /  -f*  «2*x2m“aHi  [  1  -f  //  (*))  -f-  ^ 

+  &«*"  <HI  ‘<h  IH-tf  (a-) I  +  •'i-  */,  (*,  kj(). 

(This  can  be  easily  established  by  the  method  of  induction). 

We  consider  separately  two  cases. 

1.  Let  b  =  0,  or  b  ^  0  but  ni^  m  >  1.  We  write  down  the 
system  (17)  for  i'  =  m  in  the  following  form: 

dxfdt  =  %,  X, 

d  k|  Jdt  -  —  m  i?m  4-  (hn,x  1 1  -f  h  ( x) j  4-  xfm  (x,  %,) .  (18} 

For  this  system  the  point  Om(0,0)  is  a  saddle  by  virtue  of  proposi¬ 
tion  IV.  Let  us  consider  the  system  (17),  assuming  that  1  ir  i  ir  m 
-  1.  In  this  case  2m  -  2i  4  1  3  and  n  ~  i  +  li?  2;  consequently, 

for  each  number  i  the  direction  in  which  the  trajectories  of  the  sys¬ 
tem  (17)  can  approach  the  point  CL(0,0)  of  the  plane  (x  ,q.)  are  deter- 

2 

mined  by  the  equation  xrj^  =  0.  Here  two  and  only  two  half-trajec¬ 
tories  (namely,  the  two  semiaxes  x  =  0)  enter  the  point  CL  in  the 
direction  x  =  0,  by  virtue  of  proposition  HI.  The  remaining  half¬ 
trajectories  of  the  system  (17)  (i  =  1,2,. .  , m  -  1)  entering  the 
point  CL(if  there  are  such)  enter  this  point  in  the  direction  -r^  =  0. 
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To  each  half-trajectory  there  corresponds  a  half- trajectory  entering 

the  point  5  j  by  virtue  of  the  properties  of  the  transformation 

-  a«  x«  x  ax.  This  half- trajectory  belongs  to  the  system  (17} 

!i  'i-H 

and  corresponds  to  the  value  i  —  i  +  1.  This  correspondence  is 

single  -  valued  if  one  does  not  take  into  account  the  half-trajectories 

x  =  0,  tj.  >  0  and  x  =  0,  ij.  <  0.  For  the  system  (18),  as  was  demon- 

strated  in  proposition  IV,  except  for  the  half- trajectories  x  -  0, 

n  >0  and  x  =  0,  p  <  0,  there,  exist  two  and  only  two  'half- trajee- 

*m.  in 

fcories  entering  the  point  0^(0, 0).  Then,  for  each  of  the  systems 
(17)  (for  arbitrary  i  <  m),  including  the  system  (16),  there  exist 
two  and  only  two  half-trajectories  entering  the  point  O.  (except  far 
the  half- trajectories  x  ~  0,  >  0  and  x  »  0*  <  0).  Consequently, 

the  point  0^(0,  0)  is  a  saddle  point  for  the  system  (16),  while  the 
location  of  the  separatricea  will  be  the  same  as  for  the  saddle  point 
0  (0,  0}  by  virtue  of  the  properties  6f  the  transformation 

x  »  X  (i  a  1,2, . . .  ,in  -  l)j  the  point  is  determined  by  the  sign  of  the 
number  a~  -  It  therefore  follows  from  the  same  considerations  as 

CfYX'k 

the  case  m  ~  1  that  the  point  0(0,0)  of  the  system  (15)  is  a  degen¬ 
erate  singularity, 

Z.  Now  let  b  ’  0  and  m  >  n't 1  1.  For  i  =  n  the  system  (17) 


has  the  form: 


dxfdt  k  x; 

d%fdi  -  |1  -r  h  (a*)1  —  ff‘ll  + 

+  MTJfl  [i  r-  g  (*)|  +  rtnXfn  (X,  *}»)■ 


L 


(19) 

J 


.  176  . 


r 


n 


Here  2m  -  2n  +  1  >  3,  so  that  the  direction  in  which  the  trajectories 
can  enter  the  point  C>n(0,0)  are  determined  by  the  equation 

i  xqn[(n  +  !)%  "  bnxl  “  (20> 

In  the  case  considered  two  and  only  two  trajectories  (x  =  0, 

tp  >  0  and  x  =  0,  r\n<  0)  enter  the  point  6^  in  the  direction  x  =  0 

{proposition  HI).  It  follows  from  Eq.  (20)  that  there  also  exist  two 

directions  n  =0  and  -n  =  b  (n  +  l)_1x  in  which  the  trajectories  of 
*n  ‘n  n 

the  system  (19)  can  enter  the  point  O  .  Applying  the  transformation 
x  =  x,  qn  =  T)n^-ix»  we  investigate  the  demonstrated  directions, 
system  (19)  in  this  case  takes  the  form: 

dx\dt  ~  X  \ 

=  -  («  +  1)  >g+,  +  n*.  h  Ml  + 

+  l1,!  %-t-l  I  I  4"  g  Ml  4  tf’l+t  (*■ 

It  is  easy  to  see  that  for  the  system  (21)  the  r\n+^  axis  is  com- 

bR 

posed  of  half-trajectories  and  the  points  Oj^0»g"jf'  )»  O.->(0,0)  are 
singular.  Thus  one  can  apply  proposition  IH  to  the  system  (19).  By 
direct  calculation  we  obtain: 


b 

i.e.  ,  the  point  0-^0, )  is  the  saddle  point  of  the  system  (21). 
Furthermore,  we  have  for  the  point  C>2(0,0):  A  (0,0)  =  0  and 
6(0,0)  =  bn  ^  0. 

Such  singular  points  were  considered  in  [l].  They  can  be  one  J 


The 


(21) 
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of  the  following  three  forms:  nodal,  saddle  or  saddle-nodal.  The 
exact  form  taken  in  the.  given  fcase  can  be  determined  as  was  done 
[4]  (pages  37-39).  Actually,  in  the  given  case,  the  functions 
$(x)  and  £(x)  have  the  form:  - 


?  (X) 


dim 


x2m-2»  - I 


H  f  (x) 


X2m-2n  _j_ 


Thus  the  point  under  investigation  is  an  even  pole  and  by  virtue  of 
lemma  3  and  theorem  2  of  Par.  2  of  the  paper  [4]  it  is  saddle-nodal, 
the  open  nodal  region  of  which  is  located  to  the  right  of  the  TJn+1 
axiB  lf  a2m^  a***3  to  tk®  le*t  of  this  axis  if  ^m^  °*  T*1®11*  in 


accord  with  the  proposition  II  (case  3)^for  the  singular  point  of  point 
On  of  the  system  (19):  C  =  4,  N  »  1,  Nf  -  0. 

We  note  that  the  sign  of  the  number  bn  demonstrates  whether 
the  rough  saddle  Oj  of  the  system  (21)  is  located  above  the  saddle 
node  0.£  or  below,  while  the  sign  of  the  number  as  was  ®^own 

above,  determines  the  location  of  the  open  nodal  region  of  the  sad¬ 
dle-node  t>2  to  the  right  or  to  the  left,  of  the  ij  j  axis.  Taking  this 
into  account,  we  obtain  the  definite  location  of  the  trajectories  of 
the  system  (19)  in  the  vicinity  of  the  point  On  for  different  signs  of 

the  number  a,  and  b  . 

6m  n 

The  transition  from  the  system  (19)  to  the  system  (16)  is  the 


same  as  in  the  case  n^  m.  However, 
of  the  location  of  the  trajectories  of  the 

■  .  t 

^ties  of  the  transformation  *  ^+2X*  x 


because  of  the  peculiarities 
system  (19)  and  the  proper- 
—  x  (i  =1, 2 , . ,  . ,  n.  -  1 )  the  j 


1 


r 

case  herfe  when  n  is  an  odd  number  differs  from  the  case  when  n  is 
even.  It  is  easy  to  see  that  for  n  odd,  the  location  of  the  trajectories 
in  the  vicinity  of  the  singularity  of  the  system  (16)  is  the  same  as 
for  the  point  of  the  system  (19).  For  n  even,  the  location  of  the 
trajectories  in  the  vicinity  of  the  point  0^  *s  obtained  if  we  make 
a  symmetric  mapping  of  the  half-plane  (x,t|^)  (x^C  0)  relative  to  the 
x  axis  for  the  case  corresponding  to  odd  n  and  corresponding  to  the 
signs  of  the  numbers  and  b^.  On  the  basis  of  proposition  1,  we 
now  conclude  that  the  point  0(0,0)  of  the  system  (15)  is  saddle-nodal, 
since  for  this  point,  C  =  2,  N  =  1 ,  =  0.  It  is  not  difficult  to  see 

that  for  the  corresponding  signs  of  the  numbers  ^n* 

trajectories  in  the  vicinity  of  the  point  O  are  located  the  same  as  is 

shown  in  Fig.  3.  Thus  theorem  1  is  proved  completely. 

2 

Theorem  2.  Let  k  -  2m  ■*  1  and  +  4(m  +  l)a2mj.j  =  ^  in  the 

system  (15).  Then,  if  ®2m-H  ^  the  point  0(0,0)  of  the  • 

system  (15)  is  a  saddle  point  (Fig.  4b).  If  a2m+i  the 

larity  0(0,0)  is  1)  a  focus  or  center  for  bR  =  0,  while  for  0 

and  n  m  or  for  bnC^=  0,  n  =  m  and  X  <T  0;  2)  nodal  if  n  is  an  even 

number  and  in  this  case  ro  or  n  =  m  and  X  ^  0  (Fig.  4c);  3)  a 

point  with  a  closed  nodal  region  (see  page  3  )  if  n  is  an  odd  number 

and  n  ^  m  or  n  =  m  and  X  —  0  (Fig.  4d).  We  note  that  Fig.  4c  and 

4d  are  completed  under  the  condition  bnV  0;  in  the  case  b  ^  0,  the 

location  of  the  integral  curves  is  obtained  by  a  symmetric  mapping 

.relative  to  the  x  axis.  I 

L 
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Proof  of  theorem  2  is  carried  out  in  a  fashion  similar  to 
proof  of  theorem  1  and  we  shall  omit  it. 

For  determination  of  the  type  of  the  singularity  of  the  system 
(6)  there  is  no  necessity  of  transforming  froth  the  system  (6)  to  the 
system  (15).  The  numbers  k,  n,  and  which  characterize  the 
types  of  singularities  are  determined  by  the  early  terms  of  the  ex¬ 
pansion  in  powers  of  x  of  the  fun.ctj.ons 

*  '1>  (x)  =*  Q2  (x.,  f  (a))  ***  <>kx*  -4- 

\  ^  (A%  <P  (a))  «sr  !Jix  (A,  f  (a))  4  Qzy  (v,  f  (X))  = bn  a"  4'  •  *  •  > 

where  $(x)  is  the  solution  of  the  equation  y  4-  Qz(x.,y)  -  0  (see  [4], 
page  55). 
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THE  POINT  TRANSFORMATION  OF  A  STRAIGHT  LINE  INTO  A 

STRAIGHT  LINE 

[This  is  a  translation  of  an  article  written  by 
N.  N.  Leonov  in  Radiofizika  (Radiophysics), 

Vol.  H,  No.  6,  1959,  pages  942-956.] 

(Submitted  to  editor  June  30,  1959) 

(Abstract)  A  further  study  is  presented  of  the  point 
transformation  of  a  straight  line  into  a  straight  line 
in  the  light  of  problems  arising  in  the  investigation 
of  concrete  systems.  A  number  of  theorems  are  estab¬ 
lished  on  the  regions  of  attraction  of  fixed  points,  the 
bifurcations  of  multiple  fixed  points  of  a  sufficiently 
smooth  transformation  are  studied  and  the  bifurcations 
of  fixed  points  of  a  discontinuous  piecewise  linear 
transformation  are  taken  into  consideration. 

As  is  well  known,  the  study  of  many  vibrational  systems  met 
with  in  radiophysics  and  automatic  regulation  reduce  to  the  investiga¬ 
tion  of  a  point  transformation  of  a  straight  line  into  a  straight  line  [1-5]. 
The  method  of  point  transformations  was  developed  and  first  . 
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rapplied  to  problems  of  regulation  theory  by  A.  A.  Andronov  and  his 
co-workers  [1,2, 6, 7].  ■  The  systematic  exposition  of  certain  general 
questions  of  the  method  of  point  transformation  is  given  in  [8-10], 

The  iteration  method  developed  previously  [ll]  was  applied  to  the 
-  study  of  vibrational  systems  in  [12,  13].  The  principal  results  of 
this  method  were  used  in  the  method  of  point  transformation. 

Let  a  transformation  of  a  straight  Hue  into  a  straight  line  be 

given  in  a  certain  region: 

x  —  f(x).  (1) 

To  each  point  MQ(x0)  of  the  straight  line  from  the  region  of  definition 
of  the  transformation  (1),  which  we  denote  by  T,  there  corresponds 
a  succession  of  iterations  »  TM^,  M2  -  T  Mq>  ....  The  point 
M*  is  called  a  fixed  point  (f.p. )  of  the  transformation  T  if  TM*  =  M  . 
The  fixed  point  M*ls  stable  if  any  succession  of  iterations,  begin- 

v 

ning  in  the  sufficiently  small  region  around  the  point  M  ,  returns  to 
M*,  i.e.  ,  if,  for  any  suitably  small  s  >  0,  there  is  found  such  a 
6  >  0  that  for  any  xQ  6  (x*  -  .  **  +  >  ^arbitrary  k  the  inequality 

.  x^j  <  £.  The  fixed  point  M*  is  unstable  if  for  any  suitably 
small  e  >  0  there  is  found  a  diverging  sequence  of  iterations,  begin¬ 
ning  in  the  S  -region  about  the  point  M*.  The  necessary  and  suf¬ 
ficient  condition  for  stability  is  the  condition  [11]  |df(x  )/dxJ<  1,  and 

for  instability,  |df(x  )/dxj  1. 

The  point  such  that  x*  *  T^x*.  but  x*-^  T^x*  for  all 

m  <  n,  is  known  as  an  n-fold  fixed  point  of  the  transformation  T.  j 

L 


It  is  stable  if  |  df^x^/d*  |  <,  1,  where  is  the  nth  iteration  of  the 
function  f(x).  The  function  V  .  *  df^xfj/dx  is  known  as  the  charac- 

sjc  >}: 

teristic  root  of  the  fixed  point  M.  .  Together  with  the  point  f 

the  points  M*+1  -  T.M*  (i  a  1,  2, . . .  ,n  -  1)  are  also  n-fold  fixed 

* 

points  [11].  The  set  of  n-fold  fixed  points  M.  (i  a  1,2, . . . ,  n)  is 
called  cyclic  since  they  permute  cyclically  in  the  application  to  them 
of  the  transformation  T  and  consequently  the  succession  of  itera¬ 
tions  of  the  n-fold  fixed  points  T  is  periodic.  We  note  that  the  n-term 
cycle  of  the  transformation  T  is  stable  if  the  component  fixed  points 
of  the  transformation  T  are  stable;  the  n-fold  fixed  points  of  T  which 
comprise  the  cycle  have  the  same  characteristic  roots  [9]  and  con¬ 
sequently  they  are  all  either  stable  or  unstable. 

The  set  of  points  of  the  straight  line  the  iterations  of  which  re- 
duce  to  the  fixed  point  M  is  known  as  the  region  of  attraction  of  the 
fixed  point  M  .  The  region  of  attraction  of  the  n-fold  cycle  divides 
into  a  region  of  attraction  of  n-fold  fixed  points,  entering  into  it  by 
a  relation  to  the  transformation  Tn. 

It  follows  from  what  is  given  above  that  each  cycle  is  as  a 
whole  determined  by  one  of  the  n-fold  fixed  points  belonging  to  it. 
Therefore  everything  that  has  been  said  about  the  existence  of  the 
region  of  definition  and  stability  of  the  fixed  points  automatically 
applies  to  the  corresponding  cycle. 

In  the  first  part  of  the  work,  theorems  are  established  on  the 
jmaximum  possible  multiplicity  of  the  fixed  points  of  the  transformaj 
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rtion  (1),  and  the  known  theorems  on  the  regions  of  attraction  of 
stable  fixed  points  £14]  are  generalized  for  the  case  of  piecewise 
continuous  transformations. 

* 

In  the^  second  part  of  the  work  there  is  a  detailed  investigation 
■  (applicable  to  the  transformation  of  a  straight  line  into  a  straight 
line)  of  the  bifurcation  of  multiple  fixed  points  for  transitions 
through  the  surface  N+j,  N  ^  [9], 

As  noted  in  |9]»  in  addition  to  the  bifurcations  connected  with 
the  transition  through  N+1,  N  j,  bifurcations  are  also  possible 
that  are  brought  about  by  the  disruption  of  the  continuity  of  the  trans¬ 
formation.  In  the  third  part  of  the  work,  discontinuous  piecewise 
.linear  transformations  of  straight  lines  into  straight  lines  are  con¬ 
sidered  for  which  the  simple  fixed  point  is  absent  because  of  its  dis¬ 
continuity.  In  this  case  a  division  of  the  space  of  the  parameters  is 
made  into  a  region  of  existence  of  fixed  points  of  various  types.  We 
note  that  the  discontinuous  point  transformations  have  already  been 
frequently  investigated  in  connection  with  concrete  cases  of  vibration 
theory  and  automatic  regulation  [2-Sj. 

1.  FIXED  POINTS:  THE  EXISTENCE  OF  REGIONS  OF  ATTRACTION 
We  suppose  a  point  transformation  of  a  straight  line  into  a 
straight  line  x  ~  f{x),  where  x  (a,b). 

Theorem  1.  Let  f(x)  be  a  continuous  function  increasing  in  the 
interval  (a,b).  Then  the  transformation  T  has  only  a  simple  fixed 
point  of  alternating  stability. 
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We  assume  that  T  has  an  n-fold  fixed  point  x, Then  T  has  a 

if,  if  if:  ^  if  sfc  , 

cycle  k^,  ...»  x  ,  where  Xj  =  f(xn),  xi+ j  *  ffx^)  (i  »  1,2,.., ,  n  -  1), 
and  x.  ':zf:  xT  for  i  For  definiteness,  let  x^  *>  Xp  then,  by 

sjs  ^  tfc  ,  ,  if  ajc  , 

virtue  Of  the  fact  that  f  is  increasing,  x^  <.  Xg  %  «»•  <  x  x j  <, 

<C  . .  . ,  whence  kj.  The  requiting  contradiction  proves  the 

theorem. 

Since5;  £  is  a  continuous  function,  then  neighboring  fixed  points 
of  T  cannot  have  identical  stability.  Therefore,  on  the  basis  of 
theorem  1  of  reference  [14],  it  can  be  established  that  the  interval 
(a,b)  divides  into  unstable  fixed  points  of  T  on  the  region  of  attrac¬ 
tion  of  stable  fixed  points.  The  boundaries  of  the  regions  of  at¬ 
traction  of  each,  stable  fixed  point  coincide  with  the  unstable  fixed 
points  of  T  closest  to  it. 

Theorem  2.  If  f(x)  is  a  continuous  function  decreasing  into 
the  interval  (a,b),  then  T  can  have  fixed  points  of  multiplicity  not 
greater  than  two  and  not  greater  than  one  simple  fixed  point. 

Actually,  there  cannot  be  two  different  simple  fixed  points 

$  #  A:  # 

x  j  and  X£  of  the  transformation  T,  since  for  x  ^  x^»  we  come  to 
a  contradiction  (by  virtue  of  the  fact  that  f  is  decreasing)  because  it 

5jc  .  #  jjs  !{!  _  ,  J2 

follows  from  f(x  j)  f(x that  x  x .  The  function  f[f(x}]  «  t  (x) 

is  obviously  continuous  and  increasing  (&,b)„  Therefore  j>n  the 

2 

basis  of  theorem  l^the  transformation  T  has  only  simple  fixed 

2 

points  of  alternating  stability.  Since  the  fixed  points  of  T  are 

xx  »  -  j) 

fixed  points  of  T  [ll](and  there  are  no  other  fix.ed  points  of  T‘  )  j 
I  **«» 


.18? 
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(on  the  basis  of  theorem  1)  then  there  can  be  no  transformation  T  of 
fixed  points  of  odd  multiplicity  greater  than  unity. 

One  can; generalize  theorems  1  and  Z  to  a  broader  class  of 


functions  £{f),  namely,  to  the  class  of  functions  almost  everywhere 
continuous  in  the  interval  (a, b),  which  satisfy  certain  additional  con 
ditions  which  will  be  supplied  below.  From  proof  of  theorem  3  (see 
below)  we  require  the  following  verification. 

Let  f(x)  be  a  function  which  is  almost  everywhere  continuous 


in  the  interval  (a,b)»  having  discontinuities  of  two  types:  at  points 
a.,  the  values  of  f(a^  ~  g)  f(a^  g)  are  simultaneously  either  larger 

or  smaller  than  a. ,  while  at  the  points  of  discontinuity  b,t  f(b.  g)< 

/ 

<  h.  ■'  f(b,  ^  g).  Moreover,  let  T  have  simjble  fixed  points  a.. 

•  ^  J 

Then  between  any  two  points  h  there  is  at  least  one  point  a,. 

J 

For  proof  of  this,  let  us  assume  that  there  are  no  points  <r, 
in  the  interval  (b.  ~  1,  b.  ).  Then,  in  the  vicinity  of  b.  -  i,  the 
function  f(x)  ^>x,  in  the  vicinity  of  L,  ffx)^  x,  and  in  the  interval 
(b.  _  j ,  lx),  the  difference  f(x)  -  x  must  change  sign.  There  are  no 
points  a.  in  the  interval  (b.  j,  b).  Consequently,  there  mfctet  exist 
such  a  point  y  that  f(y-O)  >  y  -y  f(y  +  0);  however,  by  the  condition 
on  f(x),  there  are  no  such  discontinuities.  Therefore,  there  must 
be  at  least  one  point  a.  in  (h.  j»  b.). 

Theorem  3.  Let  the  points  b.,  divide  the  interval  (a,b) 
into  the  intervals  (  G"  (which  we  denote  by  d  k).  Then  the 

^transformation  T  can  have  only  simple  fixed  points.  Efach  stable  J 
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fixed  point  a,  has  its  region  of  attraction,  which  is  bounded  by  the 

neighboring  b,  or  by  unstable  «... 

1  J  -» 

The  proof  of  theorem  3  is  similar  to  what  was  given  for 

theorem  1.  There  are  neither  a,  nor  b.  in  the  interval  6,  •  Conse- 

J  *  ** 

quently,  in  6k  the  function  f(x)  is  only  larger  or  only  smaller  than 
x,  and  T  has  only  simple  f.  pi  in  the  Vicinity  of  ®  f(x)  x,  if 
x  *>  CTj,  and  f(x>  <  x  if  x  <  0“  ^  As  x  departs  from  <3Y  *  the  dif¬ 


ference  f(x)  -  X  can  change  sign  only  continuously,  -which  follows 
from  the  conditions  laid  on  f(x),  while,  since  in  the  range  (<j  i_j, 
q'i)  the  function  f(x)  <  x,  vfcile  in  { (T/  ,  ),  the  function 

f(x)  >  x,  then  ^  w  is  a  stable  point  a y 

Let  ^  and  ^  be  stable  Ay  Then  f(x)  <xin  the  right 
semicircle^-,,  ,  and  f(x)  'y  x  in  the  left  semicircle  •  Since 
there  are  neither  a.  nor  p  in  6^  then  f(x)  is  either  always  greater 
than  x  or  always  less  than  x  in  6^.  Thus  CH _ ^  cannot  simul¬ 

taneously  be  stable  points  a^. 

It  follows  from  what  was  said  above  that  1)  the  stable  fixed 

points  a.  on  the  one  hand^hnd  the  points  lx  with  unstable  points 
3 

cm  the  other^ alternate,'  2)  if  in  6^.  the  function  f(x)  y  x  (or  f(x)^  x), 

thenin6k_x,  6k+1,  f(x)^  x  (f(x)  x). 

Let  a,  be  a  stable  f. p.  of  the  transformation  T  which  is  a 
3 

boundary  point  for  the  intervals  6k»  8k^.  intervals  6k  and 

§k+i  serve  as  a  region  of  attraction  of  the' points  o^.  In  6k  there  is 
jthe  inequality  a^.  >  f(x)  >  x,  in  6k+1  the  relation  f(x)  <  x.  J 
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^Consequently,  the  succession  of  iterations  ^xn\  of  an  arbitrary 
point  of  the  intervals  6^,  6^.^  converges  and |cv/n ->■**'>,  x^— ^  o^. 

Theorem  4  follows  from  theorem  3. 

Theorem  4.  If  f(x)  is  such  that  f  [f(x)j  satisfies  the  conditions 

“  of  theorem  3,  then  the  transformation  T  can  have  fixed  points  of 

multiplicity  not  greater  than  two.  . 

In  particular,  if  f(x)  is  a  function  almost  always  continuous  in 

usftere 

(a,b),  which  does  not  increase  in  the  regions  of  discontinuity,  than 

,  ‘  n  '  ■  s 

at  the  point  of  discontinuity  f(ai-Q)  ^  f{ai+Q),  then  f  (x)  satisfies  ; 

the  conditions  of  theorem  3. 

2.  BIFURCATION  OF  MULTIPLE  FIXED  POINTS  OF  THE  TRANS¬ 
FORMATION  OF  A  STRAIGHT  LINE  INTO  A  STRAIGHT  LINE  FOR 
TRANSITIONS  THROUGH  THE  BOUNDARY  SURFACE  N+][J  N  j 
Let  the  transformation  T,  which  depends  on  the  parameter  \i 
and  which  consists  of  successive  applications  of  the  transformations. 

,  „  .  (2.1) 

V  ss  r/\  X  *=/,  (A\  y) ; 

Zr=rzK“/,(K,  I*),; 

(2.2) 

3^5 

have  a  binomial  cycle  N\^,  Nl^  at  p  =  0  such  that  M2  =  TjM  j, 

M1  3  T2M2‘  Here  Mt  is  &n  of  the  transformation  T2T1»  M2 

is  an  f .p.  of  the  transformation  The  characteristic  roots  of 

the  points  M  j  and  are  equal  to  one  another  [9]* 

3{C 

Let  us  first  consider  bifurcation  of  the  f. p.  M  ^  and  M2  i*1 
case  in  which  their  characteristic  roots  are  equal  to  +1.  Let  j 
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be  the  coordinates  of  the  point  M  ^  and  let  the  transfor¬ 


mation  Tj  have  the  form: 


y  -  P,a  4  .  .  .  4  p*,  .4  4- - 


(2.3) 


in  the  vicinity  of  the  point  Mj[Xj,f1(X1,p)],  and  the  transformation 
T2  in  the  vicinity  of  the  point  -  T^Mj, 

z-M4...+\/H...,  (2.4) 


where,  for  p  -  0, 

<*2.-  *3 


■  ,  a  Pj®  pa  =r  ,  =0  ; 

«i=:o'(4>o>  p,  =  p,  4  0,  0,  ^40. 

Then  the  transformation  P  =  in  the  vicinity  of  can  be  written 


in  the  form 


•v  ~  Yo  +  T.*  +  •  •  .  4  Ym -Vm  f-...  , 


(2.5) 


where,  for  p  =  0, 

7o  —  Y*=  Y3~...  =Y*  1=0;  Y,~l:  7 m4  0; 

///  =  min  (£,.  £*):  7o  —  4 /z  J /1 4V,,  fi),  uj; 

(2.6) 

y„  ~  I  *,  [  I  Pi  •••?/,]  (flS5l  2 . m). 

#'  1  \  -•  4  »  ' 

For  x  »  x  =  x  ,  we  obtain  the  equation  for  the  coordinates  of  the  f.  p. 


where 


4  4  M*  ...  4  4  ,(.v*)'"-*  4  (A**)*”  «=-(), 


(2.7) 


^ (Yj  1  Hy>*  4- A^Yw-h  4  •••!  '*  =-T/  Iy,«  4  i4...J~’ 

(/  =  0.  2,  3.  1). 


(2.8) 


For  p  =  0,  6^  =  0  (i  =  0, 1, . . .  ,m  -  1)  and  (2.  7)  has  an  m-fold  null 
jToot,  According  to  the  theorem  of  Weverstrass  [15],  for  a 
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sufficiently  small  |x,  the  equation  (2.  7)  has  not  more  than  m  roots 
which  approach  zero  for  \x  0,  The  matrix  of  the  quantities 


a 


ha 

dat 


p  Ik  0 


uv  p  4  w 


__ 


(—1,2 . ») 

|0Cj,  p  — H 


J  a  «  v  u  &!'  a 

m 


has  the  rank  m.  Therefore,  in  the  vicinity  of  the  point  «vm.j 
P1#. « .  ,  (3^  )  such  that  jj.  a  0j  the  system  (2.  6}  is  solvable  relative  to 


mf 

a.  (i  »  1, ...  ,ra)  in  terms  of  y.  and  p  .  The  vicinity  of  the  point 

j  q 

(S,vj  . . .  ,  8  , )  *  can  be  divided  into  the  region  of  the  existence  of 

v  0  ja-  l'^aO 

identical  collections  of  real  roots  of  the  equation  (2.  7),  i.  e. ,  into 
the  region  of  existence  of  identical  collections  of  f.p.  P.  As  is  well 
know#, the  real  roots  of  (Z.  7)  can  appear  and  disappear  only  in  pairs. 
If  {2,  7}  has  the  roots 

\  x2h  s  i\j  -f  i  $j,  xtJ  -  r\j  —  iy  (j  =- 1 ,  2, . ....  /».  2 p  <  m); 
xv»-H  =  5/  (/  “•  1,  2,  .  . . ,  m  —2p). 


then  the  coefficients  6^  are  polynomials  in  £,  ,  ^  , 

l  *,  =  ^  ty,  «>).' 


(2.9) 


and  in  the  vicinity  of  the  point  t i  ,  the  region  Q  of  the  existence  of 

two  p  complex  roots  is  divided  from  the  region  Q  ,  of  the  existence 

P” 

of  $wsai^>~2  complex  roots  by  the  surface  .  The  equation  of  this 
surface  is  obtained  in  parametric  form  from  {2.  9}  where  one  of  the 
quantities  )(  is  equal  to  zero. 


L 


It  is  not  difficult  to  note  that  all  the  regions  Q  (p  =  0, 1, . . . 
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where  is  the  nearest  integer  less  than  or  equal  to  0.  5m »  but  the 
line  on  which  all  the  roots  of  Eq.  (2.7)  are  equal,,  Therefore,  in  the 
bifurcation,  the  complicated  fixed  point  chn  be  broken  up  into  m  -  2p 
simple  f.  p„  (p  ~  0»  1, .  .  .  »Pq). 

Now  let  the  point  H{60,  Sj , .  . .  ,  5m  j),  in  motion  along  a  cer¬ 
tain  curve  in  the  vicinity  of  j\_  ,  pass  through  all  Q  beginning  with 
p  «  pQ.  La  the  region  there  are  no  fixed  points  for  m  even,  for 
m  odd  there  is  one  fixed  point.  In  the  motion  of  the  point  H  inter¬ 
sects  the  surface  y  ,  as  a  result  of  which  two  fixed  points  are  pro- 

P 

duced  each  time,  one  stable  and  the  other  unstable  [9].  Thus,  for 
even  m,  the  number  of  stable  fixed  points  is  equal  to  the  number  of 
unstable,  for  odd  m  it  is  one  greater  than  the  points  of  stability  pro¬ 
ducing  fixed  points.  For  sufficiently  small  p,  y^  “  and  ifit  close 

* 

to  unity;  in  a  sufficiently  small  vicinity  of  the  pant  M  ,  the  expres¬ 
sion  {2.  5)  is  an  increasing  function  of  x.  According  to  theorem  1 
the  fixed  points  of  different  stability  alternate. 

Thus,  the  following  theorem  is  valid: 

Theorem  5.  Let  the  transformation  T  which  consists  of  the 
successive  applications  of  transformations  Tj  and  T-,  which  are  de¬ 
scribed  by  the  equations  (2.1)  and  (2.2)  be  such  that  the  equation 
x  -  T,T,x  haws  at  u.  =  0  an  ra-fold  root.  Then  T  has  for  p  =  G  a 
complicated  binomial  cycle,  which  is  divided  for  sufficiently  small 
p  into  not  more  than  m  binomial  cycles  of  alternating  stability.  For 
^even  m  the  number  of  binomial  cycles  is  even  and  the  number  of 
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stable  cycles  is  equal  to  the  number  of  unstable.  For  odd  m  the 
number  of  cycles  is  odd  and  is  one  larger  than  the  number  of  cycles 
of  stability  of  the  generating  cycle. 

We  now  turn  to  the  study  of  the  bifurcation  of  complicated 
“  fixed  points,  the  characteristic  roots  of  which  are  equal  to  -1.  In 
this  case  the  transformation  T  for  all  sufficiently  small  p  has  the 
fixed  points  Mj,  Uz>  in  the  vicinity  of  which  the  transformations 
Tj^  and  are  described  by  the  expressions  (2.  3)  and  (2.  4).  The 

<r  1$C 

transformation  T  =>  T£T^  in  the  vicinity  of  Mj  has  the  form: 

T=~,x+...  +  +  ,  (2.io) 

where  for  p  =  G 

Yi  «  —  1,  ~  —  Yrn-t  =  o.  Ym  "f  °*  m  —  min  (*»,  *2). 

2 

while  the  transformation  P  is 

X  —  Vi*  4*  V#4:3  4*  ...  -f  vw  A*"  -4“  ...  ,  (2.  11) 

where  for  p  =  0 

v,  —  !  ,  V2  V3  *  ...  =  V„  J  =  0,  v„  #  0. 

In  (2. 11)  n  =  m,  if  m  is  odd,  and  n  =  m  +  1  if  m  is  even,  since  for 

¥■  ~  £ 

— n  +  (“i)w  *|  A-m —  T,+l  J i  4-  (-l)wj  X"**  -K . .  ; 

vj  ^  Z  1/  [  21  T ’/,•••  Y jj  j  (5  *ss  1,2,...,  /»)•  (2.12) 

The  coordinates  of  the  fixed  points  of  which  differ  from  M  j  are 
determined  from  the  equations 

(v,  —  I )  -+•  +  ...+  =0  .  (2.13J 
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Equation  (2.13)  has  for  p  =  0  a  zero  root  of  multiplicity  (n-1). 
Consequently,  (2, 13)  will  have  n-1  roots  for  sufficiently  small  p 
which  approach  zero  as  p  0  [15].  The  Jacobian  of  the  system 


(2. 12)  is  equal  to  zero,  since 


"  H 


0  ,  f  ^2  s 

-]l~f  (  — 1)^1  ,  rxts 


and  the  system  {2. 12)  is  not  solvable  relative  to  y..  In  the  proof  6f 
theorem  5,  the  essential  point  was  that  we  could  arbitrarily  change 
the  roots  of  Eq.  (2.7),  inasmuch  as  to  each  set  of  roots  of  the  equa¬ 
tion  (2.  7),  there  corresponded  a  definite  surface  in  the  space  of  the 
coefficients  a, ,  a,, . . .  ,  a  ,  p. ,  P,,.  . . ,  p  .  One  can  also  change 
the  roots  of  Eq.  (2. 13)  arbitrarily,  since  the  system  (2.  12)  is  actu¬ 
ally  solvable  relative  to  yi  (one  can  reduce  it  to  the  form  for  which 
the  Jacobian  for  pO  differs  from  zero).  One  can  do  the  latter  by 
dividing  all  equations  with  even  s  by  (1  +  y^),  under  the  condition  that 
(1  +  y j, )  has  the  order  of  smallness  not  greater  than  p. 

Let  us  consider  the  Jacobian  of  the  new  set  of  equations.  The 
odd  rows  consist  of  zeros  except  that  the  main  diagonal  consists  of 
-2.  The  even  rows  to  the  right  of  the  main  diagonal  are  zeros,  to 
the  left  are  finite  quantities  or  zeros  and  on  the  main  diagonal  are 
-1.  Actually, 

«/=-£-(  =H(  S  Ty1-"T/,)(I  +ti)-1  ]  + 

'  \~\~~f\ /  P-0  !«  *0  >>+-.. +-//.=2<7  ' 


(2.14) 


+  T“J - 7—  (T*> 

H-Y.  <*h 


jif  r  p  1.  The  Becond  component  for  r  2q  is  equal  to  zero.  If  J 
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r  >  2qt  then  even  the  first  component  is  equal  to  ssero.  If  r  *■;'  2q, 
then  under  the  summation  symbol  at  least  one  of  the  j.  is  not  equal 
.  to  1  in  each  component.  Since  these  y.  have  the  order  of  smallness 
not  less  than  p,  then  the  limit  in  (2.  14)  Is  the  quantity  which  is  finite 
'  or  zero.  If  r  =  2q,  then  ■ 

■w  **  » ini  [  ( -ft  -I- 1 ,}  (i  -H »)  ■  ■]  *“  ^  jj'  I  T.  0  4  T»  4“  t!*' 1  *  ~ 

Now  let  r  «  1.  Then 


[  f  i  ?<t 


0  +  7,4--.4-T^  *)+*(!  4  7»)‘ 


5,/  t 
-»  V  y 

4*1  If  { 
i  2 


'IV, 


+i 


ht 


U-  1 . 

V2A~>} 


The  derivative  of  the  first  component  on  the  right  side  of  (2.  15)  for 
p  »  0  is  equal  to  zero  or  a  finite  quantity.  Upon  differentiation  of  the 
second  component,  a  quantity  is  obtained  in  the  denominator  of  the 
order  of  magnitude  of  p4  .  Under  the  summation  there  is  in  each  com¬ 
ponent  not  less  than  two  coefficients  y  with'  signs  different  from  l, 
i.  e.  ,  having  the  order  of  magnitude  p.  Consequently,  the  limit  of  the 
derivative  of  the  second  component  on  the  right  hand  side  of  (2.15) 


for  p  •aj,  0  is  a  finite  quantity  or  zero.  Thus  the  Jacobian  of  the  new 
system  for  p  »  0  differs  from  zero  and  the  system  can  be  solved  rela¬ 


tive  to  Y?;*  * 


»Y 


rn 


+ 


.  „  for  sufficiently  small  p: 


•7,  «  — /v7,  7;  «  ft  (  e»  v3,  o4t  %,  v„  -4-  ... )  </»  2,  3,  ... ,  -ff— 1); 


fff  4  ... —  (c2,  *3,  ....  v„ 


where 


L 


3/  ®  v>  ( 1  -  V  v! 1  (7 2,  4.  ....  //  —  1 ) . 


J 


/ 


It  is  now  necessary  to  carry  out  a  subdivision  of  the  vicinity 

of  the  point  N  Hr,  +~  <  #  *  f°r  sufficiently  small  p 

2 

into  the  region  of  existence  of  identical  collections  of  f.  p.  P  ,  If 
is  the  root  of  Eq.  (2.  13),  then  x^  -  Pxq  is  also  a  root  of  (2,  13), 
since  -  x* .  This  is  valid  both  for  real  and  for  complex  x 

It  follows  from  (2.10)  that 

<  +  <===(  4- ...  4  ...  .  (2.17) 

jfc  $ 

For  sufficiently  small  x  ^ ,  Eq.  (2. 1?)  is  a  quantity  of  order  px  ^ , 
with,  accuracy  within  which  =  -x^.  Neglecting  quantities  of  order 
px  j  and  above,  we  obtain  from  (2. 13)  that  V  £q~  sijlc:e  n  “  *  is 
an  even  number.  Now  let 


Wv.  +  -)-‘  (<=1.2 .  *-!):  W>,- -!)(*»+■•■)  p- 18> 


(x»)‘ 


HI 


1  =2*. 


Then  (2.13):  takes  the  form: 

+  *,y*  -f ...  +  i(y*)*-*  4  (y*)*  *  0  ■ 


(2 .19} 


if 


(2.  19)  has  real  roots  and  complex  roots  4  ifc  0-1..... 


p;  1  =  1,2, ...  ,k  -  2p),  then  6^  are  the  polynomials  (2.  9).  Setting 

one  of  the  in  (2.9)  equal  to  zero,  t  of  the  ^  being  positive  and 

the  remainder  negative,  we  obtain  the  equation  of  the  surface  11^.  which 

divides  the  region  and  Gt+j  in  the  vicinity  of  the  point  A  (6g, 

.  . . ,  *8  t^ie  r^2*on  °*  existence  of  t  positive  real  roots  of 

Eq.  (2. 19),  i*  e. ,  the  region  of  existence  of  2t  fixed  points  of  the 
2 

transformation  P  or  t  binomial  cycles  P).  Evidently,  all  regions 
al^t  the  point  A  (p  =  0),  and  for  sufficiently  small  p,  the  J 
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initially  complicated  fixed  point  Mj  is  divided  into  a  simple  fixed 
point  and  t  binomial  cycles  if  for  this  p  the  point  H(  %  . . .  ,  &  k_|) 

falls  on  fee  surface  G  .  It  should  be  noted  that  when  the  point  H 

Xr 

passes  from  Gt  to  Gt+1  through  the  surface  Rt  in  a  change  of  p,  then 
’  in  the  appearance  of  a  new  binomial  cycle  of  the  transformation 
fee  simple  f.p.  changes  its  stability,  giving  up  the  stability  'fetch  it 
possessed  in  G,  to  fee  new  cycle.  Therefore,  if  the  point  H  is  in 
fee  region  G,  with  even  t,  then  the  simple  f.p.  P  possesses  fee  stability 

«  t 

of  the  generating  point;  if  t  is  odd,  then  the  stability  of  the  simple 
f.p.  is  contrary  to  fee  stability  of  fee  generating  f.p.  For  sufficiently 
small  p  the  quantity  is  close  to  -1,  while  Z)  ^  is  close  to  +1,  and 
consequently  the  transformations  P  and  P2  are  represented  by  mono- 
tonic  functions  in  a  sufficiently  small  region  about  the  pcs nt  M  y 
Therefore,  for  sufficiently  small  p  fee  stable  and  unstable  cycles 
alternate,  since  the  f.p.  of  F2  of  different  stability  alternate  and 
x_  =  -sc.  wife  accuracy  up  to  quantities  of  higher  order  of  smallness 

£t s  X 

(theorem  1).  From  the  above  follows 

Theorem  6,  Let  fee  transformation  T,  consisting  of  successive 

applications  of  the  transformations  T^  and  Tg»  which  are  described 

2 

by  equations  (2,  1)  and  (2,2)  be  such  that  fee  equation  x  =  (T^T^)  x 
has  an  n-fold  root  for  p  ~  0.  Then  n  is  odd  and  T  has  a  complex 
binomial  cycle  for  p  “  0  which  decomposes  for  sufficiently  small  p 


into  not  more  than  one  binomial  and  n  - 


^cycles  of  different  stability  alternate. 


1  four-term  cycles.  The 
If  the  number  of  four-term 


J 
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cycles  is  even  then  the  binomial  cycle  possesses  the  stability  of 
the  generating  binomial  cycle  and  the  number  of  stable  and  unstable 

four-term  cycles  are  even.  If  the  number  of  the  four-term  cycles 

*  / 

is  odd  then  among  them  there  is  one  more  cycle  of  stability  of  the 
generating  cycle  while  the  stability  of  the  binomial  cycle  is  opposite 
to  the  stability  of  the  generating  cycle. 

The  results  of  theorems  5  and  6  can  be  applied  to  the  trans- 

I  . 

formation  T  consisting  of  the  successive  applications  of  the  trans¬ 
formations  Tj, .  . .  ,  T  ,  which  depend  upon  the  parameter  p,  in.  this 
case  the  cycles  will  not  be  binomial  and  four^termed,  but  p~termed 
and  2p-terrned,  respectively.  Proof  is  completely  analogous.  ' 

Let  the  transformation  T  of  a  straight  line  into  a  straight  line 
have  an  n-fold  fixed  point  M  ^ .  The  points  T  Mj  are  also 

n-fold  f.  p.  of  the  transformation  T.  If  T  in  the  vicinity  of  Lb  is 
denoted  by  T.  ,  then  the  problem  of  the  investigation  of  bifurcations 
of  n-fold  f.  p.  pf  the  transformation  T  in  transition  across  the  sur¬ 
face  N+j,N_j  reduces  to  the  problem  of  the  study  of  bifurcations  of 
f. p,  of  the  transformation  consisting  of  successive  applications  of 
the  transformations  T^, .  .  .  ,  T  .  In  this  case  the  following  theorems 
are  valid. 

Theorem  7.  Let  the  transformation  T,  which  depends  on  the 

& 

parameter  p,  have  an  m-fold  fixed  point  M  at  the  point  p  =  G,  such 

❖  xn  £ 

that  the  equation  M  =  T  M  has  an  n-fold  root.  Then,  for  suf- 

jjij 

ficiently  small  p,  the  point  M  divides  into  not  more  than  n  m-fold  J 


199  • 


'1 


fixed  points  of  the  transformation  T  of  alternating  stability.  F or 
even .n,  the  number  of  fixed  points  is  even  and  the  number  of  stable 

.points  is  equal  to  the  number  of  unstable.  For  odd  n,  the  number 

.1  ' 

of  fixed  points  is  odd  and  the'  number  of  f.p.  of  stability  of  the  gen- 
“  erating  fixed  point  is  one  larger  than  the  number  of  f.p.  of  the  oppo¬ 
site  stability. 

Theorem  8.  Let  the  transformation  T  which  depends  on  the 
parameter  p  have  an  m-fold  fixed  point  M  at  p.  =  0,  such  that  the 

•jj;*  2  Jjc 

characteristic  root  is  equal  to  -1»  and  the  equation  M  ~  T  M  has 
an  n-fold  root.  Then  n  is  odd  and  for  sufficiently  small  p,  the  point 
M*  decomposes  into  not  more  than  one  m-fold  f.p..  and  n  -  1  2 m -fold 
f.p.  Fixed  points  of  different  stability  alternate.  The  fixed  points 
of  the  stability  which  M*"  possesses  les^ larger  by  one. 

3.  DISCONTINUOUS  PIECEWISE  LINEAR  TRANSFORMATION  OF 
A  STRAIGHT  LINE  INTO  A  STRAIGHT  LINE 
Let  tire  transformation  T  have  the  form: 


j  7’,.v  =  a  -f  X,w  ,  -x  <0 

1  T-iX—  —h-\~hx  .  .'*>()'  {3.1) 


where  a  >  0,  b>  0  and  x  =  0  is  the  point  of  disruption  of  the  con¬ 


tinuity  of  T. 

The  transformation  T  is  characterized  by  three  parameters-- 
X  i»  X2  and  A^  =  ab 

Let  us  consider  the  following  cases:*  1}  0<Xj<  1,  0<  X 2  <  *  > 
2)  X  J  <  0,  0<  X2  <  i;  3)  X1(  X2  <  o;  4)  X?  <  0,  0<  Xj  <  I.  In  J 
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-e&ch  case  we  carry  out  investigation  of  the  point  transformation  and 


construct  in  the  space  of  the  parameters  the  regions  of  existence  of 
fixed  points  of  various  types. 

1)  In  the  first  case*  the  transformation  T  is  a  compressing 
“  one.  It  is  not  difficult  to  see  that  each  successive  iteration  leads 
into  the  interval  (-b,  a),  from  which  one  can  not  leave.  All  are  cycles 
of  the  transformation  T  by  virtue  of  the  fact  that  it  is  compressing,  ah (J 
stable. 

Transformations  of  the  form  T^1  T^,  where  rn  and  n  are  larger 
fh«n  1,  are  impossible,  since  in  the  opposite  case  it  would  be 
T{-b}<  0,  Ta  >  0  simultaneously,  whfence  >1  which,  contra- 

diets  the  assumption  X  jX, 2  <  1* 

We  divide  the  cycles  of  the  transformation  T  into  classes  of 
complexity.  We  call  cycles  of  the  first  complexity  those  which  con¬ 
tain  f.p.  of  transformation  of  the  type  T^Tj,  T^T^. 

Transformations  of  the  type  T^T^  are  possible  if  T(-b)  >  0, 
i.  e. ,  A  j  >  X  j.  In  this  case  we  consider  the  transformation 
of  the  interval.  (~b,  0}  into  itself,  so  that  each  point  of  this  interval, 
aa  the  result  of  application  of  Pj,  turns  again  into  (-b,0).  Here 
there  can  be  two  cases.  In  the  first  case  Pj,  which  coincides  with 
T^Tj,  is  continuous  in  (-b,0),  transforms  (-b,  0)  into  itself  and,  by 
virtue  of  the  fact  that  it  is  compressing,  has  a  single  fixed  point  for 
each  n.  In  the  second  case  T^Tj  transforms  (-b,  0)  into  an  interval 


^containing  the  point  x  =  0,  and  for  part  of  the  form,  where  x  > 
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r 

it  is  necessary  to  apply  1’2  again  in  order  to  transform  this  part 
into  (~b,  0).  Inasmuch  as  T,  and  T2  are  compressing-  {-b,G)  will 
be  transformed  into  itself-  In.  this  case  is  a  discontinuous 
transformation,  which  decomposes  into  and  {see  Fig. 

1).  The  transformation 

X.in  =s  a  —  b  { \  —  Xj  }  ( 1  —>,)-«  4"  Jl,X£ A-  <3‘ 

has  the  fixed  point 

4  =■£*;«- *(i  —  M)(<  —  '](*  —  a, w‘-  (3.3) 

The  division  of  the  region  of  the  values  of  the  parameter  h,  «  ab  1 
into  the  region  of  the  existence  of  the  fixed  points  x2  oi  the  trans- 

JU 

formation  T^T^  is  determined  by  the  condition  -b<  n< 

(1  4“ +X.  <4><(|  -H')xr"(l  (3’4) 

Tide  partition  is  an  infinite  sequence  of  intervals  of  length  (1  -  X  jX2)X 

\"n  which  go  off  to  infinity  as  n  -»>«*«  .  The  distance  between  inter- 

£<*  ' 

XTl 

vals  is  X  j.  Transformations  of  the  form  T^T^,  are  possible  if 

.  -f  \  . 

Ta<  0,  i.e.  ,  A,  <  A ,  .  In  this  case  one  can  use  the  previous  re¬ 
sults,  substituting  for  -x^^where  x  jn  is  the  coordinate  of  the 
f.p.  of  the  transformation  T^T^and  exchanging  X  j  and  X  2>  a.  and  b. 
Actually,  if  -in  (3.  1}  we  make  the  substitution  x  =  -y,  x  ~  ~y,  then 
the  resultant  transformation  will  differ  from  (3.  1)  only  by  the  places 
of  a,  b,  Xj,  X2.  Thus  the  region  of  the  existence  of  f.p. 

-[^  ( i  -  >■; )  ( i  ~\)  '  -i>K  |  n  -  A,*,)-1  (3.  s) 

is 

( i  — \'i  pi  »(i  -  +x,<  Ar*  <<  i  -4  hr"<  i  -  a,  r’.  (3.6u 


Aaa 

1  * 


*  Here  the  region  of  values  of  the  parameter  A  *  is  decomposed 

into  an  infinite  sequence  of  nonintersecting  intervals.,  which,  con¬ 
verge  for  to  the  point  A,  s  0,  After  division  of  the  regions 

of  existence  of  cycles  of  first  complexity  on  .the  axis  A  (  f  there  re- 
"main  "empty"  intervals,  in  each' of  which  feifh&r  the  discontinuous 


transformations  or  P  which  decompose  into  the  transformations 
T^Tj,  Tp  5,1  Tj  or  T-, ,  T^T^  act,  respectively..  The  first  takes 
place  in  intervals  bounded  -with  the  intervals  of  existence  of  the  £.p„ 
of  T^Tj,  the  second  in.  intervals  bounded  with  intervals  of  existence 
of  f.p.  of  TjkT2. 

We  call  cycles  of  second  complexity  cycles  of  first  complexity 

relative  to  transformations  taking  place  in  each  n empty"  interval. 

/  i  Tn\A  7*  V«  (T»  T.\ 

They  contain  f. p,  of  the  transformations  2  \  2  */* 

H  T\  7'j )"  j  T TX  ( T*  Tt)m  ( r f +'  Ta),  { Tp'  Ta)m  ( T »  Tt).  . 

W'e  consider  the  transformation  Pj  (Fig,  1)  which,  after  transfer  of 
the  origin  of  the  coordinates  to  the  point  has  the  form: 

lf  y,  y  <  o 

~bx  +  >>28 y,  y>o  ’  7) 


where 


V  « /7,y  ® 

« [>•" 0  —■ b  (!  “  H)  0  —  >•*)- 1  ]  Kl  V*  i 


+  —  X”)  (1 

X«,  =5-  XjX”4-1,  Xr,  <C  1,  X22  1  ,  ^ 
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F The  region  of  values  &  %  -  a,b~  is  divided  into  the  region  of 


f  ^  V1^  /  'TT"M  'J' 

existence  of  f.  p.  of  the  transformations  t't  1  ^  '  x 

(rtMr,T(rxm  I  t')  flie  same  as  the  region  of  values  A  i  into  the 

region  of  existence  of  the  f. p.  of  T^Tj,  and  T^T^-  Thus',  on  the  ray 
%  \  \  .  .  '  '  ' 

hx  ,  there  is  a  sequence  of  non- overlapping  intervals,  infinite  on 

both  sides,  on  the  left  converging  to  h  ^  =0,  and  on  the  right  di¬ 
verging  to  infinity.  From  (3.  8) 

,  Ai  =  (\  —  X»i  (1  —  X,)~f  4'  X;  A 2.(1  -f-Aj)  ‘  (3.  9) 


and  in  each  n empty* 5  interval  on  the  ray  l  ,  in  which  P,  occurs 
(and  Pj  occurs  in  “empty1  1  intervals  for  which  t\  t  >  1),  there  is  a 
set  of  non- overlapping  intervals,  infinite  on  both  sides,  converging 
to  both  end®  of  the  corresponding  “empty”  intervals- -regions  of 
existence  of  cycles  of  secondcomplexity.  1  . 

Intervals  in  which  the  transformation  occurs  are  divided 
in  similar  fashion.  In  this  case,  A  ,  and  At  arfe  connected  by  the 


following  relation: 

Ar’  ~  o  —**  s  o  —  Xi)^a^4-x2(i  4- a,)--1,  (3.10) 

Cycles  of  third  complexity,  fourth  complexity, . . .  ,  Nth  com¬ 
plexity  are  determined  analogously.  Let  the  division  of  the  axis 
into  a  region  of  existence  of  cycles  up  to  N  -  1  complexity^ inclusively^ 
be  carried  out.  After  this,  there  remains  a  denumerable  sequence 
of  “empty”  intervals  on  Aj  ,  each  of  which  has  a  boundary  with  in¬ 
tervals  of  existence  of  cycles  of  complexity,  1,  2,  .  .  .  ,  N  -  1.  Let 
us  consider  one  of  the  ”empty“  intervals,  which  we  shall  denote  by  . 

L  J 
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As ,  .  •  The  region  to  the  left  of  the  interval  is  a  region  of  existence 

X  1  y  i’  '  . 

of  f.  p.  of  some  transformation  T.,  on  the  right.,  of  a  transformation 

T., .  In  jf\t , ,  there  is  a  discontinuous  transformation  P.,  which,  de- 
ItI  Xl  X 

composes  into  1\  and  Titr  Cycles  of  complexity  N  we  call  cycles 
of  first  complexity  of  transformation  P,.  One  of  the  elements  of  the 


rn 


cycle  of  complexity  N  is  the  f.  p.  of  the  transformation  T.^ j T 


ox* 


T^T.+r  The  region  of  existence  of  these  £. p,  forms  for  each  i  a 
sequence  of  nod- over  lapping  intervals  on  the  axis  A  that  is  infinite 
on  both  sides.  On  the  axis  A  j  »  to  each  such  sequence  there  cor™ 
responds  a  sequence  of  non- overlapping  intervals,  infinite  on  both 
sides,  inclosed  in  the  corresponding  interval  A,'  and  converging  on 
the  left  and  right  to  its  ends.  In  this  case  the  translation  of  the  sub¬ 
division  of  the  A  ,  axis  to  the  A#  axis  is  carried  out  according  to 
k  i‘  K 

the  formulas 

\  ■»(!  -  kjf )  (1  -  W-US*  +  X.»  A,.,  (I  +-V,)-1  (3-  O) 


or 


V  =  (1  - )  0  -  U"‘ Kt""  +  M  1  +  4->+iV 


(3.  12) 


If  the  translation  is  carried  out  in  the  interval  on  h  ^  for  which 
A  k  >  1»  then  (3. 11)  applies,  if  on  an  interval  for  which  A^  <  1, 
then  we  use  (3.  12). 

Thus  the  space  of  the  parameters  X ^ ,  A,  ,  X  ^  is  divided  into 
a  region  of  existence  of  cycles  of  various  complexity  {see  Fig.  2), 
Cycles  of  the  first  complexity  correspond  to  a  denumerable  sequence 
jof  non- overlapping  regions,  infinite  on  both  sides,  converging  on  thej 
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rie£t  to  At '*  O*  on  the  right,  diverging  to  infinity.  In  each  *' empty” 
region  a  similar  sequence  of  regions  of  existence  of  cycles  of 
second  complexity  is  inclosed,  infinite' on  both  sides,  converging  to 
the  boundary  surfaces  of  the  corresponding  ”  empty”  region.  In 
-  each  new  ”  empty”  region  there  are  inclosed  similar  sequences  of 
regions  of  existence  of  cycles  of  third  complexity,  and  eo  forth. 

Let  us  consider  the  set  M  of  closed  intervals  on  fee  linns 
const ,  X  ^  »  const,  A  j  >  0;  these  intervals  are. regions  of 

•  r 

existence  of  cycles  of  all.  possible  complexities.  The  set  M  is ‘de-  ' 
numerable  since  it  consists  of  &  denumerable  set  of  pairwise  non- 
intersecting  denumerable  sets.  If  the  set  M  is  removed  from  fee 
set  of  values  of  the  parameter  A  ,  then,  as  follows  from  (3. 11) 

I 

and  (3. 12),  the  difference  is  a  non-empty,  unbounded,  everywhere 
dense^ complete  set  R*  Therefore  the  set  R  is  similar  to  the  K&ntor 
dis continuum,  and  each  point  of  this  set  is  a  ltm.it  for  the  end  .  . 
points  of  the  intervals  forming  the  set  M, 

The  motion  of  the  point  M  on  the  plane  x,x.in  the  process  of 
iteration  is  stable  according  to  Poisfon  if  A  ,  6s  R.  Actually,  closed 
trajectories  do  not  exist,  since  a  cycle  of  some  finite  complexity 
would  have  existed  in  the  contrary  case.  The  point  M  in  the  motion, 
as  was  shown  above,  does  not  depart  from  the  interval  (”*b,a). 
Consequently,  there  exists  at  least  one  point  of  compression  in  an 
arbitrarily  small  region  about  which  the  point  M  fall®  an.  unbounded 
number  of  times.  This  motion  is  not  . periodic  and  takes  place  in  the  . 
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following  fashion.  Let  the  motion  begin  from  the  point  x^.  The 
following  points  of  the  sequence  of  iteration  are  obtained  by  sue- 
'  cessive  application  of  some  transformation  C^-the  product  of  a 
finite  number  of  transformations  Tj  and  Try.  Gx^ ,  G  and  bo  c 
up  to  some  point  GnXg  =  y.  Then  the  points  are  obtained  by  sue- 
cessive  application  of  the  transformation  GiV  -  the  product  of  a 
larger  number  of  transformations  and  then  in  Gt  Gj  , 


G 


,2 


i .  .  .  up  to  the  point  G^1  y  =  z  and  bo  on.  In  this  case  the  mmv 


ly 


her  of  transformations  Tj  and  T,  entering  into  a.  definite  G.  is 
greater  than  into  G.  ^ ,  and  the  transformation  is  replaced 
through  a  finite  number  of  iterations  by  a  more  complex  transfor¬ 
mation  G. , ,  where  i  increases  without  limit. 
it  X 

2)  In  the  second  case  there  can  be  only  fixed  points  of  the 
transformation  T^T^.  They  are  stable  if  [X  ^  j X  -,  <  1  [see  (3.2)]. 
The  point  M  in  tire  plane  x, x,  by  means  of  a  finite  number  of  itera¬ 
tions,  transforms  to  the  interval  [-b,  T^(-b)],  from  which  it  cannot 
depart. 

The  fixed  point  (3.  3)  of  the  transformation  (3.2)  has  its  own 
region  of  existence  (3.4).  These  regions  for  any  pair  X  j»X^  form 


an  infinite  sequence  of  intervals  of  length  X  - 


n 


X  j ,  each  of  which 


overlaps  its  neighbor  by  an  amount  (Xj^Fig.  3). 

m 

I  I  T"‘> 


If  X  ,  is  such  that 

1  m-\ 


Ar-l 


L 


(3.  13) 


J 


#  do  (  * 


1 


then  for  A*  &  (*■  2“)  t,liere  exists  xn*  x-^i » •  *  *  * 


x  .  , ,  if 


jf!  5jS 

:n#  X  n+ 1  ’  ”  ’  *  *  Xn+m-l 

>!e 

A f  6"  (n  +  m);  moreover*  there  also  exists  a  point  if 

4f(n  +  ro).  Here  (n  +  m)  is  the  interval  of  the  number  n  +  m> (X  2  } 

is  the  interval  between  the  right  ends  (n)  and  (n  -  1)  (see  Fig.  3), 

while  is  the  fixed  point  of  the  transformation  T 2  io 

The  inequalities  (3.  13}  show  that  (X  “n)  belongs  to  each  interval 
^  ■  e.rhtv 

(n  +  k)  (k  =  1,2,...  that  (n  +  m)  covers  (X2“)  **  in  whole  or 

in  part*  and  that  (n)  and  (n  -f  m  +  1)  have  no  common  points.  By 
virtue  of  the  left  side  of  (3.  13),  |X  j  I  >  ^  2  *  (k  ~  i#  .  •  •  »m 

and  consequently  jx.  j  {  >  X  £  ,  that  is,  x^j^k  -  0, ...  ,xn  -  1),  are 
unstable.  One  can  say  the  following  about  the  stability  of  xn+m 


/,  *=  V m;  ft  ®  I  xr  :  /* -  I  xr  ; 


and  let  X?(m)  be  the  root  of  the  equation  ^  ~  iy  which  belongs  to  the 
interval  (0, 1).  It  is  evident  that  X2(zn)  >  0.  5.  fj  >  £3  if  rn  =  and 
also  if  m  ^  3  and  0  <  X  2  <  X  2(m).  <  £3  if  3  and  X  ?{m)  <  X  2 

<  1.  In  the  first  case,  the  point  x^+rn  appears  as  a  stable  point  in. 
the  series  x*  (k  *  0,  1,  .  .  .  ,  m  -  1)  for  increase  in  |X  x  |, 

lirK 

since  (n  -i  m)  overlap  with  (n)  sooner  than  jx  ^  j  becomes  larger  than 
X"n~m  .  hi  the  second  case,  x*+1  appears  in  the  series  as  an 


unstable  point,  since  at  the  moment  of  contact  of  (n  +  m)  with  (n), 
jJ\  j  >  x  "ri“m  .  f,  <  for  any  m  >  0.  Consequently,  upon  increaej£ 
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of  Jx  x  j,  the  point  x*  becomes  unstable  up  to  the  appearance  of 

the  intersection  of  the  cuts  (n)  with,  (n  +  m  +  1),  i.e,  ,  up  to  the?  ap- 
t 

pea  ranee  of  the  possibility  of  the  existence  Of  fixed  points  x  . 

{k  a  0,  1, .  „ .  *ro  +  1)  simultaneously. 

As  a  result,  the  following"  takes  place,  Let  0  <  XX,  «  0,  5. 

If  i\.  i  (r  <X?n),  then  for  |X  j  |  <  where  X  ^  satisfies  the  con¬ 


dition 


|  Xj  \  <  ( l  —  X" xp  (i  —  M  •’  — 


(3,  14) 


for  fixed  A,  is  such  that  A,  €r  (n  +  1),  there  corresponds  the 

jfs 

single  stable  fixed  point  x  .  When  {3. 14)  becomes  an  equality  with 

II  3$: 

increase  in  J X.  ^  j,  another  fixed  point  x  appears  in  addition  to 
xn$  the  stability  of  which  follows  from  the  inequality  (X  ^  j  <  X^,11 
<  X  2  *  Then  for  fX  j  |  ~  X  ->  a  change  in  the  stability  of  x  takes 

place  and  for  |\  j  f  ~  X  «,E  *  a  change  in  the  stability  of  x*^j.  When 
fol  =»-2  +  h"  the  stable  point  x*  ^  appears  which  changes 

stability  for  j  x  ^  J  «  X  ^  ,  ♦  .  .  .  For  |XjJ  a  t  the 

stable  fixed  point:  x  appears,  which  is  the  only  fixed  point  in, 

)jc 

the  whole  series  of  fixed  points  (p  “  0, 1, . ,  „  ,k  4  .1}  which  exists 


simultaneously  for  the  given  ,  For  jx  ,  I  »  X  ‘>n“k"" the  point 

i  i* i 

Xn+H*l  a*so  becomes  unstable,  etc. 

Nov/  let  0.  5<  X 2  <  1.  Then  X^{m)  form  an  infinite  sequence 
converging  to  X^  ”  0.  5  for  m  -*•<« »  With  increase  of  jx  j  J  m  in¬ 
creases  but  X^m}  decreases.  Therefore,  whatever  X7  (r  (0,  5;  1 ) , 
jm  certainly  reaches  such  values  that  X^fm)  becomes  less  than  X ^  J 


the  point 


i  1 


7  T 

1  l  /  ^ 

t  i-' _ 


Fig.  5.  Division  of  the  space  of  the  parameters  in  the  case  when 
X1,X2<  °* 


*  tfCm  HSycm. 


jQ*f4  * 

4*  ^  ^ 

Fig.  6.  Division  of  the  space  of  the  parameters  into  the  region  of 
existence  of  various  cycles  (a}  and  the  region  of  existence  of  the 
fixed  points  of  the  transformations  b)  T,T2<  c)  TjT^,  d)  T^Tg  in  the 
case  when  X  <  0.  0  <  X  ,  <  1. 


"1 


upon  increase  of  |X  ^  |.  While  X2(m)  >  t^e  bifurcations  of  the 

fixed  points  for  increase  of  |X  ^  j  take*  place  as  described  above. 

For  X  jq  let  X?(m)  become  more  than  X^.  Then,  for  arbitrary  X  ^ 

■'  _  -n-k 

<  X  jqj  there  will  exist  only  unstable  fixed  points.  Thus,  if  X2 
+  <  JX1|<XV  j  when  X  ^  <  X2(m),  among  the  whole 


series  of  points  (p  =  0, 1, .  . .  ,k  +  1),  yirhich  exist  simultane- 

ously,  only  xn+j,+  j[  is  stable  (with  the  exception  of  the  case  k  »  1, 

i  ^  ^ 

when  there  can  exist  t^o  stable  f.  p.  ,  x  and  x  .),  i.  e.  ,  the  cycle 

a  n  n-s-j. 

y i *  y2* •••»  ys+2* •  •  *  yn+k is  stable*  where yi  K xn+k+i  and 
Vs«  =  TIT 1 n-  »•  for  X2 <  x2<m>-  ^‘k  <  lX 1 1  <  x2n"k  + 

and  for  all  X  ^  in  the  case  X2  <  X2(m)  there  are  no  stable  fixed 
points  for  a  given  A,  .  However,  in  this  case  there  is  a  bounded 
region  ,[-bs  T-^-b}],  in  which  all  the  sequences  of  the  iterations 
enter  the  point  M,  and  the  point  N  cannot  depart  from  them.  The 
motions  here  are  non-periodic  and  stable  according  to  Poisson. 
Division  of  the  space  of  the  parameters  X2  A,X  ^  into  the  region  of 
existence  of  station  of  fixed  points  of  the  transformation  T  is  shown 


in  Fig.  4. 

3)  In  the  third  case  the  transformation T2Tj 

xi  ~  \  x  ~~  &  *f~ 

maps  the  semiaxis  x<  0  into  itself.  If  X  ^X-,  <  1,  there  exists  a 
single  f.  p.  x  s(l  a-b)(l-X  ^X  2)  .  In  the  case  X  ^X  2  >  1,  all 

the  sequences  of  the  iteration  diverge.  The  division  of  the  space  of 
|the  parameters  is  shown  in  Fig.  5.  J 
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4)  The  results  of  case  4  coincide  with  the  results  of  case  Z  if 
in  the  latter  we  transpose  a  and  b,  X  j  and  X,  as  shown,  in.  case  1. 

The  division  of  the  space  of  the  parameters  is  pictured  in  Fig.  6. 
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TEE  STABILITY  M  THE  LARGE  OF  THE  EQtnXIBSIUlf 

STATE  OF  RELAY  SYSTEMS  j 

fa,  I.  Alimov 

f 

(Abstract)  For  one  form  of  relay  systems  of  automatic 
regulation  an  effective  method,  is  proposed  for  the  setting' up; 
of  criteria  of  stability  for  any  initial  excitation, 
based  on  the  strict  application  of  the  method  of  Lyapunov 
functions  for  these  systems. 

1.  A  very  neidesparead  diass  of  relay  systems  of  regulation, 
is  considered,  whose  excited  motion  is  .described  by  the  equations 
(’©Xatiue  representations)* 

Q(P)'~(P)  =  R(P)r(l>);  &) 

K</» 

/(*)  —  sgns;  kp  >  0,  j 

for  the  following  as sumptions; 

a)  the  transmission  function  of  the  linear  part  of  the  system 
has  the  form 


2l6 


1 


Rip).  _  b„pn~x  +...■  +  b’P  +  bx  ^  (2) 

Qip)  itn~i  Pn  +  *  *  •  4*  <?;>/*  +  (h 


W(p) 


where  the  coefficients  a  b  *  •  *  •  *  b  ^  constants* 

Xx^j-  i.  .  n 

bx  >  0,  an* t  >  0;  &  5 

b)  the  real  parts  of  all  roots  of  the  equation 

Un-\  k*  4"  .  .  .  "t“  **  '4*  “0  (1.1.) 

are  negative,  so  that 

•  ;  •  Moreover,  we  limit  ourselves  to  the  case  in  which 

bR  =  0,  &*~f  X0.  (5) 

L 

For  the  system  (1),  the  stability  criteria  in  the  small 
were  found  in  jlj  by  a  non-rigorous,  and  in  [2,3|  by  a  rigorous 
method « •  Sufficient  conditions  for  stability  in  the  large  can  b© 
sought  for  (1),  for  example,  by  following  Lur*  &  [U,5j  >  if  the 

applicability  of  the  second  method  of  lyapuno^to  systems  (1)  with 
a  discontlnous  right  hand  side  is  first  shown. 

A 

\  the  present  note  it  is  assumed  (with  rigorous  justification) 
thst-  there  is  an  effective  method  of  investigation  of  relay  systems 
•(1)  for  the  st@bil.ity  in  the  large,  similar  in  essentials  to  a 
modification  of  the  method  of  Malkin  (  j^sO  ,  pp»  163~16U)  which  was 
applied  in  I6j  for  the  study  of  absolute  stability*  The  case  of 
(£)  is  considered  below,  to  which  the  results  of  i  6 ']  ,  where  the 
assumptions  «  0,  y  0  were  essentially  employed,  are  not 
*  directly  applied*  fielding  somewhat  in  generality,  we  turn  aside 


21? 


Urea*  the  invariant  form  of  the  exposition  given  in  [  6]  »  and  1 

take  the  equations  of  the  relay  systems  under  study  in  the  form  (1), 
■which  is  most  frequently  used  in  the  theory  of  regulation.  In  this 
ease  the  criteria  for  stability  mill  be  expressed  directly  to  terns 
„of  the  coefficient  of  the  transfer  function  (2).  The  character  of 'the 
roots  of  equation  (U)  is  unessential  in  the  framework  of  limitation 
c).  The  £apunov  functions  are  constructed  by  a  method  vhich  has 
sn  explicit  geometric  Interpretation  m&  uhich  does  not  require  a 


[u,s] 


reduction  of  the  initial  equations  of  motion  to  canonical  fora  l  U» 

2.  Denoting  by  X  and  F(x)  the  columns,  arid  by  V  and  F(x)' 

th©  corresponding  rows  of  an  n-dtoenaiortal  vector,  vm  writ©  (l)  to 

8  itX  dt  ~  F  (A-):  ' 


the  form 


F  (*) 


n  i 

F  (,\i  flpll  <T  s=r  £  bkXz  >  o 

k  t 
li  I 

P  {x)  npsi  or—  il  l}kXk  ® 

.  ;  k  i 

X  as"  (.fj»  ...»  i'fi  ^  < 


f+(x)  ~  (x«  ■  ■  ■  <  ■*■»•  X  xXr  ,)  ; 


Balov*  together  vith  the  equations 


»  x«> 


4Xfdt  ^E,4x);  ! 
dX/dt  ~F+{x),..\ 


t,hich  are  assumed  to  given  thrcu^o&i  all  phaso  space  x, 

L 
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(10) 


^there  is  considered  the  stable  linear  system 

dX/dt  sr  . . . ,  V')  . 

obtained  from  (6)-(7)  for  k  S  0,  and  also  the  functions  CT  ) 

«.  P,, 

.  and  (r  (jr  ,x  )  (or  or.  01  ) which  are  total  derivatives  in 

f-  jl  n  )  y 

time  of  the  corresponding  functions  <0^  (^L»***,xn^  and  *7^  (x^,  .•.xn) 

(orT  <r  )  in  view  of  the  system  (8)  (or  the  system  ($))•  Direct 


calculation  gives: 


n  - 1 


3.  (*,,  .  •  .  ,  A‘„)s  V  bkXk+i  =  3-  (*t,  .  •  .  ,  Xn)  -  a- 

ft  I 

n 

°+-  ^  X  (f*ft  a  —  fin  +a„  1 1  ,7/^  A’a  l*"  1  <ln  1 1 


ft  1 


O  —  —  -  X  (ftft  i  —  bn  \  ^}\ak)  xk  i~  bn  |  <*„|i  ^/; 


(12) 


ft-1 


so  that 


(>  \  ~  bq  —  <>), 

3  (x„  .  .  .  ,  A*,,)  >  «  (A,,  .  .  .  ,  A„). 


Moreover,  the  system 


(13) 


dX/dt  a)=(a, .  a„,  ~bn',X  bk  ?  a,  j  , 


(1U) 


is  used  below,  and  is  equivalent  to  the  equation 

3  ~  b„  ,  d"  2  Xijdt”  2  -f  ...  4-  M*i  ~  (1i- 

£he  trajectories  of  this  system  are  distributed  over  the  set  j 
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Finally,  we  agree  to  denote  by  X(P,t),  X+(P,t),  X_(P,t),  XQ(P,t)  the 
trajectories  of  the  corresponding  sets  (6)-(7)>  (8)>  (9),  (12)  which, 
at  t  «  0,  pass  through  the  point  P  of  phase  space,  the  vicinity  of 
the  phase  point  we  shall  understand  its  vicinity  in  the  space  x. 

3.  Following  j>,?-9]  ,  »•  shall  give  a  rigorous  definition 

of  the  trajectory  X(P,t),  which  is  suitable  for  the  i&dLe  space  x  and 
which  satisfies  physical  considerations  relative  to  the  dynamics  of  the 
systems  (6)^(7)  upon  fulfillment  of  the  limitations  (3),  (*)• 

In  the  subspace  «*>  0  we  shall  assume  X(P*t)  -  X+(F,t)}  similarly 


in  the  subspace ^  0,  X(P,t)  *  X^CPjt). 

In  accordance  with  (11),  the  trajectories  X+(Ps,t)  and  X^(Ps,t) 

at  any  point  Pg  of  the  set  0,  '  C  /  0  intersect  the  Arsing 
surface  in  the  same  direction.  We  shall  determine  the  trajectory 
X(P  ,t)  by  joining  together  in  continuous  fashion  at  the  point  Ps 
the^alf “trajectories  X^P^t)  and  XjPs#  t),  which  lie  (even  close 


to  P  )  in  the  respective  regions  <f  >0  and  <s  0.  , 

The  trajectory  U(P.,t)  (or  I_(P_,t)),  *ore  »J(P.)  1=  » 

point  of  the  set  r  *<’0,  >°  (<rsV*  °*  T-4'  ‘r*) 

is  located  in  the  subsfcaceOO  (  C<  0),  by  virtue  of  the 
relation  <r-r  (P+>  >  0,  (  r_  (P.)  f.  0),  at  least  In  a  certain 

region  about  the  point  P+(Pj.  ^  this  region,  I(P».t)  (or  l(P_,t))  is 


220 


A 

l 

\ 


considered  as  coinciding  with  X  (P  ,t)  (X_(P_,t)).  Assuming  that  the 

neighborhood  is  sufficiently  small,  we  see  that  in  it  X  (P+*t) 

(or  X  (P  ,t)  lies  in  the  region ®‘>  0  (<T<  0)  as  a  consequence  of  the 
«*  ~ 

inequality  OH  (P  )  V  0  ( <T  (P  )  <  0),  so  that  the  oneness  of 

*“  +  T  “ 

X(P,t)  at  the  point  P+  (P_)  is  not  violated. 

In  a  sufficiently  small  vicinity  of  any  point  Q  of  the  set 

3  >  0  >  3^ 


a  ass.  c  =  0, 


(15) 


the  trajectory  X  (Q,t)  (X  (Q,t))  is  found  in  the  half space  CT<  0 

(  0).  In  this  region  we  assume  £3]  that  X(Q,t)  *  Xo(Q,t), 

Such  a  definition  of  the  vector  phase  velocity  F(Q)  *  Fo(Q)  has  a 

dear  geometric  interpretation:  if  we  assume  the  vectors  F+(Q), 

F<m(Q),  Fq(Q)  applied  at  the  point  Q(x^, . .  .,x*n),  then  the  end  of  the 

vector  Fq(3)  »  F(Q)  is  determined  by  the  point  of  intersection  of  the 

plane  <r  «  0  and  the  line  joining  the  ends  of  the  vectors  F^(Q)  and 
*  , 

PJQ).  This  Interpretation  makes  the  obvious  relation 

/„«/•  10)  06) 


i  between  the  projections 

!  /„  (0) 

|  /;;  (Q)  ^ 

! 

I 

i 

!  /„  (0)  = 


=  -  I  -6  h  ; 
^'1 

n 

-  I  ‘V',1,  xl  —  kp'K 

A —  I 


— I 

1 


(17) 
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of  theVectors  F  (Q),  F„(Q),  F  (Q)  on  the  CK  axis,  inasmuch  as  the 
projections  of  these  vectors  on  each  of  the  axes  C5X^  (k  *  i  ,4*.,n-l) 
coincide  (see  (7)  and  (lij)).  The  unity  of  X(P,t)  at  the  points  Q  is 

preserved  in  the  same  way  as  at  the  points  P  ♦ 

*  ,,  (> 

•>  * 

Finally,  let  us  consider  the  set  CT  *  (T  *  0,  >  0  “  ^ 

at  •  » 

(the  ess©  cr«  ers  o  ?  0  *  is  treated  similarly). 

In  accord  with  (7),  (lli)>  (12),  at  an  arbitraiy  point  R  of  this  set. 


! so  that 


i 


F+(R)  =  FuiR), 


dm 

dtm 


[5+.(ff)i+.=Jih+</?)i„, 


(18) 


(19) 


iwher©  - ( /?) j and  —  jst  (/?)!«;  are  the  j 

:  dim  ’  .  *  ■  ,dtm  •  I 

i total  time  derivatives  of  order  m  of  the  functions  (x-^, ...,xn),  | 

I  computed  at  the  point  R  in  correspondence  with  the  systems  (8)  and  . 
i(ll4).  is  seen  from  (19)  that  the  positive  halftrajectories  of 
|X  (R,t)  and  X  (R,t).  in  a  sufficiently  small  vicinity  R,  lie 
j  simultaneously  either  in  the  region  0  or  in  the  region^  ^  0. 

:  In  this  region,  we  have  in  the  first  esse  X(R,t)  *  X^(R,t),  and  in  th®j 
;  second,  X(R,t)  *  XQ(R,t).  Inasmuch  as  the  identical  situation  takes 
|  place  for  the  negative  halftrajectories  X+(R,t)  and  X^Rjt),  the 
;  unity  of  the  solution  of  X(R,t)  at  the  points  R  is  not  destroyed. 

:  U.  The  continuation  of  the  solution  of  X(P,t)  deterained  ; 


1  tn 
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,-..r,r.  ,1.11,  ..Lil.il  II.  ,>■!-']  Ill  II  -I.  . . . . .  |  *  ■  |  ~i~  *  ...  i  t  4- v-r  -f  —  ^  — i  —  n- nr- ~  -^*4. 

above  is  obvious  fot  the  continuity  according  to  the  original 

data  is  easily  observed  with  account  of  (l8)*  therefore,  the  reflec¬ 
tion  of*X(P,t)  satisfies  all  the  axioms-  [lO}  of  a  dynamic  system. 

| The  trajectory  of  X(P,t)  is  nondifferentiable  only  at  points  of 

I  ■ 

[entry  onto  the  reversing  surface,  i.e.,  at  a  denumerable  number. 

| of  moments  of  time.  Many  of  the ‘results  of  the  ordinary  theory  of 

it 

[stability  are  immediately  extended  (with  insignificant  changes) 

i  •  ■ 

(to  such  dynamical  systems.  One  such  theorem  is  that  of  Barba shin 

! 

j and  Krasovskii  jll^]  on  the  stability  as  a  whole  (see  below).  . 


5.  We  consider  the  functions 

n  . L 

vx  (a'i,  . .  • ,  xn)  =  aijx>xj 


(aij  =  Ojth 


i  - 

!  ( A'l ,  ...»  A„)  ~  V  J  (Xf.,  A ’2,  •  .  •  >  ■*/().  ^  1  (A*l>  •  •  •  •  A;,)  *4" 

i 

i  « 

j  +  2V»i* 1  X 4-  fy*r2*u  (*v~ *>  -f-  Vi ');  (a) 

I  h\ 

i  - 

j  1/  (A'j,  A'j*  •  •  •  1  t/|)  —  V  j  (a — ,  Xt,  .  .  .  t  Xtl)  —  V  |  (A),  .  >  >  1  Aw) 

I  n 

I  —  2fy'i  1  £  ai***  +  Vi  **1.1  (*- -  A'|  ~  Vi 

j  *  « 

t  •  . 

I  and  their  total  derivatives  V^,  VJ,  with  respect  to  time, 

j  determined  from  the  systems  (10),  (8),  (9): 
j  n 

I  l',  =  -  IT,  (A, A„)  -  ~ 

I  t,J  I 

* 

j  V  —  —  \V\  ( a  ,  A . . A„);  (22) 

i  —  —  U",  (A  ,  X, . x„). 
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where 

ttj  =  h  *  1*1’,  <ij  4-  '«,)  <i„ 1 ,  «  *>/  i i :"  *>..  -  >/»  -  «.,/  ~  <>• 

(23) 

We  shall  construct  the  Lyapunov  function  V  for  the  initial  | 
{system  (6)~($)  by  combing  the  functions(20)  and  (21 )  on  the  reversing  [ 

i  A  { 


'j-  *  0* 

j  i/'  (A*„  • 

•  •  ,  V„) 

.  x,)~< 

<  l7"(.v„. 

*  •  i  A  „ ) 

{where  we.  so  choose  V*  and  V*  that  the  following  equality  holds:' 

)  ■  - 
j  •  .  •  •  • 

/  r  * 

j  l  (.Vi,  .  ... ,  x„)  — ■  V"  (A| ,  .  ,  .v„)  / 


Ifor  )  »  0.  The  relation  V*  ■  V"  is  equivalent  to  the 

I  it  ** 

;  equation  y  ?u.  .v,  —  0,  so  that  the  joining  condition  (2£)  can  be 

j  >•  1  n  n  i 

jwritten  in  the  form  21  X  ^ava*  i.e.,  we  have 

|  n  i  .  *  i  ■  1 


the  relation 


a.*  /M*  (fc  ^  1,  .  .  •  ,  <4‘=r  const  >0).  (26) 


!  The  particular  choice  of  the  value  of  A  £g  uKimportant  for 

*  further  considerations.  We  set 

/ 

1  2u  ^  (/I^A  (-4  ~  **l)* 


(27)  i 


| which  simplifies  somewhat  the  series  of  expressions  obtained  belcm5  | 

j and  eases  the  transition  to  the  consideration  of  the  case  of  a  ; 

j  { 

.'single  null  root  in  Eq»  (if)*  Taking  account  of  (20),  (21),  (27),  we  | 


22lj. 


•write  (2U)  in  the  for® 

V  (X, . A*,)  l u . x„)  4-  '2k,,c  Sgn «.  (20) 

t 

! 

For  solutions  of  X(P,t)  everywhere  except  perhaps  at  points 
of  entry  of  X(P,t)  onto  the  reversing  surface,  the  time  derivative 

I 

|  dV/dt  of  the  function  (2U)  along  X(£,t)  exists  and  is  given  by  the 

I 

}  relations 

l 

{  • 

I  V  ^ 

I  dV  • 

.•  dt  ■■  .  ;■ 

i  \  ’  ^  =  c  ^  *  >  J+ 


r -where  V  is  the  total  time  deriv  tive  of  the  function  j 

!  0  | 

ijl’L  .=  |K,Cv . .(„)|k«,  »y  virtue  of  toe  system  (lit).  I 

i  j 

[  It  is  seen  from  (28)  that  for  positive  definiteness  of  the  ! 

; form  V1(xL,...,xn),  the  regions  V(x  ,...,x^)  t  c  -  const  (c  /  0)  j 
I  of  the  space  x  are  closed,  contain  the  origin,  and  are  inclosed  j 


;  one  inside  another  in  order  of  decrease  of  c.  Making  use  of  this 

fact,  we  can  cprry  out  a  study  of  the  stability  of  the  system  (6)~ 

(7)  in  t'-rms  of  the  investigation  of  the  Lyapunov  function  ¥^(x^,... 

:  ,,x  )  for  the  stable  linear  system  (10).  It  is  well  known  that  if 
i  n 

the  form  YL  (x-  )  is  positive  definite,  then  the  form 

1  a  n 

V.-  (x,..,,x  )  is  likewise  (A.  M.  Lyapunov).  However,  it  follows 
Li  n 

from  (23),  (26)  and  bn  »  0  that/6^  *  0  and  the  form  cannot  be 


sign-definite.  Therefore,  we  shall  make  use  of  the  following 

modification  of  the  Lyapunov  theorem. 

Theorem  1.  If  all  the  roots  of  the  characteristic  equation 


of  the  system 


n  ♦ 

dx,jdt  *=  £  pis  x,  (/— 1 . n) 


have  negative  real  parts,  then,  whatever  was'  the  sign-definite  form  , 
W  of  order  m,  vanishing  only  on  the  set  M,  and  not  containing  j 

positive  half-trajectories  of  the  system  l»>,  0(0, 

there  exists  one  end  only  one  form  ^  of  the  same  order,  satisfying  j 

'  '  i 

the  equation  j 

»  ft  1/  (30) 

d\\jlU  =r  £  PsrXr  -  —  r„  j 

.v  ,  r  1  *  | 

( 

j 

and  this  form  will  necess  rily  be  positive  definite.  j 

Actually,  the  single  (see  [l£]  »  P*  6X)  form  Vl*  | 

satisfying  (30),  cannot  take  on  negative  values  in  any  region  about  ■ 
the  origin,  since  the  conditions  of  Krasovski! 's  theorem  on  .  j 

instability  would  be  seen  to  be  satisfied  for  the  sy-tem  (2?).  j 

The  form  V,  cannot  be  sign-positive  since,  choosing  the  point  P0  j 
in  this  case  different  from  0  (for  which  V^Pq)  «  0),  and  j 

considering  the  positive  half-trajectory  f(PQ>t)  (f(p0*°}  n  P(P  | 

of  the  system  (29),  we  arrive  at  the  equality  ^[fd^t)]  -  0  j 

and  also  ^  [f(PQ,t)]  -  0,  for  t>  0,  which  is  inconsistent  with  tfcej 


•***»(- te**t O'"'  .»<•;<  »t‘»J 
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absence  of  positive  half-trajectories  f(P,t)  on  M.  Cons  gently,  thjs 
form  V3  can  only  be  positive  definite* 

Since  4;  *  0,  the  it  is  necessary  for  the  sign-positive 

character  of  the  form  W  (Xj j.*,x  )  that 

(31) 


S\k 


=  0  (k  ~  i  ti). 


I 


Then 


IF,  (.V,,  ....  A',.)  -  IF,  (a*  ,  Afo . Xh)  - 

*  r,  (x ,  x. . i  %**,. 

<-/  2 


(32) 


whera  the  coefficients  .  satisfy  the  relations  (23)  and  (2?). 

We  assume  that  n(n-l)/2  of  the  quantities  °<\v ~  t' 

(i,j»  2, ...,n)  can  be  so  chosen  that  (31)  is  Satisfied,  and  the 

function  V^*  is  shown  to  be  positive  definite  as  a  form  of  the 

variables  .  In  this  case,  Wj*  will  be  a  sign-positive 

form  of  the  variables  x  ,...,x  ,  vanishing  only  on  the  M  set 

in 

*  ...  »  -  0,  without  a  constant  for  all  trajectories  of  the 

system  (ll)  except  the  trajectory  0(0, By  viid-ue  of 
theorem  1,  the  form  v1(3^» • • *»xn)  is  P°sitive  definite. 

The  set  M  and  (15)  have  only  the  single  common  point  0 
so  that,  in  accord  with  (32),  at  any  point  Q(x^  ,...,xn  )  of  the 
set  (15)  different  from  0,  ' 


V'  (Q)  <  0;  1/;  (Q)  o. 


(33) 


:*wa~,-,U4Twtlw*M0‘irVl*' l 
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We  shall  show  that  the  inequality  Vq(QK  0  follows  from  (33). 

Direct  calculation  yieldS 

V  =  1  VV,/«X,)Q  K  ,  +  («V,/<«.)4,  /.  (Q);  <3U) 

r  i 

V  (Q)  =  V  (,?( >,**,)„  x)  ,  +  (oVtfox.hf,  (Q)i  j 

r  T 

K(V)  =  X  (oVjdx,),,  a-;  5  +-  ((iVtjoxJvfKQ), 

r  I  '• 

where  .is  the  value  of  the  partial  derivative  ()Vjoxr 

I  at  the  point  Q,  and  f  ~(Q)>  f  °(Q),  f  ‘ *(Q)  are  given  by  Eos.  (17). 
j  r  n  n  n 

i  We  have,  from  (.3h)t 

|  V'  (Q)  -  V'„  (Q)  ==■  ("  VjdxJi,  \  ft  (Q)  — /J  (<?)  I» 

i  T 

|  V'  ’  (Q)  -  i'„(Q)  ~  ("  V \/<tX„)Q  I  fn  (Q)  ~  fn  ft)l‘ 

j 

\  ■  -  • 

j  whence,  in  accord  with  (16),  we  have 

I  o  >  v>  (Q)  >;  V,AQ)>  Vi{Q) 

j 

j  for  (&Vt/PxX  ?  0  »  and 

! 

!  <>vl (Q)>  Vo(Q)'>  V  '(Q) 


|  for  i<>\  \  ox,)q  >  0. 

i 

;  Thus,  in  the  case  under  consideration,  the  function 

i  v  Cx(P,t)3  doe^iot  increase  along  any  trajectory  X(P,t) 

j  *- 

i  while  the  set  M,  on  which  the  derivative  dV/dt  exists  and  is 

j 

equal  to  zero,  does  not  contain  the  entire  trajectories  X(P,t)# 

>:  The  essential  conditions  of  the  theorems  [ll]  on  the  stabil  ity 


| 

i 

i 

t 

i 

i 
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|v(x^,...,x  )  ^  0  is  continuous  and  vaAishes  only  for  *»  ...  m^rim 
,ljri  consideration  of  the  conditions  of  sign-definiteness  of 


0. 


■the  form  W,  *-2* 


'}  *i'  *t 


,  it  is  convenient  to 


(choose  as  variables  not  the  coefficients  »’  *  2, ...,n), 

jbut  the  nondiagonal  elements  (i  ~=P  j)  of  the  discriminant 

f  \  J*  ,  # 

ID  of  the  form  W  .  oonnected  with  them  by  the  nonspecial  linear 
j  n-l  1 

j transformation  (23).  The  diagonal  elements  /$£ ^  are 

) 

jexpressed  in  terms  of  them',  in  accord  with  (23),  (2?)  and  ( 31 )_, hy 

I 

1  the  relations 


?«•  =  2 


k  -3 


(35) 


/*/,„•+  I'  (— irp*  r— 1.  k-r  1 
r-0 


(k  ~2, . . .  ,  n), 


/,■  a 


i 

| where  ’ 

I  !hn i  —  bk  1  nl.  1  (  —  1  )r  (bft^-r  <h  >-l  +  bk  r  i  tlki-r+l  );  (36) 

;  r  (I 

;  />„  /  —  <J, 


*/?  /  I 


°i.  n  t  —  Ph  I.  i  —  0 


(37) 


for  jf>l  and  arbitrary  i.  Then,  applying  Sylvester's  theorem 

to  the  f orra  W  *(x  ,...,x  ),  we  formulate  the  following  proposition: 
•  2 .  ** 

Theorem  2.  If  the  elements  (i^t  j)  of  the 

determinant  D  , ,  Those  diagonal  elements  satisfy  the  relations 
n-l  . 

(35)-(37)»  can  be  so  chosen  that  all  the  successive  diagonal 
minors  of  this  determinant  are  positive,  then  the  relay  system 
(6)-(?),  which  satisfies  assumptions  a),  b)  and  conditions  (5) 
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is  asymptotically  stable  as  a  whole. 

We  note  that,  for  the  investigation  of  relay  systems  (6)-(?) 
which  satisfy  conditions  a)  and  (5),  in  the  case  of  a  neutral 
linear  part  (a^  *  0) ,  we  can  employ  the  Lyapunov  functions  obtained 
from  (28)  and  (27)  for  a  0.  Starting  from  theorem  1,  we  can 

lx 

easily  show  that  the  stability  criteria,  set  up  by  means  of  this 
function,  coincide  with  the  corresponding  criteria  obtained  with 
theorem  2,  if  we  set  a^  «  0  in  the  latter,  ^his  should  be  kept  in 
mind  in ^applying  theorem  2  to  specific  relay  systems. 

6.  Theorem  2  is  convenient  for  setting  up  simple  stability 
criteria  for  systems  of  higher  order. 

Example  1.  We  can  immediately  find  the  very  simple 


criterion 


>  () 


2,  ,  n). 


which  contains  only  simple  rational  functions  of  the  parameters 

a  b  , ».»b  , ,  from  theorem  2  by  setting /3>  *  0  (i^  3). 

1  n-1  1  n-1  o 

For  n  *»  U.5  we  can,  as  the  result  of  rather  simple 
calculations,  obtain  the  most  exact  of  stability  criteria 
that  are  obtainable  by  the  given  method. 

Example  2.  Let  us  considerthe  system  1  (  n  «  U) 
which  satisfies  the  restrictions  a),  (3),  (5),  and  whose 
linear  part  is  characterized  by  the  transfer  function 

W  (p)  _  _ _ b*P*  4“  b:P  4-  bi _ 


<*:.  P*  4 ~  <1 ,  />*  -f  lh  P 2  ^  <h P  4-  <*, 


and  is  stable  or  neutral.  In  the  latter  case  the  given  set  of 
equations  can  serve  as  a  mathematical  model  of  a  relay  ‘tracking 
system  ■with  accelerating  sections  (see  £l 1,  pages  82-83>  216-221) 
in  the  calculation  of  electromagnetic  end  electromechanical 
time  constants  of  the  motor  and  the  time  constant  of  the  amplifier. 
For  example,  the  latter  must  be  taken  into' account  when  the  error 
signal  from  the  output  of  the  potentiometer  is  fed  to  a  magnetic 
amplifier. 

In  the  notation  employed  above, 


\ 

2fhj 

Pas 

*» 

II 

ef 

2(ft.a  +  h,) 

f 5Jf 

?«2  ■ 

fw 

2/Ua 

Simultaneous  satisfaction  of  the  inequalities 

B,a±%;  <>,  4/W*24“-&>0 

( ko) 

is  the  necessary  condition  that  the  form  x^)  he 

positive  definite.  Setting  in  the  inequalities  (39), 

we  obtain 

D,  *  2  ( fh.4  +  '?■»)  (•!/*.,.  B,a  -  &>• 


so  that  the  condition  (UO)  is  also  sufficient.  Rewriting  (UO; 
in  the  form 
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2  |/7 i\,B^  <  %t  <2  V'EZJhfi  ; 


we  immediately  obtain  the  necessary  and  sufficient  conditions  for 
the  solvability  of  in  inequalities  (M3)  relative  to  A/%.  • 

li,  4  =-  1)^1.,  -  b  ult  0; 

(MU 

lh,A  =- Mj  —  Ms  —  />,</,  >  —  2  |/ /7*. M7) . 

In  accord  with  theorem  2,  the  conditions  (id)  sr©  sufficient 

j 

|  for  the  stability  as  a  whole  of  the  relay  system  under  consideration. 

i  '  v 

|  Example  3#  For  n  »  5, 


frii 

^4  Pa.*. 

2(A%.v 4- ft.,) 

?:ti  fri-s 

f*S3 

2  (flu  4-  ?,,)  Pu  ’ 

ft© 

f,,  2av. 

j  where,  by  (36),  (37)* 

b-td  | 

Hit  =  bids 


B\r,  =  b4ti>  -f-  bill i  —  bfii^ 

b,a  ,  -f-  btii',-,  B%t%  =  M;,  —  M«. 


* 

|  Simultaneous  satisfaction  of  the  inequalities 
j  Bit>  0,  fls,s>  0; 


(U3) 


*«**>^»  HufajWu'djsf**  -*-t* 


(H  *  +  M  ~  Pi  >  0.  4 B&iBu  -f  ~  >  0  0*4) 

* 

is  the  necessary  condition  that  the  form  (xg#...,*^)  be  positive 
definite*  Setting  /2>Z3  ~/32s  ~/33  y  z  Ars  =  °  (Lf.2),  similar 

to  what  r?.5  done  for  the  case  n  ■  U,  we  find  that  this  condition  is 
also  sufficient.  The  inequalities  in  (14i)  can  be  replaced  by 
equalities  and  the  condition  can  be  sought  that  there  exist 
a  single  simple  real  solution  of  the  resultant  .system  of  quadratic 
equations.  Making  use  of  corresponding  results  J_9  J  (pages  95'-97)ji 
me  arrive  at  the  following  stability  conditions: 


i  where 

! 


fh\  >  0:  >  0; 

M*  -f-  .Y'  -  Af-iV-  -  9/8 MX  -f  27/956  >  0, 

M  «  0,25/*,.-!  A'  =  0,25 


7.  For  n  5>  a  broad  class  of  sufficient  conditions  for 
stability  is  obtained  without  excessive  complication  of  the 
calculations  if,  without  considering  one  or  two  of  the  elements 
/3 >,<  (i^  j)  identically  equal  to  zero,  we  investigate  inequalities 
similar  to  (i*0)  or  (14t),  end  at  the  same  time  make  more  precise 
the  criterion  (38). 

Example  H«  Thus,  in  the  case  n  «  6,  to  consider  what 
is  necessary  for  the  careful  description  of  the  linear  part  of  even 


**'rrta«*" 
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|  rather  simple  relay  systems,  we  arrive  at  the  set  of  inequalities 

J  Br.fi  f*s,i  3*  0;  #3.6  4-  >  0; 

|  '-!/?. o/?!,;  -  fa  >  0;  -  ft  >  0;  :  (U6) 

|  A/i-i., ifh.tiBfi.fi  —  B-ifi  ft — J&w  ft  >  0, 

j  with  and/3rfo  remaining  as  variables*  %  considerations  similar 
I  to  those  given  in  example  2,  we  find  the  stability  criterion  for 

I  2  2 

\  the  whole  from  (U6):  .  B2j6i  B  ,  ^  0,  ♦  %,6B3,6  ^ 

i  v  * 

♦  '■ 

t  .  • 

!<  ii.B  B  B  * 

j  2,6  It, 6  6,6 

|  without  taking  in  into  account  that /?  and /?3j_  are  equal  to 


;  7ero,  we  have 


2B>fi 

0 

f*24 

0 

D,  =  4^6.6 

1 

0 

2  4" 

0 

?-.’t 

0 

2  (B\fi  4~ 

0 

0 

P.V. 

0 

2/4.« 

i  Calculations  similar  to  those  given  in  example  3  yield  an  extension  J 

'  '  j 

!  of  the  stability  region  (38),  determined  by  the  relations  j 

IB  ,  B,,  ,  B,  ,\Q  and  (4$),  lfaere 

j  2,6  5,6  6,6  r  v  _  j 

j  m  « 0,25  bJ'bxsJx\  N  =  | 

»  *"  / 

f 

•  •  '•  f 

The  case  3it:  ^  0,  ^0  is  considered  similarly.  j 
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The  simple  inequalities 

Bifi  4-  Pr.  +  >  0;  ABjtw —  %>  0;  I  B-ifiBfi.fi-*-  f»j>6  0. 


which  are  obtained  for/3  and  A  ,  lead  to  the  following  extension 

H  'is 

of  the  region  (38) j 


B2.fi,  Bc^  >  0;  Bi.fi  >  2 1  tf  BuJixt,  4- 1/  Bj„B\t,' 


!  The  author  thanks  E.  A.  Barbashin  for  his  direction  in 

\ 

\  •- 

l  the  completion  of  the  present  research. 
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INVESTIGATION  OF  THE  STABILITY  OF  CERTAIN  LINEAR 

DISTRIBUTED  SYSTEMS 
]  [This  is  a  translation  of  an  article  written  by 
Yu.  I.  Neimark,  Yu.  I.  Gorodeitskii  and  N.  N. 

Leonov  in  Radiofizika  (Radiophy si  cs),  VoL  II, 

'•.No.  6,  1959,  pages  967-988.]  .. 

(Submitted  to  editor  July  2,  1959) 

(Abstract)  A  basis ’is  given  for  carrying  out  investiga¬ 
tions  on  the  stability  of  distributed  systems  in  the  investi¬ 
gation  of  the  roots  of  the  characteristic  equation  of  a 
linearized  system.  Moreover,  in  a  large  number  of 
different  examples,  which  themselves  are  of  interest, 
the  methods  of  construction  and  investigation  of  regions 
of  stability  of  distributed  systems  are  described. 

I.  DEFINITION  AND  CRITERION  OF  STABILITY 

1.  We  shall  understand  by  a  dynamical  system  apparatus  of 
any  physical  nature  which  possesses  an  input  and  an  output  and  a 
uniquely  defined  output  variable  y(t)  in  terms  of  an  input  x(tr)  for 
—  t.  The  set  of  operations  which  is  necessary  to  employ  on  the 
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functions  x(t)  (defined  for  t  h  t)  in  order  to  determine  y(t)  is 
known  as  the  operator  of  the  system.  The  system  is  called  linear 
if  its  operator  is  linear. 

We  shall  call  the  dynamical  stable  if  small  input  perturbations 
produce  small  perturbations  in  its  output.  For  preciseness  of  this 
definition,  it  is  necessary  to  set  out  some  quantitative  characteristic 
quantities  of  the  input  and  output  perturbations.  If  these  numerical 
characteristics  are  denoted  for  the  input  and  output  by  the  symbols' r 
and  p,  respectively,  then  the  requirement  of  stability  is  that  for  an 
arbitrary  e  >  0  py  <  e  if  only  rx  <  6,  where  5  >  0  and  depends  only 
on  s.  It  follows  from  this  definition,  in  particular,  that  for  rx  0, 


py — ^  0. 

2.  We  assume  that  the  input  and  output  variables  x(t)  and  y(t) 
permit  the  Laplace  transformation  and  that  the  connection  between 
them  realised  by  them  in  the  transform  can  be  written  in  the  form*. 

y(p)  -  K(p)x(p).  (1.  1) 


As  is  well  known,  [1],  if  follows  from  the  condition. 

f 1/(0  I2*-2"  dt  <  +  CO 

u 


(1.2) 


that  the  transform  ,F(p)  of  the  function  f{t)  is  an  analytic  function  of 
p  in  the  half-plane  Re  p>  CT and  that  for  arbitrary  S'  > 

X  1  |  +  f  l/M  Is  «"2’'  <«<  +  “  ; 

2-J  a-  3j 

*-«9  u 

jon  the  other  hand,  if  F(p)  is  analytic  in  the  half-plane  Re  p>  <T  J 
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and,  moreover, 


-f  CO 

StlPj>,  ~  i  JF(z'  -f-  in) I*  du>  <  4-  cc  . 

Aik  ’ 


(1.4) 


then  F(p)  has  ah  original  satisfying  the  condition  (1.2). 

By  way  of  quantitative  characteristics  of  r  and  p,  we  have  the 
quantitie  s 

rf  -  jW  *'  '  dt ,  j>/  =  ^ I / p <•  '  rf/ . 

•o  (1.5) 

Then,  in  accordance  with  the  statements  formulated  above,  for 
rf  =  pf  the  following  theorem  is  valid: 

Theorem  1.  In  order  that  a  linear  system  be  stable  relative 
to  all  actions  of  x(t)  for  which  px<  +  oo,  it  is  necessary  that  the  func¬ 
tion  K(p)  be  analytic  for  Re  p  >  y  and  sufficient  that  it  be  analytic  in 
some'half-plane  Re  p  >  y*,  where  y’  <  y. 

Actually,  on  the  one  hand,  K(p)  x  (p)  must  be  an  analytic  func¬ 
tion  in  the  half-plane  Re  p  >  y.  On  the  other  hand,  if  K(p)  is  an 
analytic  function  in  the  larger  half-plane  Re  p  >  y’,  then  for  Re  p  >  y, 
the  modulus  of  K(p)  is  bounded  and  the  follovd  ng  inequality  holds: 

1  V*  Af-'1’** 

^  *  2k  J  ’ +  ^  +"  /w)l*  d"'<  jz  |  \*  (V  +  /*)  I2  </*»  ~ 

-  Af»  f !  Jf(0  !*  «-*>'  rf/  =  M'tx. 

(t  „  p* 

3.  It  does  not  follow  from  py  -*■  0  that  y(t)e  -*•  0.  Therefore, 
the  stability  in  the  sense  of  the  metric  (1.  5)  with  T  =  y  »  0  is  the 
jnecessary  but  not  the  sufficient  condition  for  the  stability  in  the  sensj) 
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of  the  metric  usually  applied:  rf  =  pf  =  Supt>  q  |f  (t)  |  • 

We  assume  that  K(p)  has  the  original  i|i<t).  Then,  as  is  well 


known, 


y  (0  =  f  W  -')*  (-)  d- 


and  therefore  the  following  estimate  holds: 

1  y (0 ! e~rt  <e~Tt  ( j Sup, w(|x(t)| ^ 

° 

in  which  for  x(T  ) 6eT  sgn  ^{t  -  *  )  the  equality  sign  holds.  The 

**  (v  -  jn 

transformation  of  the  function  *  (?)  *  )e  is 


(1.6) 


K*  (p)  = 


p  -  r  + 1 


t  K(p)\ 


therefore,  making  use  of  the  inequality  of  Buny ako vsky - S ch  war  t  z  and 
noting  that  the  original  of  dK*{p)/dp  is  f  (4C')»  we  have: 

J i r (•) +  *)'h I r < -)| ( i  +  -!)  1/2 * « 

o  b 

<  I  f  o  +  -!>i  r  <•)  i*  *  J  o  +  -t '  d-  ]!’■  - 

'  -  n.  •  . 


r  1  T(  \  in  r  u*  ,  dK“  2 

=[*.  ( +  vr  , 


d»,  f(l+-)-,*l’A. 


!  z~,!  V  i  uc  |  p»iV  f  j  j 

_*  n 

Then  for  y  -  F  and  y  <  F,  respectively,  theorems  la  and  lb  hold. 
Theorem  la.  In  order  that  a  linear  system  be  stable  in  the 
sense  of  the  metric 

<•/ “Sup,  „<f  >'|/<o|, '-/-Stij.,  1/(0 1  (1-7) 

£0x  r  =  v,  it  is  necessary  that,  it  be  stable  in  the  sense  of  the  metricj 

L 


2b0 


n 


r(I.  5)  with  r  =\,  and  sufficient  that  the  function  K(p)  be  analytic 
in  'some  half- plane  Re  p  >  y*  With  y'  <  0  and  that  the  following 


integral  converge: 


Ji</a 


(1.8) 


Theorem  lb.  For  stability  in  the  sense  of  the  metric  (1.  7)  it 
is  sufficient  that  K  (p)  be  analytic  in  the  right  hand  plane  and  the 

jJC  ri 

integrals  (1.8)  and  (1.4)  for  K  (p)  converge  with  vT  =  o. 

The  latter  theorem  for  y  =  0  gives  the  estimate  (1.  6)  of  the 


speed  of  convergence  of  the  transition  process. 

4.  As  a  rather  general  example,  we  consider  a  system  de¬ 
scribed  by  the  equations  ' 


(Pu  du 

dt%  t  1  dx*  dx 


-f, «=/„(«); 


(1.9) 


e  s  \ 

'it  •••» 


(/  ~  1,2,  ...,  n  —  2) 


(1.  10) 


.v- 1  •  •  - 

in  which  u(0,t),  u  (0,t),  u(l,t),  u  (l,t)  are  denoted  by  i2, 

l4,  respectively;  fQ(u)  and  .  ,%n)  are  continuous  functions 

of  their  arguments  satisfying  the  Lipshitz  condition  and  vanishing  for 

t 

u  ss  £„  =s  £_  =  . . .  «  £  =  0;  a,  b,  c. ,  a.  are  constants.  For  an  investi- 

^1  ^2  n  1  is 

gation  of  the  stability  of  a  trivial  solution  of  the  system  (1. 9),  (1.  10), 
we  consider  the  corresponding  linearized  system,  adding  arbitrary, 
bounded  perturbations  a(x,  t),  a^(t),  ...»  an_2(t): 


d*u 

dt* 


d*n 


b  —  -f*  cu  +  a  (x,  t) ; 
dx 


(l.  ii) 

J 


2  ip. 


L 


*r f  ““  X ats*s  +  *i(0  (*  ~  1*  «  2) ; 

f.  i 

*«(0, /),  =M0,  0,  Ss««(U0.  -  (1*12) 

In  transforms  for  zero  initial  conditions,  the  system  (1. 11),  (1. 12) 


has  the  form 


„  clJi  4.  />  Alt  4-  (c  —  /»*)  «  —  *  (x,  P)  =  0  ;  (i.i3) 

</a*  rfx 


~  (p)  h  ~  *i  (p)  =  0 ; 


(1.  14) 


u(0,p)  =|j(p),  Ux(0,p)  as  ^(p),  U(*»P)  =  ^(p)*  uxU>P)  =  ^(p)*  (1.15) 


where 


j  0.  i  4s  s 

»,A  —  (/^/«  —  ~  \  1  ,  /  =  s 


The  solution  of  the  system  (1.  13)-(1.  15)  in  transforms  can  be 


written  in  the  form: 


B~K{p)  A, 


d.m) 


where  A  is  a  vector  with  components  c(x,p),  a^(p),  ^(pb  •  *  •  * 
o-n  2^P^»  .2  is  a  vector  with  components  u(x,p),  |j,(p)»  £2^’  *  •  •  • 
£  (p),  and  by  K(p)  is  under  stood  the  matrix 

!  f  A'„ (*,:,/>) </;,  f  A', (:,/>)«/: .  \  K, ,{:,/>)  tl:.  | 

i  <t  o  «  ! 


1  j ! 

S(p)  || 


where 


A  „i  (A ,/>) 
A  us  (a,  p) 


Kn  (P) 

A',2  (/>) 


A'., i  (/>) 
A',2  (/>) 


1.  17) 


j!  Ki),  n-2(Xt  P)  A  I .n-'j(p)  •••  A„,  7-2  (/>) 


L 


X  (p)z 


where 


i 

1 

-1 

0 

0 

t)  n 

o 

.  .  .  0 

'u 

0 

-1 

0 

o  n 

n 

...  0 

e'-' 

e* 

0 

0 

-1 

0  0 

0 

...  <> 

\e’' 

0 

0 

0 

— !  0 

0 

.  .  .  0 

0 

0 

**13 

(li4  tt,x 

<*  It: 

•  •  * 

0 

0 

ll*j2 

**24 

<b: 

■  •  •  <rjll 

• 

9 

• 

# 

• 

•  • 

9 

, 

• 

• 

• 

• 

• 

•  • 

• 

• 

0 

0 

V  2.1 

•  • 

• 

'V 

*'T,2  ** 

7 

<3 

-c> 

1 

±  \b:a- 

-2  -  (C 

-  p !)  «-■  r 

J 

* 

1 


Here  by  the  product  (  )Kjd\  )  *  (x,  p )»  is  meant  p j  rft  q 

■  0, 1, 2,  ...# 

The  vector  A  can  be  considered  as  a  set  of  input  quantities  of  the 

system  under  investigation  while  the  vector  JB.can  be  interpreted  as 

the  set  of  its  output  quantities.  Then  it  is  natural  to  call  the  matrix 

K(p)  the  transfer  coefficient  of  this  system  from  its  input to  its 

output  B.  The  element  —  K.  .(p)  of  the  matrix  K(p)  is  the  transfer 

^  ij 

coefficient  from  the  ith  component  of  the  input  to  the  jth  component 
of  the  output.  If  <T  (x,p)  ^  0,  aj  s*  a2  *  . . .  =  ®n_2(P)  =  °»  then 

u(x,  p)  =  .a  p)^- 

.1  X(p) 


•J 

0 


\j  in) 


( p ) 

p) 


(*  Kf,y  (?»/-, 

J  T {p)  * (i’  p)  d'" 


0nd  for  a^p)  ^  0  and 


J 


2i)-3 


.1 


!*(*,/>)  =  >!</>> * ....  -»/_!  (/>)-’«. ,  (/»>  —  ••■  =  v?(/’V=0 

I  „  (,v.  />)  =  A',  „(.v,/>)  A- '(/>)*,</»)!  , 

iiiP)=:Kjl(p)^  '  (/))*,(/>)• 

13^e  expression  found  above  for  the  transfer  coefficient  can  be 
a  rOn-unique  function  of  p.  In  this  connection  the  question  arises  as 
to  the  separation  of  its  unique  brahch,  which  corresponds  to  the  de¬ 
sired  original.  This  problem  can  easily  be  solved  on  the  basis  of 

\  $ 
theorem  5  of  reference  [1]. 

*That  is,  one  must  choose  the  branch  of  the  transform  whose  value 
for  jpj  -  co  and  -ir/2  +£  <  arg  p<  x/2  -  e(e  >  0)  tends  to  zero. 


The  problem  of  the  existence  of  the  solution  of  the  linearized 
system  under  consideration  by  means  of  the  transform  found  above, 
in  accordance  with  theorem  8  of  reference  [lj^reduces  to  proof  of  the 
following  sufficient  conditions:  the  analytic  character  of  the  vector 
B  in  some  half-plane  Re  p  >  Q~  and  fulfillment  for  the  expression  of 

||  !<  (V,  p) !(-  -  ( HP) !  *  Sup  ,  {SjJ’tf,  (.v,  5,  P)  d;  f  -f  II  K*ix>  P)  i5  + 


/- 0  0 


+ 1  ik;  </>)]■}; 

/-i  Jm  I 


«  I 

||  A',  (  v  P)  |P  =  I A  (P)  I  !  Sup  rao i  S !  J  K„  (*,  i.P)di 


(1.18) 


i  \ 


r 


Ik,  *  {x,p)T  =  U  (/>)!  2  Supvc(0  |>  { i]  I  j  Kixx  (X,  *,  />)  rf;  I*  -f 

/=-0  o 

+  £i^O)/.r.r  (XtP)  I*  } 

/-I 

for  Re  p  ><T  the  condition 

max  |  !*<*,/>)  I|*.  I*„<*./»>||*.  II  #„(*./>)  IN  <  d/-r, 

in  which  1  ><a  >  0  and  C  >  0. 

According  to  theorem  l,for  stability  of  the  initial  linear  sys¬ 
tem  analyticity  is  necessary  and  analyticity  arid  boundedness  of  the 
transfer  coefficient  K(p)  in  the  half-plane  Re  p  >  0  are  sufficient 
{in  particular  here  it  follows  that  CT  can  be  set  equal  to  zero). 
Therefore,  if  II  K(p,x)  ]|  ^  <  C  in  the  vicinity  of  the  point  JpJ  »  oo, 

where  C  >  0,  and  the  elements  of  the  matrix  K(p,x)  &  (p)  are  ana¬ 
lytic  functions  in  the  half-plane  Re  p  >  0,  then  the  linearized  sysr 
tem  is  stable,  if  A(p)  does  not  have  roots  with  Re  p  >  0,  and 
unstable  if  it  has  even  one  root  with  Re  p  >  0.  Thus  the  problem  of 
the  stability  reduces  to  the  investigation  of  the  roots  of  the  so- 
called  characteristic  equation 

M/0-0.  (1.19) 

We  designate  the  original  of  K(p,x)  by  G(t,  x).  Then  B(x,  t)  a 
G(t  -  T  ,x)A(x,f  )d T.  We  introduce  the  norm 

A)  j[  «  Stl|>lt((1|)  £  £|a'(/  |  . 

i  \  J  I 

where  g. .  are  the  elements  of  the  matrix  G(t,x).  Then,  in  accord-  ] 

L  J 


1 

rsmce  with  theorem  3[5,4],  if  the  linearised  system  is  stable*  then 
for  any  functions  f^(£p  •  *  • »  £c)  U  *  4.2*  •  •  * » n  “  2)  which  satis¬ 

fies  a  Lipshits;  condition  for  max  {  fu|»  }|jJ*  •  *  »  *  |tnl } <  M 
{with  constants  Fj  (j  -•  0, « . « »n  -  2),  for  which  the  inequalities 

*  F.Sup  ,  /  j  |C(t  -t  )1|  dlT-Cl  are  valid),  and  the  system  (1.9)* 

j  Ofe  t  ~  co  Jq 

(1. 10)  is  stable. 

1.  THE  PROBLEM  OF  I.  N.  VOZNEZENSKR  ON  THE  STABILITY 


OF  THE  CONTROL  OF  A  HYDRAULIC  TURBINE 
1.  The  Ranth-Hurwitz  problem  for  quasi-polynomials  arose 
in  connection  with  the  questions  posed  by  I.  N«  Vo&neaenskii  on  the 
effect  on  the  regulation  of  turbines  of  wave  phenomena  in  the  delivery  •• 
"conduit  and  the  control  red  [9]»  A  similar  problem  was  considered  in 
:f5,7li  The  first  results  for  quasi- polynomials  were  obtained  by  N.  G.  ‘ 
Chebotarev*  after  a  lecture  of  whom  on  this  problem, a  number  of  other 
mathematicians  became  interested.  ■  The  results  obtained  by  M.  G.  . 

Che  bo  tar  ev,  L.  S.  Bontryagin  [10],  N.  N.  Meimaa,  B.  Ya.  Levin, 
y.  M.  Tsapyrin  and  others  were  set  forth  in  detail  in  the  well-known 
monograph  of  N.  G.  Chehotarev  and  N.  N.  Meiman  [9].  However, 
these  results  did  not  appear  to  be  sufficient  for  the  solution  of  eon- 
■  cret®  problems  put  forth  by  I.  N.  VoasnesensMi.  Subsequently,  partial 
methods  were  introduced  for  the  solution  of  a  number  of  the  problem© 


advanced  by  I.  N.  Yoznezehskii  [Spll].  Complete  solution  of  the  prob 
lem  of  the  effect  of  the  delivery  conduit  on  the  regulation  was  given  in 
£12,  13,  15].  *  J 
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Tb.e  problem  of  X.  N.  Voznezenskii  on  the  effect  of  wave 
phenomena  in  the  delivery  conduit  and  control  rod  on  the  stability 
of  the  regulation  process  will  be  considered  below*  Such  a  study 
makes  it  possible  to  discover  a  new  peculiarity  which  can  be  en¬ 
countered  in  the  investigation  of  distributed  systems.  This  peculi¬ 
arity  is  connected  with  the  character  of  the  idealization  and  the  role 
in  the  stability  of  the  roots  of  the  characteristic  equation  with  very 
large  negative  parts. 

Z.  The  equations  of  motion  of  the  system  of  the  regulation 
of  a  hydraulic  turbine  with  account  of  wave  phenomena  in  the  de¬ 
livery  conduit  and  control  rod  can  be  described  in  the  following 
form  (the  corresponding  block  diagram  is  shown  in  Fig.  1):  the 
wave  equation  of  the  control  rod  in  relative  displacements  of  the 
angular  velocities  with,  account  of  internal  friction  /£ 


,y',! 


«2  0; 

Mot 


(2.1) 


the  condition  of  the  equality  of  the  angular  velocities  of  the  a^/of 

the  hydroturbine  and  the  control  rod  at  the  place  of  their  junction 

«  |Rt*;  (2.1a) 


the  equality  of  the  moments  at  the  end  of  the  rod 

t  .  ~  tfu 


Ol’  ijrwl 


a/* 


™  — i.Q  ! 

dx  X**t 


(Z.  lb) 


the  equation  of  the  hydroturbine 


T^+v 

a  dt 


2 


*0} 


z-0 


(2.  ic) 


the  equation  of  the  regulator 


P.ft-  +  r,^  +  5'1  +  #i  1 

1  r  *  tit  Lr«f 


tit ! 


dt*  '  " 

the  equation  of  the  valve 


0; 


,«r,f  vw  O; 


the  equation  of  the  servomotor 

r  jLt 

*  dt 

the  equation  of  the  isodrome 


3  as  0  I 


(2.  Id) 

(2. le) 

<2.  If) 


the  wave  equation  of  the  conduit 
du  _  ghn  JZ>_ 

-i>0  dt  *  dt 


dt 


fli^o  . 


(2.1g) 

(2.  Ih) 


the  equation  of  the  discharge  at  the  end  of  the  conduit  connected  to  the 
turbine  ,  ...  _  „  v  n. 

ui- (0,5 '-y),  0=0; 

(Z.  li) 

the  condition  of  complete  reflection  of  the  pressure  wave  at  the  end 
of  the  conduit  line  L,  connected  to  a  large  water  reservoir 

<  1,^=0.  <2.1j) 

2  l/2  - 1  /2 

In  this  case  the  following  notation  is  employed:  m  =  G  '  p  , 
n2  =  X  1//2p"1//2,  G  is  the  shear  modulus,  p  is  the  density  of  the  rod 
material,  J  is  the  polar  moment  of  the  transverse  cross  section  of  j 


2k9 


*1 


the  rod,  K  is  the  moment  of  inertia  of  the  connecting  mass  of  the 
regulator,  \  is  the  coefficient  of  internal  friction  of  the  rod,  L2~ 
lm”^  -  the  time  of  flight  of  a  wave  of  the  rod  of  length  1.  The  sense 
of  the  remaining  parameters  and  notation  are  clear  from  reference 


.  First  let  us  look  at  the  case  in  which  the  delivery  conduit 
(short  pipe)  and  damping  in  the  rod  are  not  taken  into  account.  In 
this  case  the  transform  of  the  system  (2.  1)  for  zero  initial  condi¬ 
tions  (with  consideration  of  the  perturbations  o-j(t),  .  » .  >u_,(t),  their 
right  hand  parts  in  the  notations  V  =»£*jr)  can  be  written  in  the 


form: 


iix- 


pi  I  —iff  —  ai  (  /^  i 
P*'l  —  ?|  sr,z  ^  P)  ' 

ph  —  :  <ZS) 

’8  *4“  ''  »5  “+  1  r  “H  ^  *)  r,:  ~  P)  ' 

7> —  |!  /, +  \TJiP+l  +  fs  7',)l  >\  T.  *f.  -  «*<  /’)  : 

r,5,  —  *,+  <:  +  T,  r„/>  i„  =  *:</>) : 

«U*  =  5,  (/>).  «),  ,-;=(/’)•  «,  | ~  &  <  /*>  •  t- 

Solving  the  system  (2. 2)- (2.  4),  we  find  B(u,  •  •  * »  §g)  with  com* 


(2.4) 


ponents 


V  4„y+se  +“*/+>£ _ 

« (•«,  r)~-  — - — v  ' w  • 


(2.5) 
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(I  ~  1,2, ... , 
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j  -  • 

ysBt 

MS 
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0  0 

0 

0 

/ 

0 

-i 

0 

0 

0  0 

0 

0 

'/ 

1 

o  - 

-i 

0 

Q  0 

0 

0 

/.  . 

m 

m 

i 

0 

0 

/> 

0 

0 

0 

0  0 

0 

- . 1 

j 

0 

0 

0 

/> 

o  - 

-1 

0  o 

0 

0 

On 

0 

,  0 

0  Gi  - 

Kp 

0  0 

0 

0 

1 

(2.f>) 


(2.7) 


0  0  0 


\  '  o  0  0  i  o  0  *  .JiP+r;  0  0  j 

\  0  0  0  0  0  0  — f  l\  o  — «r47'lf 

.  \  0  0  0  0  0  <)  *~V  0  \  pTsTtl 

Here  d  =  T.Tp  +  T  +  pT..  From  the  form  of  the  determinant 
(2„  7)  of  the  system  (2.  3),  (2. 4),  it  follows  that  their  highest  order  is 
determined  bp  the  principal  term  p^e^  ,  while  its  expansion  in. 
fee  elements  of  the  fifth  column  shows  that  the  order  of  its  minors 
£\  a: (p)  cannot  be  higher  than  this  order.  By  virtue  of  this  fact* 
for  Re  p  »  y  >  0  the  estimate  __  __ . . ] 

(*. p)i  '  *•» •  •  *  M  /*jj  (^8) 

takes  place,  from  which,  according  to  Sec.  1  of  the  present  paper, 
it  follows  feat  the  study  of  the  stability  of  the  system  (2,1)  for 
£  j  a  0  (  C  i  is  the  time  of  flight  of  the  shock  wave  of  the  delivery 
conduits)  reduces  to  consideration  of  the  characteristic  equation 
^  A  (?)  *  0»  which  in  our  case  has  the  form:  *  . 


9 


(29) 


(/>)  (c »p  sh  p  -4-  ch  P  * 2)  "4-  ^Ji  (/>)  ~  n 


where 


!\  ( /;)  »  TjP  -M , />*(  />)  — ( 4*  1 )  ( T;  P'  4  7>  P  ~h  V  X 
X  ! '/;  '/>2  4-  (7S  4-  ft  7\)  />  4  a!,  5,  ~  AV |/fy. 


f3 


In  the  construction  of  the  D  cut  of  the  plane  of  the  parame¬ 
ters  (T  2,  'T  2,  we  use  the  method  set  forth  in  [13].  For  this  pur¬ 
pose,  solving  (2.9)  relative  to  the  parameter  2  and  equating  its 
imaginary  part  equal  to  zero  (after  the  substitution  p  =  icu  ,  -co<  w 
<+  oo),’  we  find  the  values 


r  4- 

£  , 

•  * 

/ 

*) 

4' 

• 

where 


•  ( r, 7?  - t, / •  -  r, r„ /„)  +  ;< r‘  +  rj„-  r,r,)7-,- 
n  1 7;  7-,.  7;,  H-  7  ;■(  7;  +  P  7„H  ■ 

87’7,  —  Jp7’7.,  +  7,  (7, 7',,  4-  7‘;) 


for  which 


7;|7,/.7„+  I*(r<  +  yrj\ 

'■  ( 7 ,  *4-  ,37,)  —  ?  Tb  v*i  Tn  ~  7^  ) 

/ 1 7,  r*/„  -+-  7  J  ( /;,  -4-  f  /..)| 

*  ■ 

=~ d  Ct$I  4-A  CSC 


(2. 10)' 


takes  on  real  values  (a  =  w  b  *  Pg^(iw)(l  +  T^o>i)u>  *), 

For  clarification  of  the  rule  of  the  shading  of  the  curve  of 
the  D  cut  of  the  plane  of  the  parameters  CT2,  V  ^  and  the  determina¬ 
tion  of  sgn  b(u>  f ),  we  construct  the  auxiliary  curve  W  a  P^i^/F^ico), 
J 

the  form  of  whichjfor  the  most  interesting  case  in  practice,  q<  0  j 

L 


2f?2 


\ 

3^  K 

1 

[14],  is  given  in  Fig.  2a.  We  note  from  Fig.  2a  feat  b{wj)  <  0. 

The  boundary  curve  o£  the  15  cut  of  the  plane  of  the  parameters 

1  '  #-l 

C-  is,  according  to  (2.  10),  the  sum  of  the  curves  o*  aUj 

t  » 

ctg  w*T  2  and  cr^s  =  b(iw*)  esc  w*  for  the  same  values  of  2j 
its  form  (see  Fig.  2b)  depends  essentially  on  the  behavior  of  a|bj  1. 
The  direction  of  the  shading  of  the  boundary  curve  is  determined  by  ■ 
the  change  in  the  .signjfori  <T 2  a  -  «  ^°)  sin  ^  vicinity 

of  .  In  the  transition  through  the  boundary  curve  in  the  plane 

along  the  line  “ 't'  €  {b2'if&>^  (2©  4  l)w«  j  )  from 

left  to  right  is; the  characteristic  equation  (2.9)  in  the  plane  p  two 

v  ^  jj 

roots  with  Re  p>  0  are  lost,  (but  forTe  £  ((2s  4  ,  2 (a  +  1) 

sti  j"  )  are  gained). 

We  shall  show  that  the  claimed  stability  regions  shaded  in 

Fig.  2bf  are  actually  regions  of  instability.  For  this  purpose,  we 
■»  ,  * 

consider  the  quasi- polynomial  Fg(p)  4  Fj{p)  corresponding  to  the 
point  -  Ci,  =0.  From  the  D  cut  of  the  plane  W  of  the  quasi- 
polynomials  ¥PK(p)  4  Pj(p)  (see  Fig.  2a)  it  follows  that  for  jW  | 
a  a  |  fo  j  ~ 1  >  1,  the  polynomial  Pg  4  Pj  does  not  have  a  single  root  to 
..  the  right  of  the  negative  axis  (since  the  point  W  «  oo  corresponds  to 
the  polynomial  P  (p),  which  does  not  have  a  single  root  to  the  right 
of  the  imaginary  axis),  while  for  ajb|  A  <  1,  the  polynomial  Pg+P^ 
has  two  roots  with  Re  p  >  0. 

Proceeding  in  similar  fashion,  we  separate  the  regions  of 
^instability  in  the  planes  of  the  parameters  6,  After  substitution) 


2$k 


r 

in  the  expression  for  S  obtained  from  (1. 9)*  p  **  ij»(-  oe^  w<  +oo) 
we  have; 


1  -  "f* •  T~  Pt  (i «) P  *  (2. 11) 


where 


\P,(/«)asspJ(/»)|a-“ 7'*7*i®24'(7%i+?7*,)w^|»  Q(i«)~(— ojffj sin wvfcosmT,)  * 

The  values  of  «,  for  which  S  becomes  real  are  found  from  ’the ' 

[eoaditlolT-  of"  Interaction'  of 'the  curve  (i»)Q{ifi*)] 

with  the  line  »  T^w  (Fig.  3a).  In  the  case  considered  of  the 

hi  '*•  > 

boundariesy  the  D  curare  the  straight  lines 

=  '  .  <2- 1Z) 

where  .  * 

,2»y  ■*  (* »/)  =  Re  P,  (i 

The  direction  of  the  shaded  lines  (2.  IE)  is  determined  by  the  'sign  ©T 
too  S  in  the  region  of  w. .  The  D  cut  of  the  plane  of  the  parameter® 

S,  for  *1#  *2,  s3*  which  are  shown  in  Fig.  3as  fe»  is  given  in 
Fig.  3c.  It  is  seen  from  Fig.  3a,  b,  that  as  Tk~*  0,  <»*  -*}  oo,  and 
g  0,  i.  e.»  the  system  becomes  everywhere  unstable.  On  the 
other  hand,  with  increase  of  Tk  the  regions  of  .stability  grow. 

There  is  no  point  in  going  into  detail  on  the  separation  of  the  regions 
of  instability  in  the  space  T,T  ,  T  +  pT.,  a,  since  it  is  performed 
in  similar  fashion. 

We  now  proceed  to  the  consideration  of  the  general  case. 

In  accord  with  what  was  set  forth  in  Sec.  1,  the  investigation  of  the 
^instability  of  the  system  (2. 1)  reduces  to  a  cooperation  of  the  J 


r 

characteristic  equation 


where 


Pys-ip)  (c' ysh  y/4-di  y/)  (2=,  ch/f  4  /»-»)  4 

4  2  (ij  ch  p  -  t  >f-sh  /?  '()Pi(p)  ~  ^  i 

1  *s~kj~\ ,  c,  —  gA,,®*’*  ?  1 .  y  =  ±  p p  +  *p) 


(2.13) 


For  a  comparison  of  the  equation  of  the  rod  and  conduit 

the  natural  damping  in  the  control  rod  is  taken  into  account.  From 

the  physical  point  of  view  it  is  natural  to  assume  that  a  very  small 

damning 

<3.nThe  control  rod  cannot,  have  an  essential  effect  on  the  control  pro¬ 
cess.  However,  fuller  consideration  of  this  problem  shows  that  the 
neglect  of  arbitrarily  small  damping  leads  to  the  impossibility  of 
satisfaction  of.the  condition  of  stability. 

We  attempt  to  separate  the  regions  of  stability  in  the  gen¬ 
eral  case  for  X  =  0,  for  example,  in  the  plane  of  the  parameters 
(T^t-  Proceeding  in  similar  fashion  to  [13],  we  arrive  at  the 
equation  of  the  boundary  curves  of  the  D  cut 

of  the  plane  of  the  parameters  t  The  values  of  £  ^  and  m 

correspond  to  the  points  of  intersection  of  the  circle  f  =  -(2R|)/ 

(|  -  i)  with  the  curve  g*  =^Pg(iu)),/Pj(iu)^l(iw)  (see  Fig.  4).  It  follows 

directly  from  Fig.  4  that  as  w  ->  ,«,-*•«,  while  the  values 

■ 

p,.— ?  0,  correspondingly.  In  this  case  the  curve  of  the  D  cut  fills 
J 

jjthe  entire  plane  of  the  parameters0/  »  •  This  latter  signifies  J 
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that- in  the  idealized  system  assumed,  without  damping  In  the  con¬ 
trol  rod,  it  is  always  unstable,  and  that  this  instability  takes  place 


a,t  very  high  frequencies-. •  "  •'*'  ' 

In  the  consideration  of  arbitrarily  small  damping  in  the  • 
control  rod,  the  possibility  is  established  of  separating  the  region 
of  stability.  We  show  this  in  the  example  of  the  separation  of  the 


regions  of  stability  in  the  plane  of  the  parameter  Sj  T^.  Solving  the 
characteristic  equation  (2. 13}  relative  to  the  parameter  6,  we  have: 

(2. 14} 


,2  ri 


7p»  i  — (i  i«t)  , 


where 


2«,  fOS-**“,'4* /sin  »»*:,  P5(i«») 


The  form  of  the  curve  f{i<*»)  is  shown  in  Fig.  5a.  After  construction 
of  the  curve  6*{i<a)  a  -T.wi  +  f(io»)  (Fig.  5b),  which  is  simultaneously 
the  curve  of  the  D  cut  of  the  plane  of  the  complex  parameter  6 
fox  ~  0,  it  is  easy  to  proceed  to  the  desired  D  cut.  For  this  pur- 

•  •  ■'  . ■  2 

pose,  we  construct  a  series  of  straight  line©  in  the  plane  Sj 

(Kj  -  Re  V  (i  «>*)) , 

'  the  number  of  which  is  finite  in  the  case  under  discussion.  The 

■  :  ■  -  '  '  2 
final  form  of  the  D  cut  of  the  plane  of  the  parameters  6,  Ty  is  given 

in  Fig.  5c  (the  shading  on  the  line  is  in  accord  with  Fig.  5fo).  - 

We  shall  investigate  how  the  curve  bounding  the  stability 

region  changes  with  change  of  from  0  to  oo.  For  Tk  *  0,  curve  b) 

(_goes  over  into  curve  a)  of  Fig.  5,  from  which  it  is  seen  that  <*>  awj  J 


Fig.  4. 


parameters  T^,  6(  4 


. 'W 


takes  on  a  denumerable  set  of  values  going  off  to  infinity  wife  in¬ 
crease  in  j,  Simultaneously,  6Qj,  taking  positive  and  negative  values, 

tends  to  zero.  ■  In  fee  6,  plane,  fee  region  of  stability  here  is  ex¬ 
tended  to  fee  halfplane  of  stability  B  >  S*  while  fee  remaining  part  of  _ 
fee  plane  S  >  0,T^  >  0  becomes  unstable.  Wife  increase  in  Tj.  fee 
lines  on  fee  ST^  plane  wife  large  slopes  disappear  and  fee  region,  of 
stability  is  expanded. 

For  sop®  value  Tk  »  T^,  a  single  line  remains  wife  8  >  0  wife  .fee 
region  of  stability  higher  than  this  straight  line.  Wife  further  in¬ 
crease  of  T^,  fee  value  of  decreases  and  5 ^  *«*0;  thereafter  6^ 

*  '  i- 

becomes  less  than  zero-  and  tends  to  -1  for 

1*,  -f  sfi  T„  4*  a  T„  »f  o  ( Ts  4-  Wi)  ~~  h_ 

T*  . - . - . - . .  - . -  - 

The  straight  line  of  fee  D-cut  8  « <S|T^  +  S^j  joins  wife  fee 
line  8  »  -1,  and  fee  system  becomes  stable  everywhere. 

.It  is  interesting  to  note  fee  effect  of  on  fee  frequency  of 
excitation  of  fee  system.  For  Tk  a  0,  the  system  is  excited  over  fee  . 
entire  spectrum  of  frequencies  csk,  which  represents  a  denumerable 
set.  For  ft  0,  fee  infinite  spectrum  ©f  frequencies  falls  out,  and 
wife. 'further  increase  of  T^,  fee  system  is  excited  oyer  all  very  low 
frequencies, 

3.  INVESTIGATION  OF  THE  CONDITIONS  OF  SELF- EXCITATION 
WITH  DELAYED  FEEDBACK  POSSESSING  DISPERSION 
^  Let  us  consider  an  ideal  amplifier  wife  delayed  feedback  -1 


260 


1 


Pin  the  circuit.  *  If  we  denote  by  J(p)  the  transfer  coefficient  of  the 


*  Tills  problem  was  considered  in  reference  [17$ 


‘  feedback,  then  the  characteristic  expression  of  the  system  under 
consideration  has  the  form 

1  -  kJ(p)  *  0.  (3-  V> 

We  shall  consider  below  the  case  in  which  the  feedback  is  realized 
by  a  length  of  line  and  LC  is  the  circuit  with  account  and  without  at 

count  of  dissipation. 

1.  In  the  first  case,  the  characteristic  equation  has  the 


form  _  .  — . . . 1 

k  wH'Xpj*  V  {l  ('P~ P  ! * 

where  K  is  the  distance  from  the  beginning  of  the  line;  R,  G,  L,  C, 
are  the  resistance,  leakage,  inductance  and  capacity  per  unit  length 
of  line.  As  a  parameter,  in  terms  of  which  we  shall  investigate  the 
stability,  we  choose  the  amplification  coefficient  k  which  we  shall 
consider  complex  during  the  course  of  the  investigation.  As  usual, 
setting  p  =  ia),  we  obtain  the  equation  of  the  boundary  of  the  D-cut  for 
die  parameter  k.  One  can  remark  that  for  <o  ~*oo  the  boundary  curve 
wraps  itself  asymptotically  around 'the  circle.  We  shall  explain  how 
this  comes  about.  Introducing  the  notation 


|/7 JiiZTc^  +.  u.r,  j^rc)  *«/  - 

L 


J 


26l 


r 


i 


-f-  /  [/  o,5  ( |/  jr2 -4^*  x)  =*=  in  A- in,  • 

and  as  the  result  of  simple  calculations,.-  we  obtain  the  result  that  as 
oj  *•")'  oo 

i//*  a* 0,5 y2  ( Jt-  -H y-  —  x  )  ‘  -»  {LG  -f  RCf  (MC)  ' t 
m^tn^{L(]  +  RC)()th(LC)  'k 

i 

as  u>~*?  oo.  Moreover,  dm/doi  >  0  for  <*>  >  0  and  !TrG<  (LG  *f  RC)X 
-1/2 

>s.  0.  5(LC)  /  .  By  virtue  of  this,  the  boundary  curve  fits 

rf/JH  <=o 

around  the  circle  of  radius  e  (Fig.  6a.)  from  the  inside,  and 
therefore  the  system  is  stable  for  values  of  k  lying  in  the  interval 
[k(Wl),k{0)],  where  N^)!  >  No)j. 

2.  Now  let  the  feedback  be  realized  by  a  matched  semi- 

«,  1  jje 

infinite  LC  chain  (see  [18]),  where  =.Lp  +  R,  z^  ~  (Gp  +  G) 

^In  reference  [17]  only  the  case  R  =  G  =  0  is  investigated. 

We  denote  the  current  in  the  nth  section  bv  i  .  Then,  from  the 

'XI 

equation  for  the  nth  section^ 

(Z\  +  2z2)in  “  z2^n+l  *  Vi*  “  0  *3'2* 

we  find  an  expression,  for  the  current  L.  We  shall  seek  this  ex- 

-iiX 

pression  in  the  form  1  =  Ae  ,  since  the  chain  is  matched  and, 

con sequently,  there  is  no  reflected  wave.  Let  =  u;  then  we  ob- 
j_tain  the  result  that  i  -  uz^  e"  and  the  transfer  coefficient  of  the  J 
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_nx~1 

feedback  J(p)  =  e~n^  .  Moreover,  after  the  substitution  %n  =  Ae“ 
in  (3.  Z)i  we  get 

e  ^  «  2  +  ziz2^  * 

Then,  in  accord  with  the  rule  for  selection  of  the  branch,  formulated 

on  page  , 

C  '  l  4-  o,5  zxz* 1  -  V^r^  o'^r1)5--  1  , 

and  therefore  the  transfer  coefficient,  can  be  written  in  the  form; 

J(p)  (ot —  ]/x® ~1  *  **  1  -f  0,5  (/./>  4  /?)  (fy  -M'>  •' 

If  we  denote  e  +  if  a^’  -  1  by  T) ,  then  the  characteristic  equation 
takes  the  form' 

k=nn.  (3.3) 

Evidently  this  equation  has  n  complex  roots  q,  (i  =  1,2, ...  ,n),  lying 
on  a  curve  o£  radius  y  |k|.  We  choose  the  quantity  -y  )k|  as 
the  parameter ih  terms  of  which  we  shall  investigate  the  stability. 

•I*  4 

If  the  dissipative  parameters  R  and  G  are  not  taken  into  ac¬ 
count,  then  the  ho  do  graph  q(i«)  has  the  form  shown  in  Fig.  6b.  If 
the  amplification  coefficient  is  smaller  than  unity  in  absolute  value, 
then  all  the  roots  of  the  characteristic  equation  have  a  negative 
.  real  part  and  the  system  in  this  case  will  be  stable.  If  now  jkj  1» 
then  some  of  the  q.  will  be  found  outside  the  hodograph  and  the 
roots  of  the  characteristic  equation  corresponding  to  them  will  have 
a  positive  real  part,  that  is, the  system  will  be  unstable. 

In  the  case  of  consideration  of  the  dissipative  parameters 
I^P.  and  G,  the  hodograph  q  (k>)  is  shown  in  Fig.  6c.  For  all  c^jq  j>  l.J 
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Actually,  carrying  out  a  series  of  transformations^  we  obtain  the 

-  t  ■ 

result  that  _  _  ■  * 

41^1  —  l/x'  -f  V2  -r  (A  ~f  4)2  t\V2  ■+■' 

+  V  ( x  +yx*  -hy1)  (.*  -f-  4  +-  j/TT-f  4)M~PT'^  {3-4} 

+  K  x)  ( yr^^]Kfyzrx  HT)  * 

It  is  not  difficult  to  see  that  |ri  j  can  be  equal  to  unity  only  for  issO, 

but  r\(0)  -1  +  0.  5RG  +  j/  0.25R2Q2  +  RG  >  1.  Now  let  hi  *  a.  .  We 

•then  obtain  from  (3.4)  a  biquadratic  equation  in  w: 

{a  -  1)  +  4a  x  -  4a  (a  -1)  x  » a  (a  +  l)(x  +  y  ), 

which  has  no  more  than  two  positive  roots.  Thus  the  hodograph 

rj(ioj)  for  w  >  0  has  no  more  than  two  points  to  which  corresponds  the 

one  and  the  same  value  |q|.  Consequently,  the  critical  values  of 

the  amplification  coefficient  k,  for  which  change  in  the  stability  of 

the  system  takes  place,  will  generally  be  different  for  different 
& 

signs  of  k. 


These  results  do  not  coincide  with  the  results  of  reference  [17], 
where  it  is  confirmed  that  the  change  in  the  stability  of  the  system 
takes  place  at  a  definite  value  of  jk|,  i.  e. ,  the  critical  value  of  k 
does  not  depend  on  the  sign  of  k. 

4.  INVESTIGATION  OF  THE  STABILITY  OF  CONTROL  OF  AUTO¬ 
MATIC  COMPRESSOR  STATION  GAS  SUPPLY  WITH  ACCOUNT  OF 
lWAVE  PHENOMENA  IN  INPUT  AND  OUTPUT  GAS  MAINS  J 


26i|. 
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cmo/Mjup 


Fig.  7.  Block  diagram  of  automatic  compressor  station:  l--com~ 
pressor,  2--gas  motor,  3--pneumatic  isodrome  regulator,  4-- 
servomotor,  5-- centrifugal  velocity  regulator.  (In  drawing,  on  the 
left:  gas  supply,  in  the  middle:  automatic  compressor  station, 
on  the  right:  gas  distribution  station. )  . . . 
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1.  The  introduction  of  new  techniques  which  guarantee  an 

.  '  ’  ,4  t*  *■ 

■  V>  .  i  ' 

increase  in  the  productivity  of  compressor  stations  in  the  trans¬ 
port  along  long  pipe  lines  of  liquids  and  gases  has  led  to  a  very  un¬ 
pleasant  phenomenon,  connected  with  the  vibrations  of  the  main 
pipe  lines.  The  struggle  With.  vibrations,  at  the' present  time  hen 
acquired  great  importance;  however,  in  the  majority  of  cases  it 
ie  carried  on  blindly  and  requires  great  material  efforts  [2, 4j„ 

A  block  diagram  of  an  automatic  compressor  station  is 
given  in  Fig.  7.  From  the  source,  which  is  a  large  gas  reservoir, 
the  gas  travels  through  a  long  gas  pipe  to  the  automatic  compressor 
station,  from  which  it  discharges  into  a  gas  distribution  station 
along  a  second,  delivery  conduit.  In  Fig.  7,  i(x,t)  and  j(x,t)  denote 
the  relative  variations  of  delivery  of  gas  into  the  input  and  output 
gas  mains,  while  f’  (x,t)  and  $  <x,t)  are  the  relative  pressure 

changes.-  ’ 

The  operation  of  the  automatic  compressor  station  is  de¬ 
scribed  by  the  following  set  of  equations: 

for  the  output  of  the  compressor  station  [19] 

j  *=■  —  *9^*  +  *;i'f  ?  (4.  1) 

the  equation  of  the  gas  motor  compressor 

T„  ?-rf  “  2s  l**'+  y:£  V**  J  (4.1a) 

the  equation  of  the  centrifugal  regulator  of  velocity  with  corrector 

7*^  7v;+'q4  (4.ibj 

the  equation  of  the  membrane-lever  mechanism  J 
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;  =  v. 


l 

{4. 1c) 


the  equation  isodrome  pneumatic  regulator  (for  T  **  =  0  [SI]} 

(i  ~f-  H)  :q  -f  7  W  *  «l»  -f  7;  1  v,  -f  -  ■  (4,  1  d) 

The  vibrations  of  the  gas  in  the  input  and  output  pipes  are 
“  described  by  equations  with  partial  derivatives: 


(input  gas  main); 


O'  V 

—  -  <v/ ; 

On 

Tt~ 

of 

:<i7~ 

{4,2} 

(H\i 

-■  C  ,t  ; 

0* i>  _ 

/)/  ' 

<*, — 

(4.  3) 

Ox 

~~<)t  ~ 

/hr 

(output  gas  main}. 

Here  a^,  ar6  coefficients  which  are  proportional 

to  the  tangents  of  the  angles  of  inclination  of  the  characteristics 
which  determine  the  yield  of  the  compressor  station  as  a  function  of 
the  pressure  at  the  input  and  output,  and  of  the  angular  velocity  of 
the  shaft  of  the  gas  motor  compressor;  similarly,  <&4»  ®5»  are 
coefficients  proportional  to  the  tangents  of  the  slope  angles  of  the 
characteristics  of  the  gas  motor  compressor  at  the  points  of  lineari¬ 
sation.  The  parameter  pj  characterizes  the  stiffness  of  the  spring 
of  the  velocity  regulator  and  the  membrane  lever  apparatus; 

B  -  a,rp,/v  1  \b()  +  \a.,/(rl  -J-rs)|  ,  (4* 4) 

where  a.,a.,,brt,b  ,r,,i  ,r.  are  the  parameters  of  the  isodrome 
x  z  o  &  1  y  z 

pneumatic  regulator  [21].  The  meaning  of  the  parameters  T&,  Ty, 

T,  ,  T  ,  6,  6, ,  c.,  c?  are  well  understood  and  need  no  further  com-j 
K  U  I  X  « 
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t 

I  meat. 

The  purpose  of  the  research,  was  the  separation,  of  the  re¬ 
gions  of  stability  of  the  system  in  the  plane  of  the.  parameters  6, 

T\k >  which  characterise  the  ieodrome  pfteuroatic  regulator  under  f 

U.  •  _  -I 

j 

fulfillment  of  the  following  boundary  conditions!  j 

"  ’  ‘  i 

j_ -  ! 

j  In  such  an  arrangement,  for  given  numerical  values  of  the  parame- 

j  .•  i 

|  ters  ^i/c2*  A^,  tk®  problem  was  suggested  to  us  in  | 

!  1957  by  our  colleague  of  the  Kiev  Institute  of  Gas  Ift.  A.  sJjeov.  | 

j  '  1 

i  A  particular  case  of  this  problem  wag  considered  in  reference  [20].  j 

i  "  i 

1  j, 

i .  _ _ _  ! 

f  i 

r  ? 

!  1)  The  condition  of  constancy  of  pressure  at  the  end  of  the  j 

j  1  *  \ 

j  input  gas  main  which' is  connected  to  the  large  gas  reservoir  j 

!  '  V<0,  t)>  «0;  ■  ....  (4,5}  | 

!  ’  j 

|  2)  The  condition  of  equality  of  the  discharge  of  gas  at  the  | 

?  ’  # 
5  '  >  l 

;  input  and  output  of  the  compressor  station  .  .  *. 

j  -  jilt)  .«>../);  j  .  (4*6)  | 

j  ‘  .  •  i 

3)  The  condition  of  operation  of  the  compressor  station  | 

•  ‘  I 

;  2  | 

i  under  the  assumption  that  T  .*  T  ~  T^.=  B  ~  0,  | 

•vh  *"’*<< 0, (4.7)  j 

4}  The  condition  of  constancy  of  the  discharge  of  gas  at  the  ! 

i 

end  of  the  output  gas  mam  .  j 

HU  0  “0.  :  (4. 8)  j 
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di 

dt 


-AX J  ~ 

r,  ,-A  1  * 

/1S  ~f~  A  4 

1  'b 

■rsifi  j  i/^s 

■  ■  & .. 

1  * 

*««un**» 


!  In  equation  (4.  7) 


A,  =  .  A  _  &a2  4- 

*  %  ,  ♦  —  ~~~  .  — -  ■ 

o-f-s-  1  >  • 


As=l h&L 
*■+-».,  * 


Applying  a  Laplace  transformation  in  the  set  of  equations 
(4.  2)- (4.  8),  we  obtain  a  characteristic  equation  of  the  following  form 
after  the  usual  transformations: 

j.  P  sli3y-f  ;v>y  ch  7  sli  y  ^i’-p-^ri)  cii2  y  «•()  (4.9} 

|  with  parameters 


!  -  _  A*  jl  A*  As  j 

!  i 

£  .  i 

2.  We  construct  a  D-cut  of  the  plane  of  the  parameters  ! 

1(6,  Tu*)  [14].  Direct  construction  of  the  boundary  of  the  D-cut  in  j 
■  - 1 

terms  of  the  parameter  6T  of  interest  to  us  leads  to  difficulties,  J 

|  i 

!  connected  with  its  behavior  for  w  •♦oo,  which  is  characterized  by  the  j 

!  ■  i 

i  principal  terms  j 

|  hp  Vc\p(F^ sb  (2  Ynp/cJ.  {4t  10) 

i 

■  In  order  to  avoid  this  difficulty,  we  first  construct  an  auxiliary  D-cut 

i  fT  -  1  f 

{  according  to  the  parameters  ^  ,  v;  6T 

f  i 

;  For  the  construction  of  the  D-cut  of  the  plane  of  the  parame-j 

j  ters  T  ,  v,  we  substitute  in  the  characteristic  equation  (4.  9)  p  =  io>  \ 

I  •  I 

j  (-oo  <  co  <  +oo).  Since  the  left  side  of  (4.  9)  is  an  even  function  rela-  I 
I  tive  to  j/ c, p/ c, ,  then  in  the  extraction  of  the  root  from  i  it  suffices  \ 

'  I  i 

|  to  consider  only  its  positive  value.  Construction  of  the  curve  of  the  j 


(4.10) 


jo  iMMJMtur  W-  imaw  rtuxn  ■  <ut4{  Mrt’Mtt***..  '.Ww 
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[i>-cut  one  must  change  the-  value  of  w  from  0  to  oo,  since  in  the 
|  change  -  co<  «<  0*  the  curve  of  the  D~cut  of  .the  plane  '•  *  v  is  run 
|  over  a  Ve'cand  time*  which  leads  to  double  shading.  After  aubstitu- 
|  tion  in  {4.9)  of  the  root  f  c^w./c^^  ~  O  +10  {Q  ~  fr<^c^Jc^/2.)  and  , 
■division  of  its  left  hand  side  into  real  and  imaginary  parts*  wear- 
|  yive  at  a  set  of  linear  equations  relative, to  .the  parameters 
|  Solving  the  system,  we  find:  ;  '  :  ip 

*  sir  ~  —  si n*  11  4- jiG  {cos  ii  -f  eh  G)  (sh  tt  —  sin  g)  , 


T 


X  as 


t  ; 

1 

I  -■ 

I 

!  ’ 
i 


i  ■ 


»*> 


(cos  G  4-  ch  *)■ 

all  (sh  G  4-  sin  G)  (ch  G -h cos  11)  2sh  £  sin  G  {4, 1 2)  | 

(cos  2  4-ch  G)s  ■  '*•  *'■ 

A  «  —  t»  (cos  2  -f-  ch  G)*.  (4. 13).  j 


For  tisOwe  have  the  fundamental  straight  line  v'  «  0.  The  j 
!  D-cut  of  the  plane  of  the  parameters  v  is  shown  in  Fig.  8a.  For 
i  investigation  of  the  behavior  of  the  curve  of  the  .D- cut  at  infinity,  we 
I  consider  the  reflection  of  the  semicircle  Re  p  >  0,  jp|  >  R-  on  the 
i  plane  “£*%  v.  Substituting  p  =  rei<^  in  (4.  9)  and  separating  the  real 
I  and  imaginary  parts ,  we  have*  for  sufficiently  large  R  >  G: 

I  .  __  , ( l  ~  4co$c  s/2)  sgn  (co s  qp/2)  . 

!  —  !*  1/  -  * 


COS 


«s  ji 


ctr  sgn  (cos  yfe) 
c%  cos  ®/2 


(4.  14) 


y/e  denote  by  A  p  the  right  semicircle  Re  p  >  ©*  |p|  >  R  of  the 
point  p  =  oo,  and  by  A  S  the  reflection  of  this  semicircle  on  the 


p-  MiMmnwMr  iw  •'i 


plane  f  ,  v.  Upon  change  of  %  in  the  limits  from  ~w/2  to  i r/2, 
and  ^  do  not  change  sign  {v  >  0,  V  <  0}j  therefore, closure  of  the. 
set  fcx  £  for  p  co  contracts  to  the  point  S  [16]* 


|  It  is  easy  to  go  from  the  D-cut  of  the  plane  of  parameters  j 

I  '•  •  f.  j 

|  v,  V  (see  Figs.  8 a,  b,  c)  to  the  D-cut  of  the  plane  of  parameters  ; 

t>  ,  T~\  and  from  it  to  the  plane  6*  The  basic  straight  line  j 

v  s*  0  for  the  plane  v,  C*  breaks  down  in  the  .  •plane  2  ,  T  f 

V  ‘1  1  '  4 

l  into  two  straight  lines:  ^  =  0,  T”  0  and  ~  0,  ^  0.  I 

j  '  , 

I  Qualitatively  one  can  obtain  a  picture  of  the  D-cut  of  the  ; 

|  >  -  j 

j  plane  of  the  parameters  V' t  v,  from  the  D-cut  of  the  plane  of  the  1 

!  | 

]  complex  parameter  V  (Fig.  8d): 

j  *  ‘  «  —  (th  S?-4~i»t5)  th  t?  - —  (4.15) 

It  follows  from  Fig.  8d  that  for  v  <  0  the  set  is  unstable,  for  y  >  0  j 

|  &  section  of  stability  appears,  for  v  >  0  the  section  of  stability 

j .  iB*  *  .  '  | 

creases  with  increase  in  v  .  , 

I 

.  5.  ON  REGIONS  OF  STABILITY  OF  AN  ISODROME  TEMPERA  TUBE  ( 
!  •  .  ■ 

|  REGULATOR 

Let  us  consider  isodrome  regulation  of  a  heating  furnace  j 

V  ■  j 

|  with  a  concentrated  heat  capacity  inside  and  with  heat  transfer  j 

!  through  the  wall.  The  regulation  system  contains  a  distributed 

i  '  • 

j  section  (as  a  consequence  of  account  of  propagation  of  heat  through 

|  the  thickness  of  the  wall  as  part  of  the  system).  Investigation  of  the 

|  system  with  a  real  furnace  meets  with  great  difficulty;  therefore  we 

j 

S  shall  consider  the  problem  for  a  spherical  furnace*  Description  of 
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i)  ‘  \«  *'$ 


Fig-  8.  The  D~cat  of  the  plane  of  parameter  $  o*  J-u 


v*  m»*  <*w  «*"  **  *«**  % 


Fig-  9-  Block  diagram  of  temperature  regulation- 


the  circuit  of  an  isodrome  regulator  (Fig.  9)  is  given  in  [22].  A 

'  ’  i 

compensated  bridge  with  an  arm  mounted  in  the  wall  served  as  the 
measuring  element  in  the  system. 

To  obtain  the  characteristic  equation  we  first  write  down 
the  equation  of  the  furnace  and  the  heat  transfer  in  the  wall  of  the 
furnace. 

a)  The  equation  of  the  furnace.  We  use  the  notation  :  p  is 
the  hea.t  capacity  of  the  heated  body,  k£  is  the  coefficient  of  loss  of 
power  by  radiation,  \  is  the  coefficient  of  thermal  conductivity  of 
the  material  of  the  wall  of  the  furnace,  r^  is  the  internal  radius  of 
the  furnace  wall,  r^  is  the  external  radius  of  the  furnace  wall, 

®  (r,t)  is  the  temperature  of  the  wall  of  the  furnace,  02  is  the 
temperature  of  the  surrounding  medium,  0^  is  the  temperature 
inside  the  furnace.  The  equation  of  balance  of  energy  for  the  elec¬ 


tric  furnace  has  the  form: 


PRdt  zz[>d1d\  4*  k-i  h,  dt  -  -  \  - 


S„df , 


(5.1) 


where  Sq  «  4 wTq,  R  is  the  resistance  of  the  heater,  I  is  the  current 
in  the  heater.  Let  I  change  by  the  quantity  y^(I  I  +  y,.).  Then 
©-*  +  r^,  0  +  T]  and  we  get  from  (5. 1): 


‘-T2  .V.,. 

dt  Or  , 


(5.2) 
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H(/>)%  ip). 


where 


y.  (/?)  =  l  {p)  Tjj  (/>), 


L  (/t)  —  ^3  ~r  P\  P  (P)> 


(B.  3). 


C 

>  ,  . 

|  (k^»  p»  X  j  are,  respectively,  »  p ,  X divided  by  2111), 


For  a  flame  furnace  the  energy  balance  equation  has  the 


'  forte:’ 


Wdt  — 


./,  VL-  sltdM’ k&dt  +  Wtdt. 


(5.4) 


i 

i  where, W  is  the  energy  generated  in  the  burning  of  the  fuel,  Wj  is  the 
|  energy  leaving  with  the  burning  products.  Let  W  **•>  W  +  AW;  then 
!  @  (3|  +  q1#@  -=>  ©  +  T{»  Wj  -7  Wj  +  A  w.  One  can  assume 

I  [23]  that  Moreover,  if  =  by,.,  then  we ’obtain 

j  ^5.  3)  from  (5.  4),  where  k^,pj,X  j  are,  respectively,  k2,p»X&0  di- 
j  vided  by  b{l  -  n).  ^  j 

i  ..  J 

i  b)  The  equation  of  heat  transfer  in  the  wall  of  the  furnace,  j 

Let  s  be  the  coefficient  of  temperature  conductivity,  the  coef- 

i  ■  ”...  . 

;  fi cleat  of  heat  emission  at  the  exterior  wall  of  the  furnace,  the 

j  coefficient  of  heat  emission  at  the  interior  wall  of  the  furnace. 

i  •  ‘ 

i  ,  •  •  •  .  j 

’  The  equation  of  heat  transfer  has  the  form:  | 


r^H  ,  2  dvr 

6  j  drz  +  r  dr\ 


.1 


27k  — 


<tr 


d  |r0} 
dt 


&  \r®\ 

dr* 


{5,  S) 


where  <  r  <  r^,  t  >  0. 


Boundary  conditions: 

'  '  H(r.  O)»e;-0,f 

^  ()  i- 


+  A,, 


rl 


dH  j 

dr  L,. 


■f-Aj  [H  (r,)-~  Bt{  =  0, 


{$.$) 

(5.?) 


where  L.  =  d.X 

In  these  representations,  equation  (5.  5)  takes  the  form: 

|  .V  \r  H\„~~rp  j# W„]  — 0,i  (5.8) 

j  vAile  (5.  i)  and  (5.  7}  remain  without  change  if  the  representation  is 

i 

|  designated  by  the  same  letters  as  in  the  original.  Solution  of  equa¬ 
tion  (5. 8)i  5 


H  (r,  /?)=H0-f~r~'  (.4**'' -{-£<?  «0»j 


-1 


where  q  ■*  y  pa 

Determining  A  and  B  from  (5.  6}  and  (5.  7),  we  obtain: 

rt?B-’H0 4-/7  ^  (Hj  —  W£)J  t5*9*  1 

n^rWir  y\AAfi“^  '■>_ f; 

A,  =s  1  4  A,,/*,,  —  r,//;  /*„  1  j  A/,,  1  *V/; 

~1  -f  Ajr,  -j~  r,(/;  /f,  —  1  }  A ,r ,  —  r,</. 


|  where 


JW^-O^WWa 


-  27S 


\ 


|  Now  let  ©-?©+$  (p).  Then  &ry  &f  *  ht  andiron*  (5.  9), 


where 


(/>)  =0'  (/>}  *||  (P). 

G(j>)~  n\A^^r)  «<'<  r)\. 


From  {5. 6} 


t 

1 


? 


df[ 

dr 


L,\0(O-  IK. 


I  that  is. 


H  {p}  =  lo  |  —  1  4  £1^ o 

+  9  \  /  I 


1  4-  </r u  4* 

■n*i 


The  char acfcer istic ' equation  of  the  system  has  the  form: 

(5.  10) 


g ■+  (Tp  +  l)”1  4>  vGfp)p  *X  1{p)  - 


G  (p) 


ULIL — t  a  (p)  =  jl„  j  *  )* 

-(/»4*rc^  \  l  -f  £</«*+  r<»^  / 


•I  -l“.l  -1 

.  j  where  g.  *  ck|  y  »v  =  ky  . 

s  Let  us  consider  the  case  of  an  infinitely  thick  wail  (1,  ~  oo): 

i  A 

! 

Lfl  e 

r  1  -f  L 

|  By  virtue  of  the  fact  that^for  conjugate  arguments#  the  functions 
i  entering  into  {5. 10)  are  also  conjugate#  one  can  construct  the  13-cut 
|  of  the  plane  of  the  parameters  p  #  V  by  setting  p  -  ife>  and  varying 
I  {,5  from  0  to  co.  We  write  down  (5. 10)  in  the  form: 


p  -u  *  4-  iy  4-  v  (ii  4*  it)  **»  0. 


(5.11) 


I  Then 


ft  sss  —  x  *4  y«* 


-i. 


■yz  \ 
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where 


(1  -f  T 


2  <*>*.“« 


I  » 


r<M!  4-  rv)-1; 


ll 


L  r*d~4 

<J  (£  sin  -f-  ( cos$): 


f 

*  ■^rrr^r  ^sln^ 

/*  <«  (?24”C2)  1 

if:=(r  — />„)  ]/"wj2s\ 

h  ( 1  4-  /-o^  4-  j/'t*  2.v )  —  \/Zj2r^- 

!  i:  — P|...  (|+//#4.r„  |/^j  -f-  *;sr„  V^/2s+  X,  Ljr»\faf2&  4« r2.j 

|  For  to  >  0,  y<  0  and,  the  ref  ore,  sgn  v  =  sgn  z.  Graphs  of^tt  {«}  a, tod 
|  v  (w)  are  shown  in.  Fig.  10a,  the  D- cut  of  the  plane  of  these  parame* 

i 

f 

I  ters  in  Fig.  10b. 

The  rule  for  shading  is  determined  by  the  sign  of  the 


!  expression 


i  u 
o  z 


•  If  A  >  0,  then  the  shading  is  to  the  left  for  motion  along  the  bound* 
i  ary  line  on  the  side  of  increase  of  u>;  if  A  <  0,  then  to  the  right. 

't 

|  Inasmuch  as  sgn  A  =  sgnz  -  sgn  v,  then  for  y  <  Outlie  shading  is  to 

•:  i 

!  .  I 

1  the  right  and  for  v  >  0  to  the  left.  The  lines  ^  -  0  and  v  -  0  special,  j 
;  It  is  necessary  to  show  that  and  Cb,  are  regions  of  D{0).  j 

i  Let  k3-^  co  or  (which  leads  to  the  same  result)  rQ,  r~^  oo.  This  j 

j  means  that  leakage  absorbs  all  the  energy,  i.e. ,  the  system  will 

) 

■  operate  stably. 

!  Actually,  in  this  case,  the  characteristic  equation  of  the 


wti  :rj.V*#  <  Kve*r~  »*tt  ••J) 
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|  ey  stem 

)  ,  +  (7>+l)-'=0  . 

Ihai  the  single  root  p  ~  -{1  +  f*  )(T yw.  )  ^<  0  for  >  0  -and ^  <-l. 

f 

jin  this  case  {v  { ->  oo  and  the  D-cut  takes  the  form  shown  in  Fig.  1  la., 
1  For  6  Oj,  C2,  the  characteristic  equation  does  not  Have  roots 

I  with  Rep  >  0,  i.  e,  ,  Oj  and  D?  are  regions  of  D(0),  1 . 

> 

l  .  We  note  that  for  the  model  in  which  the  resistance  the.r- 


<  i 

jmometer  measures  the  tempera  hare  of  the  heated  body  directly,  and  j 

i‘in  the'case  in  which  the  thermal  conductivity  of  the  wall  can  be  ne~  j 

I  •’  '  '  • 

|  fleeted  (i.  e. ,  the  distributed  element  is  not1  taken  into  account  and  * 
1  .  1 

!  •»  *  j 

j  h  =.  s  ),  the  characteristic  equation  of  the  system 

1  >  P  +  'P  'A  1  (/>)~h(T{)  Q' 

where  L(p)  «pjp  +•  k^,  gives  the  following  conditions  for  stability, 

|  with  the  aid  of  the  theorems  of  Rauth- Her witas: 

!  . • .  I 

!  yv>0,  7'  (a  4-  p  7>)  v;>  P  ( I  4-  :*)  (*  -f «H-  \  P  7> );  { 

|  | 

|  These  conditions  are  satisfied  in  the  regions  Oj  and  (Fig.  lib),  I 

!  _  i  „  i  | 

j  when  /h  ~  -&p  T  j 
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THE  NUMERICAL  METHOD  OF  FINDING  PERIODIC  MOTIONS  IN 
1  '  AUTOMATIC  CONTROL  SYSTEMS  ' 


•  Yu«  •  I  •  Keyis&rk . 

(Abstract)  A  numerical  method  is  considered  for 
finding  the  periodic  motions  of  an  automatic  control 
system  with  a  single  nonlinear  characteristic. 


j  The  theoretical  analysis  of  the  dynamics  of  many  systems 

*  of  automatic  control  reduces  to  finding  their  stable  periodic  motions. 

Nj  Significant  ‘  success  has  been  achieved  in  finding 'the  periodic  mo* 

> 

4  tions  of  systems  close  to  linear  (the  method  of  small  parameters 
|  [1-3],'  the  method  of  averaging  [4-7]),  for  systems  which  satisfy  the  j 


i  hypothesis  of  autoresonance  or  of  a  filter  .(the  method  of  harmonic  j 

|  balance  [8-11]),  for  piecewise  linear  systems  whose  investigation  j 

}  can  be  reduced  to  a  point  transformation  of  a  straight  line  into  a  j 

j  straight  line  [12-15],  and  for  .the  simplest  regime  of  a  relay  system  J 

I  [16-18].  However,  .all  of- these  methods  themselves  yield  only  ' 

!  j 

!  various  more  or  leas  simple  ways  of  setting  up  the  equations  of  j 

j  .  | 

I  periodic  motions  and  not  ways  of  finding  them  in  practice.  j 

i"**  nr»-''*J  ■'"f-1**  t*r  h •  Mr&vc  K.,1  «W1  JlAWf -4*  .  »n  ft#  •*«**»*»  4*ww'*r.‘M'  -< 
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*.  In  the  present  paper  a  numerical  method  ie  put  forth  for 

I 

!  finding  the  periodic  motions  which  is  applicable  to  an  automatic 

I  -  '  s 

;  control  system  with  a  single  nonlinear  characteristic,  \ 

!  v  ■ 

|  1 .  PRELIMINARY  DESCRIPTION  OF  THE  METHOD  f 

I  j 

j  Let  us  consider  an  automatic  control  system  consisting  of  j 

?  I 

a  linear  section  with  transfer  coefficient  K(p)  and  a  nonlinear  ele-  ( 

I  t  i 

|  meat  which  brings  about  the  connection  j 

j  *  yzsli  (x).  (i.i)  ! 

•  ‘  i 

;  between  the  input  variable  x  and  the  output  variable  y.  In  the  pres-  1 

I  I 

|  ence  of  an  external  periodic  influence  of  frequency  w  we  bring  it  to  i 
i  the  input  of  the  nonlinear  element,  and  expand  it  in  a  Fourier  series:  j 

'  i 

f  < 

I 

/  (/ >  1!  K  sin  k  »»  ( t  —  t„)  -j~ rik  cos  k  m  (f  —  /c)| ,  j 

i  k  (i.Z)  I 

j  We  assume  that  in  the  system  under  consideration  a  periodic  re-  j 

•  i 

gime  of  frequency  «  is  possible  and  we  represent  the  input  x  to  the  j 

r  .  i 

nonlinear  element  in  the  form:  i 


-v  $1  i  i  Ak  *+•  yi:)  sin  k  o)  (t  —  tj  -4  (Bk  4-  ^,)  cos  k  w  (t  —  tn)  ] . 

*  1  (1.3) 

In  this  case  the  output  of  the  nonlinear  element  will  also  be  a  peri¬ 
odic  function  of  the  time  w  and  therefore  it  can  be  represented  in 
the  form: 

v  =•  T  i  A,,  sin  A*  «»  { t  —  t„)  4-  Rk  cos  k  »»  (/  —  ^)J. 

*  (1.4) 

whe  r 


e  the  Fourier  coefficients 


"A,  and 
k 


cans  by  virtue  of  (1.  1)  be 
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^Jrlsented  in  terms  of  the  quantities  Aj  +  Oj,  A£  +  a2*  •  *  *  and 

B0  +  Pq*  +  Pp  b2  +  .  •  •  ; 

Ak**Jlk(Bu+K  A +  4i-f«i.--*Ui*5> 

|  On  the  other  hand,  inasmuch  as  y  is  the  input  of  a  linear  chain  with 


I  coefficients  of  transfer  K(p),  and  x  is  its  output,  then 

I  ■ 

As *  Kv  (5  »)  A,  -Kx  (a »)  SA  Hs  ~  K\  (s "’)  Bs 4-  A'2  (a1  <«)  1A,  (i.  6) 


[  where  K^sw)  and  K2(sco>  are  the  real  and  imaginary  parts,  respec- 

i  i 

j  tively,  of  K(isu>).  J 

I  The  infinite  set  of  equations  (1.5)  and  (1.6)  determines  all  j 

|  | 

1  the  possible  periodic  motions.  However,  finding  its  solution  pre- 

!  sents  very  great  difficulties,  not  to  speak  of  the  difficulty  of  actually 
j  finding  Eq.  (1.5). 

The  widely  known  method  of  harmonic  balance  is  essentially 
j  an  approximate  method  of  solution  of  this  set  of  equations.  Ac- 
|  cording  to  this  method,  of  all  the  infinite  set  of  equations  (1.  4)  and  j 
t  (1.6),  only  the  first  two  equations  are  chosen,  and  the  remainder  j 

|  are  replaced  by  the  equations  A^sA^.  .  .  *0,  j 

j  =  ...»  0.  Account  of  the  further  harmonics  of  the  desired  peri-  ,  j 
I  odic  motion  in  this  method  leads  to  very  complicated  calculations  [ 


|  and  is  little  applied  in  practice. 

|  Xn  the  present  work  a  new  method  of  approximation  of  the 

|  infinite  set  of  equations  (1.  5)-(l.  6)  is  put  fofrth  which  is  based,  on 
j  the  one  hand, on  the  possibility  of  neglecting  the  higher  harmonics 


{for  -which  it  would  be  sufficient  to  assume  that  for  very  large 
Kj  («)  and  R-, (o>)  are  equal  to  zero),  and  on  the  other  hand,  on  a  cer-  . 
tain  approximation  of  the  nonlinear  equation  (1.  5).  This  approsdma- 

.  '  ’  .  I 

ticm.,  in  the  case  in  which  the  nonlinear  character  of  (L  I)  is  piece-,  | 

•  j 

wise  linear,  replaces  Eq.  (1.5)  by  a  piecewise  linear  system.  In 
the  saxnb  way  {he  'problem  of  finding  the  periodic  motions  in  the  case 
of,  forced  vibrations  leads  to  the  soltition,  generally  speaking,  of 
several  sets  of  inhomogeneous  linear  equations,  and  in,  the  case  of 

«;r 

■free  vibrations,  to  the  problem  of  finding  the  frequencies  u  for  which 

a  certain  redefined  set  of  linear  equations  has  a  solution  and  then  to  J 

..  *  «■' 

finding  this  solution. 

£.  APPROXIMATION  OF  EQUATIONS  (1.5) 

’  We  divide  the  period  T  =  2ir/««>,into  m  equal  parts:  let 


*j  r~  i!  M*  shi  {kj  2* /in)  -f  Bh  cos  (kj  2 «*/;«)  4-  /,  | 


'(2-1) 


be.. the  input  values  of  the  nonlinear  chain  at  the  points  +  jT/m  | 

j 

(j  ~  0,  1, ....  m  -  1).  .The  output  values  of  the  nonlinear  chain  at  | 
these  same  points  will  be  Q{Xq),  Q(x^),  ....  respec¬ 

tively.  By  the  well-known  method  of  least  squares,  the  Fourier 
coefficients  and  can  be  found  approximately  from  the  values 
of  y  at  m  points; 


■-«  £  U(x'> 


(.*■*>  I 


X 


b.=  J-  £  “(*>)  <■<»  {*j  —)■ 


(2.  2) 


{ After  eubstitotioa  of  (2, 1)  into  (2. 2),  we  obtain  the  desired •  approxi¬ 


mation  of  JEqs.  (1.5). 

In;  finding  the  periodic  motion  s,  one  must  form  equation® 
either  for  the  amplitudes  of  the  harmonic®  A^»  or  for  the  qaa».~ 
j  titles  xA,  x,  ,  at,,  .  .  .,  x  Keeping  in  mind  the  second  posed- 
bility,  we  find  the  value  of  the  output  of  the  nonlinear  chain  at  the 


momehtlb  of  timet**  t*» 


V  * 


L  «  * 

m~  I 


\’y  to  L*  (*;) 


.  .Aa*0  *■ 


•4*  sin  ( kJ  \  ) 


4*  cos  ( kj 


.2  tr 


m 


(2.3) 


f  Substitution  of  (2. 2)  into  (2.  3)  leads  to  approximation  of  Eqs.  (1.5) 
i  ian.  the  case  in  which  the  quantities  x^»  x^,  .  .  .  ,  j  are  taken  to 
I  be  the  fundamental  unknowns. 

I  ' 

j  3.  THE  CONSTRUCTION  OF  APPROXIMATE  SOLUTIONS  OF 
i 

j  PERIODIC  MOTIONS 

!  In  fee  construction  of  approximate  •solutions  of  periodic 

I  •• 

|  motions,  we  can  take  for  our  consideration  both  the  number  of  con- 

i 

t 

|  sidered  harmonics  n  and  the  number  of  point©  of  separation  »,  ®b~ 
j  .serving',  however,  the  condition  m  2n  -fife  this  case.  By  virtue 
j  of  this  condition,  the  number  of  unknown,  is  not  smaller  than  the * 

|  number  of  unknowns  A^,  and  However,  this  circumstance  itself 
!  cannot  serve  as  the  decisive  argument  in  the  construction  of  fee 
j  equations  relative  to  fee  unknowns  A.  and  B.  ,  inasmuch  as  yerifica* 

^ fi,iwiHr>  ty ■ — .TV...  ..  *  .  . - . -  .. 


|  tion  of  the  practicality  of  additional  conditions  is  more  easily  carried 


I  out  over  the  quantities 
!  2 


j  a)  Yhe  equation  of  periodic  motions  in  the  variable_s_.AjaLJ^|.  j 

j  | 

j  Expressing  the  unknowns  in  Eqs.  (2.2)  according  to  (2.  1),  and  | 

|  then  eliminating  the  quantities  A,  and  Bk  in  accordance  with  (1.  6),  [ 
j  f 

1  we  obtain  a  set  of  2n  +  1  equations  of  the  form:  j 

1  K 


!  I  £  a-  (vf  )+*.««  (V ~r)+f-\* 

[  /  »  AT  —Cl  •  '• 

!  X  Kx  (k  <••)  sill  ( It}  4-  Kz  (k  <»)  cos  |  kj  ^  ;  j 

i  ■  ■  ■  (3. 1)  j 

1  kl  W  1  /f  '  <  *  *  \  *1  » 

i  -  ~~  E  -  V  A.  sin  / .s;/‘  -j-  Bs  cos  /  .vy  +7/  X 

:  X  j (*  ‘") sif1  |  (*  “*•)  cos  |  */  . 

i  if  the  system  under  consideration  is  non- autonomous  (L  ^  0),  then  | 

j  ^  «  J 

i  co  is  known  and  the  equations  (3,  1)  make  it  possible  to  find  2n  +  1  j 
’  unknowns  A,  ,  B,  .  If  the  system  is  autonomous  (f .  -  0),  then  by  vir~  | 

|  it  K  J  j 

:  tue  of  the  arbitrariness  of  the  selection  of  the  starting  time  (or,  whaj 
i  i 

1  amounts  to  the  same  thing,  of  the  quantity  f^)  any  of  the  quantities  ; 

A  B  (k  7  0)  can  be  taken  as  equal  to  zero.  If  it  is  known  that  the  ; 
k  k  ‘  \ 

variable  x  certainly  takes  on  the  value  x  in  its  variation,  then  it  ■ 


m  ^ 

/  0  I  V  —d 


,**in  )  + 


(3.1) 


•v—-)  +-// 1  x 


i  can  also  be  assumed  that 


|  -v,  ~  t  -u  (*/—)<-«»  ««  ( 

j  *it  '  '  ■  • 

•  Equation  (3.  1),  together  with  (3.2)  or  any  other  equation,  for 


(3.2)  | 


.  »«•  -Ul1w.lv .  «I-1 +«  t<  ■  Wrt  •*  Vr.V*"  *M 
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|  example,  B,  «  0,  gives  the  complete  set  of  equations  fox  finding  this 


desired  2n  +  2  unknowns  A^,  and 

b)  The  equation  of  periodic  motions  in  the  variables  xj. 
Expressing  the  unknowns  A^,  B.^  according  to  (1.  6)  m  the  relations 
(2.1)*  and  then  substituting  in  place  of  A^,  35^  their  expressions 
(2.  Z),  we  arrive  at  the  following  set  of  equations:; 


£  l*  {X,  )  £  A',  (k  w)  0O.V  /  £  («  — /)  ) 

ra»  *  0  L  A  1 


*,(*«) sm  (*e-y) §)]{+/„ 


(3.  3) 


I  which  can  be  written  in  the  form 


!  (A  )  £  Re  fi  (is  of)  eu  <'  5>  -’*/* 


(3.4) 


The  number  of  these  equations  ie  equal  to  the  number  of  unknowns 


|  xrt,  3f. »  .  .  t  ,  x  therefore,  in  the  case  of  forced  vibrations  of 
0  1  m~ 1 

i  this  system,  it  is  sufficient  for  finding  the  periodic  motions-;  in  the 


j  case  of  free  vibrations,  when  <o  ia  unknown,  it  is  necessary  to  add 

i  * 

|  an  additional  requirement  to  Eqs.  (3.  3)  of  the  form  x,  *  x  ox  of  die 

•  J* 

j  form  Bj,  ®  0,  where  is  naturally  assumed  to  be  expressed  in 

f 

j  terms  of  the  unknowns  xA#  ...»  x.  ■ 

f  u  M-l 


4.  CONCRETE  EXAMPLE 


i  Let  the  frequency  characteristic  K(m)  of  a -linear  neutral 

|  stable  chain  {one  root  with  Kero  and  the  other®  with  negative  real 
j  parts)  be  given  by  the  graph  Fig.  la,  while  the  nonlinear  chain  has 

!  ,  i 


I  the  symmetric  characteristic  shown  in  Fig.  lb,  with  the  angular  co- 


I 


j  efficient  of  the  average  part  YL  .  *  ; 

|  The  equilibrium  state  of  the  system  under  consideration 

j  will  be  stable  for  0  <  X  <  0.9.  For  *t  =  0.9,  vibrations  are  ex- 
|  cited  with  a  frequency  w  —  10.  From  the  form  of  the  linear  char- 
|  acteristics,  it  follows  that  in  the  transition  through  the  critical 

j  value  0.9,  one  can  expect  “soft14  excitations  of  symmetric  auto- 

1 

|  oscillations  with  an  amplitude  greater  than  unity. 


|  We  carry  out  a  numerical  calculation  of  the  form  and  fre- 

j  \  ^ 

\  quency  of  the  periodic  motion  for  X.  =  1.3.  We  shall  start  out 

I _ 1 _ 

'  *This  numerical  calculation  was  carried  out  by  N.  S.  Sukochev. 


|  from  the  Eqs.  (3.  3),  in  which  we  set  m  =  12,  and  the  number  of  har- 
|  monies  under  consideration  is.n  «  5.  Inasmuch  as  we  are  seeking 

j 

I  the  symmetric  periodic  motion,  then  we  can  assume  that  xq  - 

i 

!  and  x.+£  =  -Xj  (for  i  -  1,  ...»  5). 

The  set  of  equations  (3.  3)  in  our  case  is  written  in  the  forms; 

v,  s=r —  V  V  <J  (.*.  )  J  A',  (k  «*)  COS  j*  ('—./) 

:  t  /:  0  •  , 


(» 


l'os  (7— j)  j  —  -+*  k  -J 

sin  (3  -  j)  -j-  k  «:J  J 


-f~  A  2  (k  <») 


sin  | 


r> 


rlV  ti  (V.)  V 
,  |  k  I. 


/(•,(*»)  COS  (*  (3  -j))  —)+-  (4,1> 


1C  (*.»)  stn  I*  (3-/)  -jrj 


=  0  0  =  0,  1 . 5). 


290 


;  Tbs  even  harmonics  fall  out,  as  was  to  be  expected. 

We  assume  that  X|  and  Xp,  are  less  than.  !/}-£  ~  0.  7  0  and 
that  ^3»  x4  &Te  gi"«a-ter  than  l/yc  '»  then  Q{x^)  *  Qix-%)  ** 

><  x5  andO(x2)  ~  O  (x.)  =  Q(x4)  -  1.  In  this  connection,  we  con-  t  j 
struct  the  set  of  equations  (4, 1)  for  £2  =10  and  O  «  9«  5i  | 


3,4659  x, 

-  3.03,6  a*, 

0,6319  ,Vj  •— ~6  a*,. 

—  0,6:119  x. 

-  1,1224 

*  0 

—  0,8206  x-, 

-f  2,1748 

«  0 

-  1,144  x  . 

4-  5,3348 

«0 

.  0,8206  x,  6  a*. 

4-  0,5053  x  , 

+  5,4322 

-  0 

; (4.2) 

,1,1.41  A*,  —  6  x, 

-8  3,4659  x- 

-h  3,3973 

«  0 

■'  j 

0,5053  x, 

-  3,036  x:. 

k  -f  1,1224 

r=  0 

\ 

;  3,3923  x, 

j'  —  3,01  x, 

j  J  ,26<  )3  xt  ~~6  x, 

*  <—1,2603  X- 

-  1,8220 

=  0 

** 

—  1,0153  a*  -, 

■f-  1,5684 

=■  0 

if 

* 

-1,387  x& 

4"  4,9284 

=  0 

,  1(4.  3)1 

1,015.3  x,  —  6  x:i 

!  1,387  x,  —  6  X( 

—0,0246  X; 

■  f  5,8790 

0 

4-  3,3923  x  , 

4*  4.0505 

=  0 

|  0,0246  x, 

—3,01  x-. 

■  -f  1,8220 

=  0 

' 

! 

i  •  i 

j  Each  of  the  set  of  equations  (4.  1)  and  (4.  3)  is  generally  in-  j 

j  i 

;•  compatible.  Oar  problem  consists  in  finding  the  value  of  w  for  wfo.icfej 

!  it  becomes  compatible.  From  the  first  five  equations  of  these  eys-  j 

I  ’  j 

I  terns,  we  find,,  respectively,  that  j 

|  .v,  *=0,482,  Xn  =  0,775,  x,  —  1,044,  xt  =  1,160.  xrs=  0,867  .  j 

•  anef-that  •  | 

!  x  |  —  0,529,.. v,  0,938,  ,v3  -  1,069,  x%  =0,784,  **  -  0,023. 

1  The  last  equation  of  this  set  takes  on  the  values  A  =■  <-0.  879  and  j 

|  A  a  2.  729,  respectively  in  the  case  of  the  given  values  of  the  j 

|  variables  x}>  xz„  ...  ,  xg.  Carrying  out  a  similar  calculation  j 


**•*'  ,  .IK  ...  «•<».<  a<Kn><lwln.<iH  «»i>rOll  •ftrt 

forces  9.9,  we  find:  <£  a -0.224.  Therefore  the  desired  eolation 

b>  is  equal  to  9.  9«  For  fa>  »  9*  9,  *j  ®fi.  485,  x^  *  0.  787,  «  1.013, 

x  <  «-l.  053,  xe  »  0.  68®  and  one  can  consider  that  the  assumption 
^  5 

•  $ 

made  regarding  the  values  of  x^,  x^»  *  .  .  »  Xg  is  satisfied. 

jjf 

We  note  that  the  calculation  of  this  example  by  the  method  of  har¬ 
monic  balance  gives  a  value,  equal  to  approximately  1.  3  for  the 
amplitude. 
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EXPERIMENTAL  DETERMINATION  OF  TK.1T EQUIVALENT  COM¬ 
PLEX  TRANSMISSION  COEFFICIENTS  OF  NON-LINEAR  SECTIONS 


OF  CONTROL  SYSTEMS 

T.  K.  Pe ohorina  . 

(Abstract)  A  description  is  given  of  the  method  and 
circuit  arrangements  for  determination  of  the  equiva¬ 
lent  complex  transmission  coefficients  of  non-linear 
1  sections  of  control  systems.  It  is  advantageous  to 

i 

!  • 

■  use  this  method  when  a  sinusoidal  oscillation  is  ap¬ 
preciably  distorted  in  passage  through  a  non-linear 
section. 


t 

I 

i 

i 

1 

i 

I 

i 

i 

! 

i 

t 

! 

'( 

5 

5 


i 


! 

I 


A  method  is  described  in  [1]  for  the  determination  of  the  j 

equivalent  complex  transmission  coefficients  of  non-linear  quadri-  [ 

poles.  In  certain  cases,  this  method  can  be  used  also  for  the  analy- i 

i 

sis  of  non-linear  sections  of  control  systems  [2].  However,  the 
necessity  of  the  selection  of  the  transmission  function  of  the  linear 


section  with  such  a  calculation  in  order  that  auto- os  dilations  can  j 
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*ms4r&  in  the  given  system  makes  difficult  the  use.  of  the  detailed 

I  . 

method  for  the  investigation  of  complicated  non-linear  sections  of 
control  systems. 

In  the  present  paper  a  method  is  considered  for  the  expert- 

mental  determination  of  the  equivalent  complex  transmission  coef-  j 

•  f 

ficients  of  non-linear  sections  with  the  help  of  Lissajou  figures.  j 

The  method  outlined  can  be  used  for  obtaining  a  family  of  frequency 
j  characteristics  in  the  case  when  the  output  oscillation  differs  from 

i 

|  sinusoidal.  Experimental  determination  of  transmission  coefficients 

I  makes  it  possible  to  bring  accuracy  to  the  expressions  for  these  co- 

l  \ 

j  **  j  '  i 

i  efficients  obtained  by  computational  methods.  \ 

I  i 

i  1-  For  the  determination  of  the  equivalent  complex  trans- 

l 

•  mission  coefficients/  it  is  necessary  to  have  a  low  frequency  gen- 

i 

|  erator  which  simultaneously  yields  two  oscillations  which  differ  in 
1  phase  by  90°.  Electronic  low  frequency  oscillators  which  are  widely 
;  used  for  obtaining  the  frequency  characteristics  of  systems  make  it 

i  1 

|  possible  to  obtain  sinusoidal  and  co- sinusoidal  oscillations  simul-  j 

i  ,  J 

taneously.  In  the  use  of  a  selsyn  with  drive  from  a  constant  current  J 

5  1 

'■  h  t  ) 

]  motor  with  a  wide  range  of  regulation  of  the  velocity  as  the  source  of 

i  •  f 

[  low  frequency  oscillations,  it  is  necessary) to  obtain  component  j 

|  voltages  differing  in  phase  by  90°  to  introduce  a  small  addition  into 
|  the  circuit. 

The  determination  of  the  complex  transmission  coefficients  ■ 

i  j 

\  is  carried  out  in  the  following  way  (see  Fig.  1).  A  sinusoidal  j 


*“■»**<* »" 
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|  voltage  .11.  is  applied  to  the  input  of  the  given  section  1.  At  the  out- 

i 

put  of  this  section  a  periodic  oscillation  f{  cot)  is  obtained  which  dif-\ 


f  fere  from  sinusoidal.  The  oscillation  under  investigation  is  applied 
|  to  the  vertical  plates  of  the  oscilloscope  Z^the  tube  of  which  has  a  , 

]  long  persistant  screen.  Scanning  is  carried  out  for  the  voltage  u. 


|  {position  1  of  the  switch  K^,)  or  the  voltage  (position  2  of  th. 

f 

|  switch  K-,).  The  voltages  and  are  harmonic  and  differ  in  phase! 
j  by  90°  relative  to  one  another.  The  switch  Kj  is  used  for  calj.br  a- 

t 

|  ticSrx;  ‘  with  it  one  can  key  in  upon  the  vertical  input  the  voltage  £{ut)' 
i  I '  ■  ” 

j  (position  1}  or  u.  (position  2).  t.  '  K  l 

!  ! 

|  A  possible  Lissajou  figure  is  shown  in  Fig.  2,  obtained  for  j 

f  _  ..  ■  .  i 

'j  a  sinusoidal  sweep  voltage  The  area  of  ttas  closed  figure  Sj 

j.  _  ./  '■  • .  •  •  I 

j  is  determined  in  the  following  fashion;  '  j 


■2r. 


|  /(«>>)  b  COR  {«»  0 


•s  o  '  (i) 

s 

|  ■_  la  an  entirely  similar  way,  one  can  obtain  the  area  of  the  Lissajou 

I 

I  figure  for  a  c©£  sinusoidal  sweep  voltage  f{wt); 

!  2* 


$-j  “  |  /(<«»/)  b  sin  (««  t)  d  (««/). 


(2) 


j  In  equations  (1)  and  (2),  b  is  th©  amplitude  of  the  oscillation,  with 
|  whose  help  the  sweep  is  obtained, 
j  We  expand  -the  oscillation  £(o*t)  in  a  series; 

i  /(»<)“/„  -f  fj  sin  «» t  i\  cos  <«  /  -f*  .  .  i. 

j  The  coefficients  and  are  determined  by  fee  equations 

pi  ,  .MWiShia  **- .Sri  J» rptMMUpjtt.il. 


2* 

if/* 


*«  t)  sin  (*«  /)  d  (»/); 


{<«  /)  </{<*<  /). 


Comparing  Eqs.  (1),  (2),  amd  (3)*  we  see  that 

'  '  ct  3=5  | 

,  c.,  ~  SjM  h.  j 


[  From  Eqs.  (4),  we  obtain  the.  imaginary  and  real  parts  of  the  com- 
1  plex  transmission  coefficient  W|_j  of  the  non- linear  section  under 
|  study  for  an.  amplitude  of  fee  input  oscillation  equal  to.  a; 

R  L'W^Sinabi 

|  im  Wu  =•  Stj~  ah.  ■  (5) 

|  Z. '  The  circuit  for  the  determination  of  the  equivalent  com- 

|  plex  transmission  coefficients  is  shown  in  Fig.  3.  .By  means  of  the  • 

|  redaction  Zt  the  constant  current  motor  1  operates  the  selsyn  3. 

t  The  modulated  voltage  taken  by  the  selsyn  is  applied  to  the  input  of. 

! 

!  the  phase -sensitive  amplifier  4.  The  voltage  at  the  output  of  the 

i  • 

j  amplifier  .is  smoothed  fey  the  filter  5  and  can  fee  applied  to  the  input 
|  of  the  linear  section  6  whose  characteristics •  are  determined. 

\  .  l 

i  Parallel  to  the  basic  selsyn,  the  same  type  of  selsyn  3  is  keyed  in 

j  (with  amplifier  4*  and  filter  5),  The  voltage, taken  with  the  single 

|  phase  winding  of  the  selsyn  3%  is  transformed  in  the  same  way  as 
.  .  .  .  " 

!  fee  voltage  of  the  fundamental  selsyn.  In  this  way  two  identical 


i<i » Scti(ut) 


channels  are  obtained.  By  rotating  the  rotor  of  the  second  selsyn, 
it  is  possible. at  the  output  of  the  second  channel  to  establish  a 
voltage  of  low  frequency  shifted  by  90'  relative  to  the  voltage  at  the 

ft  ■ 

output  of  the  first  channel.  For  the  second  charnel  one  can  sue- 

;  cessfuBy  use  test  apparatus 'of  the  selsyn.  I 

The  shift  in  phase  of  the  Voltages  of  low  ’frequency  at  the  s 
■ 

j  output  of  the  first  and  second  selsyns  is  somewhat  changed  upon  in¬ 
i'  crease  in  the  frequency,  which  requires  either  a  special  calibration 
|  of  the  rotation  of  the  rotor  of  the  auxiliary  selsyn  or  confirmation 

i  * 

|  of  the  correctness  of  the  phase  of  the  voltage  relative  to  the 
|  voltage  Uj  by  measurement  at  a  given  frequency.- 

'  ■  ->  .  i 

|  Ural  Polytechnic  Institute  ’  | 
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|  HIGH  DENSITY  RECORDING  OF  NUMERICAL  INFORMATION  ON  A  I 

1  j 

MAGNETIC  DRUM  I 


(Abstract)  -The  results  are  given  for  the  investigation 
of  the  recording  of  numerical  information  on.  a  mag¬ 
netic  drum  with  density  of  16-20  entries  per  millimeter, 

\  *  f 

i  The  density  of  recording  on  a  magnetic  drum  depends  on  the; 

s  •  .  ■  1 

f  construction  of  the  magnetic  head,  on  the  size  of  the  gap  between  the  j 

|  j 

;  tape  and  the  magnetic  head,  the  travel  rate  of  the  tape  relative  to  j 

j  j 

I  the  head,  the  length  of  the  signals  of  the  recording,  the  quality  and  j 

\  '  I 

!  thickness  of  the  magnetic  tape.  Most  of  the _ factor s4  enumerated  are  ? 

|  } 

I  interrelated.  At  the  present  time  the  chief  factors  limiting  increase!- 

|  i 

in,  the  density  of  the  recording  on  the  magnetic  drum  a.re  the  con-  j 

!  struction  of  the  magnetic  head  and  the  size  of  the  gap-  between  the  j 
]  head  and  the  covering,  -  | 

i  The  resolving  power  of  the  magnetic  head  is  determined  by  j 


•a*-.*  * 


the  dimensions  of  the  regions  in  which  the  magnetic  field  H/ which 

|  -  '  < 

I  borders  the  gap  of  the  head  in  its  excitation  by  a  small  (eurrent*  is 

important  (for  example,  H ^  0.05  oersteds,  see  Appexidix).  To  in¬ 
crease  the  resolving  power  of  heads  the  latter  must  have  a  construe- 
|  tion  which  guarantees  a  sharp  fall- off  in  the  fringe  field  in  a  small 
|  region.  For  obtaining  a  recording  density  of  10  signals  per  milli- 

t 

I  meter,  it  is  necessary  that  the  field  of  the  head  be  localized  in  a 

I 

|  region  of  width  lees  than  100  microns.  One  of  the  ways  of  de- 

i 

|  creasing  the  fringe  field  consists  in  the  decrease  in  the  thickness  of 

i  *.  • 

|  the  pole  pieces  and  the  forward  gap  of  the  head.  However,  it  is 

{  \  • 

|  necessary  to  take  into  account  that, in  a  small  gap,  its  magnetic  re- 

!  luctance  and  the  reluctance  of  the  magnetic  circuit  of  the  head  be- 

! 

|  come  comparable  in  value.  In  reproduction  brought  about  by  the 
tape,  the  magnetic  flux  is  split  up:  part  of  the  flux  closes  the  cir¬ 
cuit  through  the  forward  gap  of  the  head,  escaping  the  magnetic  cir¬ 
cuit.  It  is  natural  that  the  effectiveness  of  the  head  in  reproduction  j 

) 

is  the  lower,  the  larger  the  part  of  the  flux  which  escapes  through  j 
the  gap. 

,  j 

To  obtain  a  satisfactory  print  on  the  magnetic  tape  upon,  re-j 

I 

duction  of  dimensions  of  the  fringing  field,  it  is  necessary  to  reduce  j 
to  a  minimum  the  gap  between  the  tape  and  the  head.  It  is  difficult  | 
to  reduce  the  eccentricity  in  the  manufacture  of  the  drum  to  less 
than  3-4  microns.  To  guarantee  a  stable  gap  of  the  size  of  several 
microns  under  these  conditions  is  possible  only  on  preparation  of  a  { 
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block  of  heads  which  automatically  follow  the  surface  of  the  drum  [5] 

i.  magnetic  head 


j  '  *  The  construction  of  the  magnetic  head  connected  to  a  trane-  j 

former  is  shown  in  Fig.  1.  The  magnetic  head  is  a  “horseshoe**  of 
a  material  with  high  magnetic  permeability  (permalloy  etc).  The  ■ 

j  ' 

j  winding  'of  the  head  consists  of  a  single  coil  and  is  simultaneously 
|  the  secondary  winding  of  the  transformer.  The  structural  joining  of 
|  the  magnetic  head,  and  the  transformer  was  done  to  avoid  losses  in 
I ■  tine ttrhnsmis sion  of  large  recording  currents.  The  ratio  h/a  »  j 

j  ;■  ..  •  . 

varying  with,  the  thickness  of  the  material,  of  the  magnetic  circuit*  | 

j  The  core  of  the  transformer  is  made  out  of  ferrocart  of  Into  j 

{  ’  . .  .  '  .  ' 

diameter  (the  magnetic  permeability  p  «  1000).  The  primary  wind- 

i  . 

j  in'g  of  the  transformer  consists  of  45  turns  o£  wire  PEV  o£  0. 1  mm. 

1  ■' 

j  The  secondary  winding  of  the  transformer  is  a  square  winding  of 

I 

!  copper  foil  of  15  microns  thickness.  The  lower  part  of  this  winding  j 

i  j 

is  .wrapped  around  by  a  “horseshoe”  of  permalloy  of  'thickness  10-20j 

j 

•  microns  and  is  clamped  in  a  chuck.  The  width  of  the  pole  tip  of  the 
(  head  is  1  mm.  Hie  inductance  of  such  a  head  in  assembled  form 

\  amounts  to  about  9  microhenries.  “  j 

!  i  The  heads  were  tested  on  iron- lacquer  and  nickel- cobalt  ; 

[  .  j 

j  coatings.  In  the  use  of  the  iron- lacquer  coating,  the  signal-to-nai.se  ( 

I  ratio  was  somewhat  poorer  than  for  the  nickel- cobalt.  The  linear  j 


l  J  I 

I  ■' speed  of  the  tape  was  ~  30m  •  sec  .  The  recording  circuit  made  j 

i|  ,  *  ,  I 

|  it  possible  to  deliver  a  bundle  of  pulses  synchronised  with  a  marker  J 


pulse  previously  recorded  on  another  track.  The  period  of  repetition 
of  pulses  in  the  packet  varied  from  1.  5  to  20  microseconds;  the 
length  of  tbe  pulse  of  the  recording  current  varied  from  0.  4  to  1.  5 
microseconds.  The  amplitude  of  the  recording  current  varied  from 
.  0,  to  4a, 

.  For  pole  tips  of  fee  magnetic  head  made  out  of  non- an- 
j  sealed  permalloy  50  NKhS  of  20  microns  thickness  and  wife  a  gap 

j  between  the’ -tape  and  fee  head  of  less  than  5  microns  (concerning  fee 

l 

I  g,apj  see  below)  the  recording  density  of  digital  information  of  10 
|  unite  per  mm  was  obtained  without  distortion  of  fee  amplitude. 

i  : 

|  Oscillograms  of  a  single  pulse  and  fee  code  1111011111  are  shown, 
j  in  Figs.  2a  and  2b  (the  repetition  frequency  of  fee  pulses  was  300 
j  kc*  the  length  of  the  current  recording  was  0.  4  microsecond#,  fee 
|  amplitude  3aj  fee  output  signal  bad.  an  amplitude  of  1  mv).  Figures 
|  2c  and  2d  show'  oscillograms  of  signals  for  a  thickness  of  the  pole 

j  ‘  : 

j  points  of  fee  head  of  10  microns.  The  amplitude  and  fee  length  of  th^ 
j  recording  current  were  fee  same  ,  is  in  fee  previous  ca.se.  The  re- 

i  t 

j  cording  density  was  16  pulses  per  millimeter.  Figure  2®  shows  the 

|  oscillogram  of  signals  obtained  with  fee  same  head  for  a  recording 

|  density  of  20  signals  per  millimeter,  it  is  seen  from  fee  oscxllo** 

j  gram  that  a  distortion  of  the  signal  takes  place.  Making  use  of  dif** 

j  fereniiation  in  fee  formation  of  the  signals  under  discussion  [1],  one 

j  can.  obtain  &  completely  reliable  division  of  seros  and  units  even  for 
i  " 

|  frequent  superposition  of  signals.  Figure  2f  show©  an  oscillogram. 

- _ '-y- rf-Ti — r— r*rwr-M-<rmi-nCininiv1^>|-1rHH-il--iin«minr«r|i|n^T»T(M»iitiff-rfrii-|ytmit|i  ■  *rmn-innrr-r-fl  i'v  — — ' ■*- 1 
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:  of  the  signals  formed  for  a  density  of  ZO  items  per  millimeter* 

The  comparatively  small  amplitude  of  the  signal  from  the 
head  is  not  a.  serious  drawback." .j&The  head  possesses  a  small  im- 

%  w  inch 

|  pe  dance  >«wd  makes  it  possible  to  use  a  step-up  transformer  which 
*  «■ 

s  is  applied  in.  the  recording  and  in  the  reproduction. 

I 

•  The  head  operates  with  high  current  densities.  However,  . 

! 

J  the  yoke  of  the  head  is  intensively  abraded  by  air  which  is  entrained 
I;  ‘  ’  .  .  ’  .  ‘  . 

|  by  the  surface  of  the  drum  and  is  excellently  cooled. 

t  For  the  determination  of  the  optimal  amplitude  of  recording 

i 

j  current,  the  dependence  of  the  considered  signal  on  the  amplitude  of  > 

*  ....  - 

1  the  recording  current  was  removed.  The  comparatively  large  re-  \ 

I  '  1 

j  cording  current  (about  3a)  can  be  explained  by  the  fact  that  a  mag-  j 

|  netising  force  much  larger  than  the  coercive  force  is  necessary  to  ! 

:  I 

I  bring  the  system  magnetic  head- tape  into  a  definite  magnetic  state  j 

!  . ,  .  j 

;  site r  a  small  interval  of  time,  \ 

i  i 

|  2.  AUTOMATIC  MAINTENANCE  OF  THE  GAP  ’  | 

I  Reduction  of  the  limiting  gap  of  magnetic  heads  requires  j 

!  ■  ■  .  J 

..  reduction,  in  the  gap  between  the  head  and  the  tape.  Maintenance  of  j 

!  '  .  I 

!  a  constant  gap  at  a  magnitude  of  several  microns  is  a  difficult  engi-  ( 

j  aeering  problem.  Application  of  thermal,  compensation  and  very  j 

i  '  i 

1  '  J 

\  rigid  requirements  applied  to  the  construction  of  the  drum  do  not  j 

j  give  sufficiently  satisfactory  results.  In  this  connection,  conversion! 

?.  _  ! 

;  to  a  floating  suspension  of  the  head  is  of  intere  st.  j 

j  If  an  infinite  plane  moves  relative  to  aa  inclined  plane  in  a  j 
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i  viscoxxs  incompressible  medium,  then  a  force  arises  which  deflects  j 

I  ;  :  j 

j  the  plate  away  from  the  plane  [2].  For  a  given  inclination  of  the  j 


!  plate,  the  resulting  pressure  is  inversely  proportional  to  the  square  j 

•  *  jj 

|  of  the  size  of  the  gap  between  the  plate  and  the  moving  plane.  If  the  t 

i  .  i 

!  plate  is  loaded  by  a  force  P,  then  some  equilibrium  gap  is  estab-  j 

:  1 

|  fished  for  which  a  balancing  of  the  external  force  and  the  internal  j 

}  # 
j  force  due  to  the  Viscosity  of  the  medium  takes  place.  If  the  gap  is  j 

I. changed  for  any  reason,  then  an  extra  force  appears  tending  to  re-  \ 

;  j 

)  store  the  plate  to  the  equilibrium  position.  In  the  case  of  a  rotating  j 

.  cylinder  and  a  plate,  the  process  which  takes  place  is  similar. 

|  The  model  on  which  the  work  was  carried  out  consisted  of  j 

two  drums  of  diameters  600  mm  and  200  mm  with  a  floating  sus¬ 


pension  of  blocks  of  magnetic  heads.  The  suspension  of  the  floating  j 
'  blocks  consisted  of  a  fork,  frame  and  the  floating  block  itself.  This  I 
i  system  formed  a  “universal  joint,  ”  which  made  it  possible  for  the  | 
block  to  be  freely  moved  parallel  to  the  generatrices  and  to  follow  j 

i 

i  after  the  surface  of  the  drum.  The  suspension  was  made  as  light  as  j 

•  f 

.  i 

possible  in  order  that  its  inertia  did  not  affect  the  stability  of  the  gap) 

in  the  presence  of  the  eccentricity  of  the  drum.  A  system  is  era-  *  j 

/ 

ployed  in  the  apparatus  which  makes  it  possible  to  clamp  the  floating  j 

block,  to  the  surface  of  the  drum  with  a  given  force.  Along  with  the  j 

.  suspension,  this  system  is  in  aerodynamic  balance.  j 

■  1 

Attempts  to  measure  the  value  of  the  gap  by  means  of  a  I 

|  beam  of  light  directed  through  it  did  not  lead  to  positive  results  I 
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since  in  the  most  interesting  region  of  gap  values  {  *•'  5  microns) 
the  quantity  of  light  passing  through  the  gap  is  very  small  in  com¬ 
parison  with  the  scattered  light  reflected  from  the  details  of  con¬ 
struction.  Therefore,  estimate-  of  the  value  of  the  gap  was  per- 


j  formed  by  an  indirect  method.  The  value  and  the  stability  of  the 

|  were 

|  gap  ww'  estimated  from  the  amplitude  of  reproducible  signals  {re**'. 

* 

|  cording  and  reading  were  carried  out  by  the  same  head).  From 
} 

[the  viewpoint  of  magnetic  recording,  the  reproducible  system  is  the 

I'  final  “product,  *'  since  in  the  given  case  a  similar  approach  is  jueti** 

I  ' 

j  fied.  t  ■  *■' 

i  "  Tests  of  the  floating  block  of  magnetic  heads  were  carried, Jfjj§| 

i  .  ...... 

}  ..  . 

I  out  on, -a  drum  of  diameter  600  millimeters  (iron- lacquer  covering) 

!  •  '  * 

|  and  a  'drum  of  diameter  200  millimeters  (nickel- cobalt  covering). 

j  The  linear  velocity  of  the  surface  of  the  drum  was  30  m/sec.  The 
!  area  of  the  side  of  the  block  toned  toward  the  magnetic  drum' was 

i  '  r  '  ' 

i  TO  X  15  mm. 

i  j 

!  The  maximum  pressing  force  for  which  the  Mock  of  \ 

I  *  •  49  max  ; 

t  t 

|  heads  “lies  down**  on  the  drum  depends  strongly  on  the  shape  of  the  j 
f  surface  of  the  block  turned  toward  the  drum.  In  the  case  of  a  plane  j 
l  surlace.for  a.  drum  of  diameter  600  mm,  P  ^  is  equal,  to  190  g»  j 

j  j 

t  for  a  drum  of  diameter  200  mm,  it  is  equal  to  50  g.  Decrease  in 

!  t 

\  J. 

|  the  pressing  force  is  explained  by  the  increased  curvature  of  the 
j-  surface  of  the  drum ,  The  comparatively  large  curvature  of  the 
;  drum  leads  to  the  result  that  the  phenomenon  is  strongly  distorted  j 


alorV.-W*1.- 


|  ii-  comparison  with  &  plate  mooring  relative  to.  fed  planer 
j  The  mzximnm  hydrodynamic  force  arises  for  a  yery  definite 

i  ‘‘ 

f  • 

i  ratio  of  fee  initial  arid  ileal  cross  sections;  feerefore.it  would  fee 
i  •* 

\  _  .  ! 

j  profitable  to  make  fee  surface  of  fee  dram  and  fee  internal  surface 

1  of  fee  'block-  congruent.  Experiments  confirm  this  suggestion:  for 

|  floating  block®  of  fee  same  profile  as  in  fee  first  case*  ground  to  fee 

|  contact  surface-  of  fee  drum#  fee  maximum  pressing  fore©  was  in¬ 
i'  ...  •  i 

|  creased  to  500  and.  450  g,  respectively. 

s  I 

I  "Oscillograms  are  shewn  in  Fig.  3  for  a  series  of  pulses 

I 

1  '  • 

j  recorded  and  reproduced  by  a  head  rigidly  fixed  relative  to  fee  Bur~ 
j  face  of  fee  drum  and  by  a  similar  head  which  automatically  followed 


;-fke  surface  of  the  drum.  As  is  eyidenfc  ’from  fee  oscillogram,  fee  i 

j  .floating  suspension  of  the  block  .of  head®  entirely  eliminates  fee 

\ 

|  modulation  of  signal*  produced  by  the  beat -of  the  drum  in  fee  case  of 
|  rigidly  heads.  ‘ 

|  The  results  v/a  have  set  forth  show  that  the  construction  of 

i  ' 

l 

|  a  block  of  heads,  which  automatically  follow®  the  surface  of  the  drum 

l  in  conjunction  with  slightly  shaped  magnetic  heads  makes  it  possible 

j 

£  to  increase  fee  recording  density  of  numerical  information  on  a  mag¬ 
i'  ... 

j  netic  drum  up  to  16-20  item®  per  millimeter.  ’ 
j  APPENDIX 

!  ESTIMATE  OF  THE  RESOLVING  POWER  OF  A  MAGNETIC  HEAD 

I  '  .  ' 

;  For  two  circuits  linked  by  a  common  magnetic  flux,  it 

l  ...  ■ 

!  follows  from  the  reciprocity  theorem  that  ■ 


b ?*#.  •i»Wfus/a«  MX 
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0i:i  —  M 2)2  /,;  0-  J  -  Afu  /Jt  (I)  S 

where  a  is  the  flux  through  the  surface  enclosed  by  the  first  cir¬ 
cuit  and  produced  by  the  current  i,  in  the.  second  circuit,  and  ,  \ 

£.  j 

is  the  flux  through  the  second  circuit  created  by  the  current  in  the! 

first  circuit,  M ^  j  is  the  coefficient  of  mutual  inductance.  | 

I 

Let  one  circuit  be  the  winding  of  the  magnetic  head  and  the  j 
second  circuit  be  a  loop  in  the  transverse  cross  section  of  the  mag¬ 
netic  tape  {see  Fig.  4).  We  assume  -that  | 

1)  there  is  a  current  in  the  circuit  of  the  head  which  is  suf¬ 
ficiently  small  that  the  problem  can  be  assumed  linear  {this  current  j 
produces  the  magnetic  field  Hj(x,y,  z)  in  space);  j 

2}  the  magnitude  of  this  current  is  equal  to  unity;  j 

3)  the  cross  section  S2  of  circuit  2  is  sufficiently  small  j 

! 

that  H;  can  foe  considered  to  be  constant  over  the  cross  section  in 

I  J 

1 

f 

this  case;  ! 

| 

4)  the  problem  is  two-dimensional  (BH/&Z  ~  0).  > 

For  unit  current  in  the  first  circuit,  the  flux  §?t>  ,  through 

the  second  circuit  will  be  equal  to  $  -  S-fH, ;  similarly,  for  any 

2/  -S/V* 


current  in  the  first  circuit 


02.  i  “  S.H 


nate  axes 


We  write  down  the  components  of  the  flux  along  the  coordi-  . 
3  I 

02i.»  —  S-iJUx  (x,  .v)  I 

j 

0.’Jy  —  SjyHiy  (x,  y)  j 
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|  If  we  compare  Eqs.  (1)  and  (2),  it  is  easy  to  see  that 

I  - 

j  S2xH\x  (x,  y);  j 

|  Mily  =5jy//|y  (xt  y).  '  | 

i  i 

|  If  we  take  it  into  account  that  M-,  ^  ^ ,  we  can  solve  j 

j  the  inverse  problem,  i.  e.,  we  can  compute  the  flux  through  circuit  \ 

i 

i 

|  1  from  a  current  in  circuit  2: 

|  4>i.2  =  S.Ht  (x,  v) 

I  ■  It  is  known  that  |i-S,i,  -  m,,  where  m,  is  the  magnetic  mo-  j 

'  Ui  dt  dt 

! 

1  meht  of  circuit  2.  Therefore, 

i 

j  #1,2  (x.  y)  (3) 

•  \  t  j 

or,  in  the  components  along  the  coordinate  axes,  | 

#i.av  x.  m^Hix  (.v,  y): 

0J.2V  'Si  HhyHiy  (.V,  V). 

:  I 

From  the  relations  we  have  written  down,  it  is  seen  that  j 

i 

i  i 

j  H-,(x,y)  (the  intensity  of  the  field  created  in  the  first  circuit  by  the  j 

*  **■  < 

«  | 

i  passage  through  it  of  unit  current)  emerges  in  the  given  case  as  a  j 

i  j 

|  measure  of  the  magnetic  coupling  between  the  source  of  the  magnetic! 

;  flux  (circuit  2)  and  the  magnetic  head  (circuit  1).  [ 

r  { 

Let  us  consider  a  specific  magnetic  print,  that  is,  a  cer-  *  j 

I 

tain  distribution  of  the  magnetization  J  on  the  magnetic  tape.  Let JT  ; 

;  not  vary  with  the  depth  of  the  tape  and  the  transverse  path:  the  i 

1  ■  '  j 

■  thickness  of  the  tape  and  the  width  of  the  track  are  constant.  We  j. 

:  limit  ourselves  to  a  consideration  of  the  linear  case  as  the  most  j 

I  i 

!  typical,  i.  e.,  we  shall  assume  that  =  f(x).  j 
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,,  (o  n,  1. 

■  ' .  ut  j 

■wh&T e  N  is  the  11u2r.be  r  of  turns  in  the  coil.  Noting  that  x  » vt* 


i  we  obtaim 


*,«»  ^H£  Afr. 
dx 


f 

|  Substituting  the  value  of  ^tj3Ly  from  {4}»  we  bays; 

|  '  . . . .  -fas 

j  ex{x)~Nv  4  f  (x,  y)  ■/,(*-* 

■  .  ’  ”  dx  J 


(x,  y)  /rU-Jf) 


similarly, 


■ - .  +*  . .  . I 

\ey(  x)  =  Nv  ^  rty(x,  y)  Jy  (x  -  x)  dx. i 


.1  Let  us  consider  a  specific  case  of  a  step-wise  change  i». 

I 

the  magnetization  along  the  tape: 

/j,(x) «/«  !.(*)•  | 

Ibis  case  is  quite  characteristic  for  recording  of  numerical  infor¬ 


mation. 


Substituting  the  latter  expression  in  (5)*  we  obtain: 


(j?)  t aJcx'Nv  —  I  Hx  (a,  y)  t  (x~x)  dx 


-  Jox  Hv  +|°  A/.V  (a,  y)  *  (A-  -  a)  dx. 

GO 

The  derivative  qf  the  Step  function  is  the  delta  function  of 


. !  Dirac: 


31k  "** 


o  (x~~  x )  =  i  x 

0  (x  v)  —  0  .V  ^  .V. 


Consequently  j 


TO  _  -  —  r 

|  %  ( .v  —  a' )  Hxlx,  y)  dx  =  Hx  ( x ,  y); 

CKJ 

f? ,  (t)  x  ./,».«•  XvMa  {x,  y). 


1  that  is. 


Similarly, 


'*.»■  (v)  X  //,  (a*,  y). 


#*v  ( v)  X  ./tn.  NvHv  {.V,  y), 

that  is, 

<'v  (*><*  //y(JC,  V). 

Thus  if  the  printing  on  the  tape  has  the  form  of  a  jump  and 
if  the  magnetization  is  oriented  strictly  along  the  tape,  then  the  sig¬ 
nal  repeats  in  its  form  the  dependence  of  H  (x,  y).  The  width  of  the 
reproduced  impression  1  =  A  tv  in  this  case  depends  only  on  the 
configuration  of  the  field  bordering  the  gap  of  the  magnetic  head. 

(By  a  wide  impression  1  is  understood  a  region  inside  -which 
|h|  X  €  .)  These  considerations  are  illustrated  in  Fig.  5. 

It  is  clear  from  the  foregoing  that  the  edge  field  must  be 
localized  in  the  narrowest  possible  range.  Actually,  the  magneti¬ 
sation  has  a  component  along  the  x  axis  and  along  the  y  axis  which 
is  the  same  as  the  real  field  of  the  head: 

H  =  } H  |  cos  a;  H  =  IhI  sin  a, 

. . . . . _ _ _ _ _ x  m  y  ' 
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j  where  a  is  the  angle  between  fee  direction  of  fee  vector _H  and  the  at 


k'xis. 


The  resulting  signal  e  from  fee  magnetic,  head  will  be  equal 


to  fee  algebraic  earn  of  fee  two  components  e  ~  e  ,  +  e  .  Wife  in- 

*  y 

creased  distance  from  fee  axis  of  symmetry  of  fee  head  along  fee 


x  direction,  fee  field  component  H  falls  off  rapidly  since  jjrij  and 

j  cofi  a  both  fall  off;  the  component  H  fails  off  more  slowly  since 

j  ^ 

|  sin  a  increases  in  this  case  (see  Fig.  5). 

( 

!'  1.  *  For  improvement  of  fee  resolving  power  of  the  magnetic 

}  ;  • 

<  head  for  reading,  it  would  be  expedient  to  make  use  only  of  the 

j  field  component  H, «  There  are  similar  recommendations  in  fee  | 

|  •  .  i 

r  literature  [3,  4];  however,  practical  use  of  only  one  field  component  J 

t 

|  is  extremely  difficult.  Therefore,  localization  of  both  components 

t  , 

[  of  fee  field  of  fee  head  in  fee  shortest  possible  interval  would  be  & 

|  1 

I  substantial  contribution.  ' 

f 

I 

j REFERENCES 

r 

I  l.  It,  G.  Offeagenden,  Radiotekhtiika  (Radio  Engineering)  13,  7, 

|  71  (1956) 

'  Z»  No  A.  Slezkin,  Dynamics  of  a  viscous,  incompressible  fluid, 

|  GITTL,  Moscow,  1955,  p.  203.  ' 

j  3.  A.  S.  Hoa  gland,  Communication  and  Electronics  6,  506  (1956) 

i 

!  4,  A.  S.  Hoagland,  Research  and  Development  Z,  2,  90  (1958) 

|  5.  H.  F.  Welsh,  V.  J.  Porter  and  A.  Large,  Proceedings  of  fee 
j  Eastern  Joint  Computer  Conference,  New  York,  136,  1956. 


317 


i 

I  Mathematics  Institute,  Academy  of  Sciences,  USSR 


■  A.  N..  Myamlin,  ; 

r; . - •  . 

IV.  Yu.  Vershuhskii  and 
^  j  E.  I*.  Hataaev! 


{ 

i  ■  - 

|  | 

\  V 

! 

I  » 

}  ■,  j 

j  ■  ..  i 

j  ON  THE  STRUCTURE  OF  ELECTRONIC  INHOMOGENEITIES  IN  THI-tj 

|  .  '[ 

]  OUTER  CORONA  OF  THE  SUN  j 

!  i 

S  (This  is  a  translation  of  an  article  written  by  ( 

! 

]  V.  V.  Yitkevich.  B.  N.  Panovkin  and  A.  C. 

i 

\s* 

i  Sukhovei  in  Radiofizika  {Radiophysics).  VoL 

I 

;  II,  No.  6,  1959,  pages  1005-1007.) 

j  (Submitted  to  editor  December  7,  1  9  59 )  | 

>  | 

!  I,  Studies  of  the  outer  corona,  of  the  sun  by  the  method  of  i 

'  i 

!  penetration  of  it  by  radio  waves  have  to  date  been  carried  out  chiefly  i 

;  j 

'  by  means  of  radio  interferometers  located  approximately  in  the  east-] 

:  west  direction.  Such  observations  have  made  it  passible  to  measure  j 
I  the  size  of  the  effect  of  scattering  in  a  single  direction  only.  On  the  j 

:  basis  of  these  observations,  data  have  been  obtained  on  the  electronic. 

!  _  .1 

concentration  of  the  inhom ogeneiti© s  of  the  outer  corona,  and  the  de-j 
pen  dance  of  the  dimension  of  the  inhomogeneities  of  the  corona  on 

1  r. 

:  the  phase  of  the  eleven-year  cycle  of  the  surds  activity  has  also  been] 

_  J 

;  discovered  [i - 3].  ! 

However,  it  must  be  noted  that  for  investigation  of  the  form' 


of  the  scattered  source,,  it  is  necessary  to  determine  its  dimensions  | 
in  different  directions,  i.  e. ,  to  use  radio  interferometers  with  base! 
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:  lines  of  different  orientations.  The  desirability  of  such  investiga-  j 

'  ! 

|  tions  has  been  shown  in  reference  [1].  Observations  of  such  a  na-  j 

1  I 

j  ture  (not  completely  successful  because  of  interference)  Were  car-  j 
i  ried  out  in  1954  at  the  Crimean  station  of  the  Physics  Institute  of  j 
i  the  Academy  of  Sciences,  while  more  reliable  results  were  obtained 

I  with  an  interferometer  oriented  in  the  north- south  direction  [5]. 

|  t 

However,  comparatively  little  data  were  obtained  from 

!  1 

!  these  observations  on  the  form  of  the  scattered  source,  although  the  j 

;  results  led  to  the  conclusion  that  the  effect  of  scattering  is  more  j 

S  marked  in  the  direction  perpendicular  to  the  radius  vector  which  j 

:  \  .  | 

*'  connects  the  source  of  the  radio  emission  and  the  sun.  The  con-  j 

’  ...  * 

;  elusion  was  then  drawn  on  the  extension  of  the  inhomogeneities  in  j 

l  •  > 

j  the  radial  direction  from  the  sun  [4,  6].  j 

|  Ixi  1958,  the  above-mentioned  observations  were  carried  outj 

;  s 

j  by  us  at  two  wavelengths  (X  =  3.  5m  and  X  =  5.  8m).  ■ 

l  1  i 

2.  At  the  Crimean  station  of  the  Physics  Institute  of  the  ‘ 

I  I 

I  Academy  of  Sciences,  observations  after  covering  of  the  source  j 

!  TsJrvs-A  of  the  outer  corona  were  carried  out  at  a  wavelength  of  j 

\  * 

5.  8m  with  two  radio  interferometers;  one  of  these,  described  pre-  f 

‘  viously  [3]  was  pointed  in  the  east-west  direction  (the  observations 

i  were  made  by  M.  A.  Ovsyankin),  while  the  other  interferometer 

I 

j  was  directed  at  an  angle  to  the  first  such  that  the  direction  of  the 
!  base  line  made  an  angle  of  14.  5°  with  respect  to  the  north- south 
’  direction.  The  length  of  the  base  line  was  863  m.  The  antenna  j 
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were 


connected  by  a  high  frequency  cable.  For  compensation  of  the 


|  damping  accompanying  the  cable,  amplifying  units  were  located  under 
?  •«  &  '* 

1  each  of  the  antenna.  The  receiving  apparatus  operated  by  a  xnodu- 

f  1 

j  iation  method.  The  band  width  of  the  receiver  was  Af  a  0.  5Mc.  . 

|  0 

I  the  sensitivity  2  K  and  a  time  constant  of  about  12  seconds. 

;  ■'  .1 
j  An  automatic  electronic  potentiometer  was  used  as  a  recording  \ 

I  ' 

j  instrument.  Tb*  speed  of  motion  of  fixe  chart  paper  was  36cm/hcmr.| 

J  v  | 

|  The  feed  of  the  receiving  system  was  stabilised  at  the  anode  and  at  ; 

v  the*  cathode.  Control  of  the  exactness  and  stability  of  the  amplifies-- 
*  *  ’ 

j  tion  factor  of  the  apparatus  was  established  daily  by  reception  of  the 

V  ■'  '  *. 

<  radio  emission  of  a  source  in  the  constellation  V*  rf'°  and  also  \ 

!  ■  ’  ■  '  ■ 

|  by  means  of  noise  generators.  j 

i  ■  .  ■  '  | 

!  Systematic  observations  were-  carried  out  during  almost  thej 

I  - 

j  whole  of  June,  1958.  I>urin«r  the  periods  of  observation,  the  radio  [ 

!  ■  | 

|  emission  of  the  sun  was  quiet  and  did  not  interfere  with  the  re  cep-,  j 

[  j 

jt'ion  of  the  radio  emission  from  a  source  in  the  constellation  ; 

;  htf  >vs  . .  Ordy  interference  bothered  the  observations,  as  a  result  | 

!•  of  which  less  data 'were  obtained  for  the  second  -phase  of  covering.  j 

-  ,1 

!  The  curve  of  the  intensity  of  radio  emission  for  the  source  in  the  | 

\  __  ■  i 

I  constellation  TSvws,  ,  which  was  covered  by  the  sun's  corona  j 

!  '■  ,  i 

j  for  the  first  and  second  radio  interferometers  is  given  m.  iig.  1.  | 

j  -  •  •  l 

j  As, is  seen  from  the  figure  (see  curve  1),  a  decrease  of  intensity  on  j 
|  the  second  interferometer  was  noted  as  early  as  June  8j  thereafter  .f 
the  intensity  fell  off  and  reached  a  minimum  value  on  14-  J  6  June;  j 
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j  then  the  intensity  increased  and  from  24  Jane  the  intensity  became 
j  stable.  However }  observations  of  this  year  on  the  base  line  east- 
j  west  (curve  2,  Fig.  1),  and  also  observations  of  previous  years  on 
the  horizontal  base  lines  have  shown  that  a  decrease  of  intensity  of 
the  source-- is  usually  observed  from  11  or  12  June  (ia  1957»  from 
I  10  June).  Thu®  observations  with  a  diagonal  base  line  gave  entirely 


1  reliable  result®  consisting  of  the  fact  that  the  effect  of  scattering  of 


* 


i  radio  wav®®-  is  observed  much  earlier  than  on  the  e&Bi-west  base 

I  t 

t 

I-  lines.  Iff  we  project  the  directi^t'Of  the  base  line  on  the  celestial 

l  ♦  . 

|  sphere  (Fig.  2),  then  it  is  easily  shown  that  in  the  first  phase  of  an 
j  eclipse  we  observe  scattering  on  the  base  line  in  a-  direction,  close 

\  to  the  perpendicular  relative  to  the  line  connecting  the  source  and 

1 

i  3§f 

the  sun.  It  therefore  follows  that  the  scattering  effect  is  more 


In  the  second  phase  of  the  eclipse  the  scattering  angles  are  also 
shown  to  be  large  for  the  second  base  line.  However,  these  data 
|  require  more  exact  treatment  and  detailed  confirmation  in'  view  of 

i  N 

(  * 
j  the. presence  of  interference. 


1 .  clearly  expressed  in  a  direction  close  to  the  perpendicular  (Fig.  2a)  1 

j  ■  j 

|  than,  in  a  direction  close  to  the  horizontal  (Fig.  Zb);  i.  e, the  in-  j 

!  homogeneity  of  the  outer  corona  has  approximately  a  radial  struc-  j 
|  tore.  ! 


3.  At  the  Serpokovski  radio-physical  station  of  the  Physics] 


|  Institute  ox  the  Academy  of  Sciences  the  same  apparatus  was  used  for* 

I  observations  at  a  wavelength  of  X  -  3.  5m  as  in  1957.  The  observe*  j 

j  •  [ 

(  i 

|  Lions  were-  carried  out  morning  and  evening  by  an  interference  j 

!  '  .  '  | 

j  method  with  a  base  line  of  320  m  (i.  e. , ,  9$X  )»  The  method  of  obser- 

i 

•  vafcion  was  shown  in  [4],  This  time  we  succeeded  in  obtaining  more 

•  'i 

'  reliable  results  at  a  wavelength  of  3.  5m  than  during  the  previous  5 
!  '  ;  | 
|  year.  Unfortunately,  strong  interferences  did  not  allow  us  to  carry  1 

i  «■  ! 

}  out  the  evening  observations  satisfactorily. 

\  i 

The  materials  obtained  made  it  possible  to  construct  a 

■  t 

<  curve  of  the  change  in  the  relative  percentage  modulation  from  the  j 

j 

}  morning  observations  (see  Fig.  3).  The  evening  observations  gave  j 

•  several  points  whose  position  differed  from  the  curve  of  the  varia-  i 

i  '  i 

•  tion  of  the  morning  observations.  • 

i 

It  follows  from  Fig.  3  that  j 

a.)  the  beginning  of  a  significant  change  of  the  relative  per-  S 

i  i 

f  t 

:  centage  modulation  was  noted  as  early  as  8  June; 

b)  some  lack  of  symmetry  exists  for  the  curve  relative  to  j 

•'  { 

r 

;  the  maximum  of  covering  {this  observation  is  quite  trustworthy);  [ 

c)  in  the  first  phase  of  the  eclipse  the  morning  observations] 

;  gave  a  relatively  higher  percentage  modulation  than  the  evening.  i 

?  This  result  is  interesting  to  compare  with  the  position  of  the  pro- 

!  jection  of  the  base  line  of  the  interferometer  on  the  terrestrial  \ 

'  .  ■  ! 
i  sphere  during  the  time  of  observations  which  is  done  in  Fig.  4.  } 

;  l 

The  measurements  given  at  wavelengths  of  3.  5m  and  5,  8m  j 


n  m  *  <t  m  v  u 

ttftt 

Fig.  1.  Received  intensity  of  radio  emission  of  the  source 
Tcuisvu*  -A  (X  *s  5.  8m): 

l--base  line  in  the  east- west  direction;  2- -base  line  in  the  north- 
south  direction 


k’ 


0  _ - ..Jfe  r  Q 

i  T  . — $ 

"  ’•  o»  9 


Fig.  2.  Projections  of  the  base  lines  of  the  radio  interferometer 
on  the  celestial  sphere  (X  =  5.  8m): 

a)  the  base  line  is  oriented  in  the  north- south  direction;  b)  the  base 
line  is  oriented  in  the  east-west  direction  (S  is  the  sun,  Tj  and  T^, 
are  the  positions  of  the  source  7at>rvs-  A  before  and  after  the 
eclipse.  AB  is  the  projection  of  the  base  line  of  the  interferometer; 
ss*  are  the  daily  motions  of  the  sun,  p,  p’  the  band  of  the  sun. 
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j  undoubtedly  support  the  fact  that  the  radiation  is  non-isotropic.  The 
!  electronic  inhomogeneities  by.' which  the  scattering  is  prpduced  have 
!  an  extended  form  and  are  located  chiefly  in  a  radial-  direction  rela- 


i  tive  to  the  sun. 

|  j 

!  At  the  present  time  more  detailed  treatment  of  the  data  is 

i  .  i 

.■  i 

i  .  ,  i 

!  being  carried  out.  ; 

|  . 
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DETERMINING  THE  DENSITY  OF  THE  NEUTRAL  COMPONENT 

IN  THE  IONOSPHERE 

(This  is  a  translation  of  an.  article  written,  by 
V.  G.  Kurt  in  Radiofisika  (Radiophysics), 

Yol.  II,  No.  6,  1959,  pages  1007-1009.) 


I  '  Recently,  our  representations  of  the  basic  physical  char- 
jacteri  sties  of  the  tipper  atmosphere -have  undergone  considerable 

i  "  ►  ’ 

I  changes.  Data  on  the  density  distribution  of  the  neutral  component 

| 

ihave  suggested  the  presence  of  a  density  approximately  ten  times 
| higher  than  had  been  assumed  two  years  earlier.  These  results  were 
j  obtained  primarily  by  means  of  artificial  earth  satellites  [1,  2], 

i 

However,  the  determination  of  the  density  of  both  ionised 

V 

land  neutral  components  is  necessary  by  other  independent  methods 

i  . 

i  for  experimental  proof.  It  is  desirable  that  such  a. method  allow  one 

l  to  obtain  the  fundamental  characteristics  of  the  earth’s  atmosphere 

i 

i  in  a  single  measurement,  i.  e. ,  its  density  and  temperature.  Such  ' 

\  an  experiment  was  suggested  by  I.  S.  Shklovskii.  The  idea  of  the 
;  experiment  is  an  extraordinarily  simple  one.  There  is  an  ejection 
■  of  sodium  vapors  from  high  altitude  rockets  at  the  altitude  of  inter- 
j  est  to  us  in  -the  morning  or  evening  twilights. 
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A 


A  similar  method  was  applied  earlier  in  the  tX$A  for  the  determina¬ 
tion  of  wind  velocity  and  other  parameters  of  the  atmosphere  at  alti-  , 

•  '  $ 

l 

Uides  of  the  order  of  100  ton.  The  problem  of  the  determination  .©£ 
the  density  of  the  atmosphere  was  not  set  forth  in  these  experiments. 


A  cloudy  radiated  by  the'  sun,  shines  as  9.  result  of  resonance  flu-  I 
orescence,  which  makes  it  possible  to  observe  it  from  the  earth’s  j 
surface. In  our  case,  the  ejection  of  the  vapors  was  carried  out  at  j 
an  altitude  of  430  km  above  the  earth..  The  altitude  of  the  earth’s  * 
shadow  during  the  time  of  the  experiment  was  300  tom.  Observations! 

f 

■  were  made  oyer  an  interval  of  15  minutes  in  which  there  were  ob- 

t 

•  |  tained  about  50  photographs  of  the.  Cloud.  After  this  time,  the  cloud 

i  ' 

reached  the  dimensions  of  several  hundred  kilometers.  Since  each 

:  atom  of  ©odium  undergoes  a  number  of  collisions  with  the  atmos- 

!  " 

j  pheric  atoms,  then  within  tb.e  short  interval  of  time  after  the  ejee- 

I  * 

!  tion  of  the  sodium  vapor  (it  can  be  shown  that  this  time  is  equal  to 
j  100  seconds)  a  diffusion  distribution  is  established  in  the  cloud. 

j  .  -■ 

I  However,  it  must  be  kept  in  mind  that  the  diffusion  of 

|  sodium  in.  the  atmosphere  takes  place  in  an  inhomogeneous  medium 

i 

j  in  the  presence  of  gravitational  forces.  In  this  case,  the  diffusion 

{  .  '  • 

j  equation  is  written  in  the  form  - 


di y  (/J  grad  //)  -f-div  ( V’.n)  —  C, 


where  u  is  the  concentration  of  sodium  atoms,  D  is  the  diffusion  co- 
efficient,  V  is  the  drift  velocity  of  the  sodium  atoms  in  the  grayi-  j 

K  '  ■  I 

rational  field.,  C  is  the  difference  between  the  number  of  sodium  ; 
atoms  ionized  by  the  ultraviolet  radiation  of  the  sun.  and  the  number  j 

I 

which  become  atoms  again.  In  our  case,  C  can  be  set  equal  to  zero  j: 


since  the  lifetime  of  the  sodium  atoms  in  the  field  of  the  sun’s  ra.dia.-j 


tion  is  equal  to  several  hours. 

*  | 

Equation  (1)  was  solved  by  us  for  two  different  Initial  con-  i 

■  i 

ditions:  1}  diffusion  begins  at  the  moment  t  =  0  when  the  distribution) 
of  particles  has  the  form  > 


u~~  Q  >i  {z} 


where  Q  is  the  total  number  of  atoms  of  sodium  in  the  cloud;  2)  dif¬ 
fusion  begins  at  the  moment  t  =  t^  when. the  sodium  atoms  fill  utti- 
forrnlv  a  sphere  of  radius  Rft. 

To  begin  with,  we  simplify  the  equation  by  setting  V  ~  0, 
D  as  const.  Then  the  solution  in  the  first  ca.ee  has  the  very  simple 
form: 


4  yT{Dt\^ 


Comparing  Eq.  (2)  with  the  dependence  of  u  on  R  found 
from  experiment,  one  can  obtain  the  value  of  the  diffusion  coeffi¬ 
cient  D.  The  latter  is  connected  in  turn  with  the  density  of  the 
atmosphere  ni 


I 


D 


3k  1 


32  ^  ~  l  MiM-j  }  (3) 

where  Q ,  is  the  effective  diffusion  coefficient,  and  T  is  the  tempera- 
d 

ture  of  the  atmospheric  atoms,  M^,  &re  the  masses  of  the  atoms 

of  the  atmosphere  and  of  sodium. 

Substituting  numerical  values  for  the  altitude  of  430  km  in 

(3),  and  assuming  that  the  atmosphere  at  this  altitude  consists  of 

atomic  oxygen  (of  which  we  have  complete  proof),  we  find  for  the 

8  -  3 

concentration  of  atmospheric  atoms  the  value  0.8  x  10  cm  as  a 
first  approximation. 

Furthermore,  we  shall  improve  this  result  by  giving  up  the 

exact  initial  condition.  In  this  case  the  solution  for  our  centrally 

& 

symmetric  problem  will  be 


M(0,  < 0.  0) 


R» 


\/l-  iJt 


/<*'■’  M)l 
V  " 


(4) 


* 


Here 


f  (-) 


VT-l 


ilf 


is  the  probability  integral. 


Comparing  the  concentration  in  the  center  of  the  cloud 
found  by  experiment  with  the  expression  (4),  we  find  that  the  best 
|  agreement  is  obtained  for  n  s  1.8  x  10  cm  .  Detailed  descrip- 
•  tion  of  the  method  of  finding  the  concentration  of  sodium  atoms  is 
given  in  [3]. 
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We  shall  now  estimate  the  effect  of  the  force  of  gravity  and 
the  density  gradient  of  fee  atmosphere.  For  simplicity,  we  shall  \ 
limit  our'selveis  to  the  one- dimensional  case  with -exact  initial  con¬ 
ditions.  Equation  (1)  will  have  the  solution 


it  (z,  t)  - 


)fr.  f)J 


(z  -~Yzt?  Aft.  > 


(B)  ..  ( 


"for  fee  case  of  a  homogeneous  atmosphere  in  the  presence  of  gravi¬ 
tational  forces,  -I.  e. ,  for  D  ~  Dr  -  const,  and  V  ~  const  ^  0.  In 
•  (5),  V  »  Xg/v  ,  X  is  the  mean  free  path  length  of  the  particle,  g  is 
the  acceleration  due  to  gravity,  y  i&  the  thhrmal  velocity.  For  the 
case  of  an  inhomogeneous  atmosphere  with  a  constant  temperature 
and  without  account  of  gravitational  forces*  for  X>  «  D^e  2 

V  »  0,  fee  solution  of  fl)  has  the  form; 

S5  '  f  . 

*/  * 

.  I  ** .  ■  (  *■  *  ) 

“  //„«*/ I  X|1  ~  \  t  A»«w  j  ]\  ijQtz  i  J  '  (6) 

-.where  a  is  a  quantity  which  is  the  inverse  height  of  a  homogeneous 
atmosphere,  is  the  diffusion  coefficient  for  the  altitude  at  vhicb. 
ejection  of  the  sodium  vapors  takes  place,  1^  is  fee  Bessel  function 
of  imaginary  argument,.  In  the  first  cage,  we  shall  have  a  uniform 
descent  of  fee  cloud  to  below  with  a  velocity  V  which,  for  our  ex- 

£t 

perimemt  is  equal  to  3  x  10  cm/sec.  Tine  form  of  the  cloud  in  this 
case  is  preserved  just  as  in  fee  absence  of  gravitational  forces, 

3h  fee  second  case,  the  cloud  is  deformed  while  the  region 


of  maximum  concentration  is  shifted  downward  at  a  decreasing 
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’relocity.  The  position  of  the  point  of  maximum  concentration  is 
found  fronts  the  equation: 


where  1^  and  are  Bessel  functions  of  imaginary  argument. 

Figure  1  shows  the  dependence  of  the  value'  of  the  descent 
of  the  cloud  on  the  time  in  non-dimensional  coordinates. 

.  The  effect  of  gravitational  forces  and  the  presence  of  the 
density'- gradient  of  the  atmosphere  lead  to  a  shift  in  the  effective 
center  of  the  sodium  cloud  by  less  than  50  km  after  1000  sec, 
which,  can  be  completely  neglected,  especially  if  the  observations 
.  la. st  for  about  500  sec. 

We  apply  the  above-mentioned  method  to  a  restricted  inter- 
|  yal  of  altitudes.  Its  lower  limit  is  determined  by  the  time  of  ofeser- 

t  ' 

|  vatic  n  such  that  the  sun  is  too  close  to  the  horizon  in  the  period  of 

I  * 

j  observe  fens.  The  upper  limit  is  determined,  by  the  fact  that  the 
|  cloud  is  scattered  more  rapidly  the  more  diffusion  begins  to  take 
|  place.  We  applied  the  method  in  the  range  of  altitudes  from  250  to 

[  600  km,  i.  e. ,  we  cover  almost  the  entire  ionosphere.  The  latest 

1 

i 

I  data  on  the  date rmin&tion  of  the  density  of  the  atmosphere  above 
j  200  km. 9h?‘ 'shown  in  Fig.  2. 

|  Finally,  we  note  that  the  method  of  the  sodium  cloud  makes 

!  it  possible  to  determine  the  temperature  of  the  atmosphere  by  the 
I  Doppler  width  of  emission  lines.  Next  time  we  shall  report  such 
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•I 


HFig.  1.  Shift  of  the  region  of  maximum  concentration  in  dimension 
j 

| j less  coordinates  x  =•  az.  V  =  D^a 't. 


Fig.  2.  Density  distribution  of  neutral  particles  0  as  a  function  of 
the  altitude  h  in  the  ionospheric  region. 
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|  observations. 

„  \ 
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FLUCTUATIONS  OF  AMPLITUDE  AND  PHASE  OF  A  WAVE 
PROPAGATED  IN  AN  INHOMOGENEOUS  ABSORBING  MEDIUM 
pp,  loro-1012;  N.  G.  Denisov  and  L.  N.  Polyanin. 

in  the  calculations  of  fluctuations  of  the  parameters  of  a  1 

1  ,  „ 

j  wave  passing  through  a  layer  with  random  inhomogeneitie s »  the  _  { 

|  absorption  of  the  waves  ir.  the  layer  is  usually  not  taken  into  ac*  .  . 

r  count.  In  the  present  note,  .such  a  calculation  is  carried  out  with 

I . '  • 

I  account  of  absorption.  Conditions  are  obtained,  for  the  satisfaction 

I  /• 

i  ©f  which  the  effective  damping  on  the  fluctuation  of  the  parameters 

I 

;  . 

\  of  the  wave  is  unimportant.  . 

i 

We  -  shall  assume  that  the  mean  value 'of  the  complex  dielec- j 

|  ’j 

i  trie  constant  c*  in  the  layer  depends  on  z.  In  such  a  case  the  propa-j 

i  *  { 

j  gation  of  a  scalar  wave  will  be  described  by. the  equation  i 

!  *  £  +  *5  k  (*>  f  AU  (x,  y,  z)\ E zz-O,  ■  (1)1 

*  *  I 

;  where  y,  z)  is  the  random  change  of  the  complex  dielectric  j 

i  constant  (j  Ae’(x,  y,  z)  j  <<  |£’(z),|),  w/c  (w  is  the  frequency  of  j 

!  j 

\ '  the  wave,  c  is  the  speed  of  light).  If  the  regular  inhomogeneous  J 

|  '  .  j 

\  layer  is  sufficiently  smooth,  and  the  conditions  for  the  applicability  j 

J  '  * 

\ 

L  of  the  method  of  smooth  perturbations  are  satisfied,  in  which  the 


! 

solution  is  sought  in  the  form  E  =  exp[^(x,  y,  z)  -f  ( (x,  y,  z)  +  . . .  ],| 
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then, taking  as  a  zero  approximation  &  solution  describing  the  wave 
which  is  propagated  along  the  z  axis, 

i*., - - r  Y7dz  _  1 1'  li.  +  A I 

t  .  ^  ‘ .  i  1  (2) 

we  get  for  the  function  *$,  the  solution  |ij 

$■*  ■  * _ — —  <?*?*[  <> 

•77  4-' “77 — “  2/£*  IkVlff  "-7—  -f-  kl  Xt  *  (.r,  v,  r)  s=  0, 
da'-  d'f  .  dz  .  '  1  ^ 

|  The  time  dependence  is  chosen  in  the  form  e*wt. 

J  We  expand  the  random  function  in  (3)  in  a  Fourier  integral 

I  in  the  variables  x,  y.  Then  we  can  obtain  the  following  formula  for 

|  • 

{  the  spectrum  of  the  function  Cjp  [1]; 

I  •  .  . . . 


T 


ib  p  (  \  dz  1 

(*s»  ys.  ~2~  J  f(xu  j1  ~  v  |/7~'  i/4) 

"jo  | 


t  where 


[  ?(*„  *)  «=  |*j  ^e^^dxdf,  ■*?*:$  +*£ 


|  /fa.  a*  *)  *■*  “*  j  J  *e'  <**  -v’  J  yL_ 


It  is  assumed  that  the  observation  point  a  -  Xj,  is  outside  the  region 
where  there  are  random  inhomogeneities  {1^  ^  L^).  From  the  so¬ 
lution  of  {4}»  we  can  find  the  spectra  of  the  correlation  functions  of 
the  phase  lead  S,  =  Xm  and  of  the  level  »  8e^/  ,  We  first 
■  j  introduce  some  notation.,  .■  bet  us  write  the  fluctuation  departure  of 


33^  "v  m 


lift'd.  A'(.v,y.  r), 


i 

|  the  complex  dielectric  constant  in  the  form 

! 

[  y„  z)  ~  _&r,  {.r,  \\_z)  —  i  h&jjjs.  si,  z) 

|  /?■  '  '  (6) 

j 

'i  where  &  N(x,  y,  ss)  is  the  fluctuation  change  of  the  particle  density, 

i 

i  n  is  the  index  of  refraction  and  7c  is  the  absorption  coefficient  of  ll 
I  medium.  For  plasma. 


>.  ci  .n.'d 


n 


*'*r  1  - 
4r.  <?-’ 


4-  c-A’ 


“  »7»  '  V  (‘V  “  Vyt|ni>  <") 


. —  “zr"  *  7i  <•  re  te  .v  *f-' * re  tg  ■ 

.v--;  |/T'  I  ■' 


(7) 


z 

:  Let  us  also  write  the  function  i[v(i^)  -  v(z)]a  /Ek^  in  the  form: 


7k 


L  /., 

2  t'  n,b.  ~  x.-  r 

7J*’ .  aT.J 


X  ^ 


’<?  J  . «-  -f-  X' 

We  can  now  write  the  real  and  imaginary  parts  of  Eq. 
in  the  following  way: 


Re¬ 


nt! 


I1,  C 

:r  I  ft  (~)/.v  ('4i-  *2.  *)*'  *  *  sin  {n  -j-  9t}  rtz\ 


■J  ? 
■» 

ti 


7,“'  I  ft  (")  f\  (’f-l,  *2.  z)  l!  COS  (*,  4- 


h  yat. 


wher  t 


+* 


7 .4-' ' 7  J.  •  /  ~ ) 


A  A?  hr,  y,  z)  e 


*ay] 


ttxdv. 


(9) 


If  we  assume  that  the  change  in  amplitude  and  phase  of  the  field  as  aj 
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result  of  absorption  is  negligibly  small  at  distances  of  the  order  of 
the  scale  of  the  random  inhomogeneities  1,  then  we  can  obtain  the 
j  following  formula  for  the  level  spectra  and  phase  lead,  in  the  same  j 
i  way  as  in  the  case  of  a  medium  without  absorption  [2]t 

j  ‘  £-»  l-t  .  * 

I/',  ar— "  \  /f*  (-f)j  ttz  \  Fs(%t;*3. 

<  •*  2  I  cos-  '  ■  nr,^ 

]  •'  *(,  0  V10) 

i  . 

j  where  is  the  correlation  spectrum  of  the  function 

|  "ANi  “SN2(Wj 

i  . . . .  x.  .  Y -2?—.  i 

!  " ,l(l  ,J*  u,  ^  ,lrl  *»  „  *  3  3  n'  -+■  1 


r-  i‘  */. 

sw='5: 3^+vi=  • 
* 


j  We  now  calculate  the  spectrum  of  the  correlation  func-  ^ 

I  tion  of  the  complex  phase  A»(|1  (*,  rj)  *  <P,  (^vT  y'l^TT^'TTT7^)  «  *4  +  RS  :j 

i  i 

i  i 

[  /.,  *=  /••.,  -v- /'.v  ~~~J  (*>  (TO*  ^  ^  J  *\v  (*i- **•  <> iiL  (11)  | 

j  0  0  I 

The  function  is  closely  connected  with  the  angular  j 

%  /  \  -  /  5  Of*  \  ! 

energy  spectrum  of  the  scattered  field  [1].  Since  ,  0  j 

■  J  ArX^'  then  we  can  introduce  in  Eq.  (II)  the  j 

:  i  l 

!  factor  exp  [-(a2/fc„)  j  *  <W(n2  +  *2)]  which  determines  the 

S  u  4  © 

i 

i. 

j  change  in  the  intensity  of  the  components  of  the  angular  spectrum 
i  as  a  function  of  distance  when  there  are  no  random  inhomo geneities j 
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r 


(®  y  1,  ).  If  the  absorption  in  the  last  part  of  the  layer  is  equal  to 

U  j 

zero,  then  the  angular  spectrum  naturally  does  not  depend  on  the  ■.  | 

•»  »  •*  f 

distance  ~  1*^.  .  j 

I 

We  compute  the  correlation  function  of  the  complex  phase .  { 

from  the  formula  J 

*.  ft*  c*.  D  *  i‘T  *+  -,s  rfx...  y  - . 


-ot 


We  first  write  down 


! 


h  (z) 


L, 

jL  f  't.dz 

J  H-  4~ 

.  /  .. 


■  7.2; 


We  then  obtain  the  following  on  the  basis  of  £q.  (11)  and  the  theorem | 


on.  the, 'spectrum: 

1,2 


4*> 


♦  <M)  =  i  fC«  »iix<iy  f  ,  (5_jr.  i)-y,  OiK, 

v°  -J  ■:{  :!  <i3! 


where 


Pa'  (S,  ^  C)  «•  4  Af  (jr,  >%  z)  A  A’{r  -f  5,  >'  -f~  »„  *  4-’  »)/(*  W- 


If  the  absorption  in  the  medium  vanishes,  then  a-*2? 0  and  the  func¬ 
tion  <l/4ira)e"^  *r  ^4a  has  its  own  limiting  delta-function.  In  this 
case,  it  is  easy  to  compute  the  double  integral  (13)  and  obtain  a  for-  j 

mala  for  the  medium  without  absorption  [  I  j*  For  small  a,  the  \ 

-  .  '} 

double  integral  in  (13)  can  be  computed  approximately  by  expanding  j 

in  a  series  the  function  ~  yf  ~  V*  %  b  Throwing  away  terms  | 

•j  I 

proportional  to  a  ,  we  find  an  equation  which  is  valid  for  small  ab-  j 

.  ■  s 
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Ls 

r  f  f 

f  B*(x){bNf 

I  P.v  (s 1  y-f-v  <*•  ^ 

& 

i-V  i  { 

The  second,  term  in  the  brackets  is  much  less  than  the  first  if 
a/l2^<  1  throughout  the  range  of  values  of  z  (1  is  the  scale  of  random 
inhomogeneitie s ) »  Making  use  of  Eq.  (12),  we  write  down  this  in¬ 
equality  in  the  form; 


Jt 

2 V- 


*•« 


>.A,  1 


«s  ys  4 n  L 


U 

I  f  yrfr 


I.! 


0  •  "  .  -  ’  8  ■  -  !  U5) 

*f  Thus  upon  satisfaction  of  the  condition  (15)  it  is  not  nec¬ 
essary  in  calculations  of  the  fluctuations  of  the  amplitude  and  phase 
to  take  the  absorption  into  consideration.  Hence  it  follows  that  if 
X  /(n2  +  TL  2)  is  not  large,  the  absorption  need  not  be  considered  for 
X.  1,  i.e.,  in  the  range  of  geometric  optics. 

For  the  ionosphere,  over  an  interval  of  short  waves,  the 

2  2 

inequality  v  e^/ £w<<  1  is  usually  satisfied.  Here  A/(n  +  %  v 


while  L 


off,, 

to  * 


f  (Ve£f/<^  )da  **  veff/^  *  wiiere  veff  is  th®  mw 

value  of  the  effective  number  of  collisions  in  the  layer.  W®  consider 
scattering  of  radio  waves  passing  through  the  upper  ionosphere 
(1  —  103m,  XQ  «  3  m,  300  km,  ve££  ~  103/8cc).  In  this  case, 

the  parameter  X  ^/l2  ~  1,  ygff/w  «  1  and  the  condition  (13)  is 
well  satisfied.  For  the  E  layer,  V**  100  m,  X^  *30  m  (  tiJ  =  2ir  X 
110^/sec)#  Lj  *  200  km  and  the  ratio  X^JL^/l2^  500,  while  veffAj  ^ 
1/300  (v  ~  3  x  105/sec).  The  latter  value  can  generally  be 

— - — • — V--  1--f Irr-ri-r-jli-.l.  m  ctT»:-iinai 


|  increased  by  reason  of  the  fact  that  the  scattered  wave  passes 

(  through,  fee  D  layer  where  the  number  of  collisions  v  ,,  V? 

j  eft 

|  /sec,.  Thus  the  condition  can  be  violated  at  frequencies  a*  K  Zvx 

!  •  7  ,  ,  '  | 

|*0. 0  /sec,  and  in  the  calculation  of  scattering  in  the  E  layer  in  this  j 

i  frequency  range  it  is  necessary  to  take  the  absorption  into  account.  I 

j  '  I 

j  Finally,  we  note  that  in  fee  calculation •  which  has  been  car-  \ 

j  '  \ 

|  ried  out  it  is  easy  to  consider  also  the  damping  of  the  average  field,  j 

!  brought  about  by  the  same  scattering  effects  [3]„  t 
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j  ONE  POSSIBILITY  OF  CREATING  A  PERIODICALLY  INHOMO-  • 

S  GENEOUS  DIELECTRIC 

| 

I  S.  S.  Dukhin  pages  1013-1014 

S 

•  In  reference  [l],  the  possibility  was  investigated  of  the  cre- 

|  ation  of  a  periodically  inhomogeneous  dielectric  structure  by  means  j 
! 

|  of  the  generation  of  a  standing  sound  wave  in  a  liquid  dielectric, 
l 

j  Use  of  ultrasound  for  creating  periodic  structures  is  in  particular 

j  j 

•  convenient  for  investigation  purposes  since  this  method  makes  it 

|  possible  to  vary  the  period  of  the  structure  in  a  given  arrangement  j 

r 

i  OVer  wide  limits.  However,  this  method  in  the  form  in  which  it  was  j 

•  .J 

used  in  [l]  brings  about  too  small  a  change  in  the  dielectric  constant, | 

j  '  j 

!  Hie  data  given  in  [1]  make  it  possible  to  calculate  the  relative  change 

j  _  5  | 

[  of  density,  which  in  this  case  amounts  to  5  x  10  "  ,  in  view  of  the  j 

;  small  compressibility  of  the  liquid.  Naturally,  the  changes  achieved  | 

{  -  I  i 

for  the  parameters  of  the  electromagnetic  wave  are  very  email,  in  j 
j  view  of  the  small  relative  change  in  the  density  and, correspondingly  ; 
;  in  the  dielectric  constant  [1].  i 

•  J 

•  The  value  of  the  ultrasonic  method  of  obtaining  periodic  ; 

|  structures  should  increase  sharply  in  its  application' to  disperse  j 

•  I 

systems*  for  exsiTHple*  to  suspensions  or  to  aerosols.  In.  a.  standing  . 

;  ) 

i  1 

■  sound  wave,  the  suspended  particles  have  a  tendency  to  concentrate  j 


t 


either  at  the  loops  or  at  the  nodes,  as  a  result  of  which  a  periodic 

•  '  .  '  '  -■  ■  '  | 

structure  appears  whose  change  in  dielectric  constant,  for  a  sxzf-  j 

I 

ficiently  high  concentration  of  particles,  approaches  a  value  equal  j 
to  the  difference  of  the  dielectric  constants  of  the  medium  and  the  j 


particles.  Usually,  the  appearance  of  periodicity  in  the  distribution  f 
of  dispersed  particles  is  connected  with  the  so-called  ‘‘sound  ! 

I 

pressure,  *’  under  the  action  of  which  the  particles  drift  to  the  near-  j 

1 

est  node  or  in  some  cases  to  the  nearest  loop.  The  King  formula 

[2]  is  widely  used  here  for  the  sound  pressure  experienced  by  a  j 

1 

f 

small  sphere  in  a  standing  sound  wave:  [ 


km’  (v  —  a)3 /sin  (2A.tr), 


where  k  =  2-rr/X,  X  is  the  wavelength,  m*  is  the  mass  of  the  dis¬ 
placed  particle  of  the  medium,  v  and  u  are  the  amplitudes  of  the 

velocities  of  the  particles  and  the  medium,  f  is  a  factor  of  the  order  [ 

j 

of  unity,  which  depends  on  the  ratio  of  the  density  of  the  particle  and; 
that  of  the  medium.  For  derivation  of  this  formula,  the  viscosity  of; 
the  medium  was  not  taken  into  account  in  [2],  as  a  result  of  which,  j 
it  is  not  possible  to  apply  it  to  the  very  interesting  case  of  very  i’ 
small  particles,  whose  vibratory  motion  relative  to  the  medium  is 
characterized  fay  a  Reynolds  number  less  than  unity. 

In  this  case  the  action  of  the  sound  wave  on  the  particle  is  j 
due  essentially  to  viscous  forces,  and  for  a  study  of  the  drift  of  the  j 
particles,  it  is  sufficient  to  consider  the  equation  of  vibratory  j 


motion  of  the  particles  [3j  in  second  approximation  (which  is  equiva¬ 
lent  to  account  of  the  anharmohicity  of  the  vibrations): 

%,s  /  m'\  .  f  r  C  v  {~)d~  1  . 

r  +  V  v  ^r'*T'+  w  i  ‘Ttetj*  i 


.-(  . 
g~-  -—mu 
,  2- 


•  .  r  •  r  i‘  1 

'  *H«V  «+■  7=r  “Trrzr'  . 

|/kv  J  1/  /  —  v  .1 


.2-  \  1  ’  ^  ,1  *7=7.1 

i  - 

I  where  m  is  the  mass  of  the  particle,  r,  and  v  are  the  viscosity  and 
[  kinematic  viscosity  of  the  medium*  x  is  the  radius  of  the  particle, 
i' t  is  -the  time,  v  "  x  is  the  velocity  of  the  particle,  u  ~  A  sin  (kx}* 

i  7  .  • 

]  ’  K 
j  .sin  (ut)  is  the  velocity  distribution  in  the  standing  wave. 

£’  *’  * 

I  We  note  that  Eq„  (2)  describes  the  motion  in  a  rapidly 

i  oscillating  field.  [4],  which  makes  it  possible  to  use  the  method  of 

i  .  ./  ■  “•  . 

;  Kapitsa  [5].  Since  the  amplitude  of  the  vibrations  A  is  much 

5  " 

!  'smaller  than  the  wavelength  \  s  one  can  consider  x  on  the  right  hand 
|  side  of  (2)  to  be  a  constant,  during  a  single  period  (x  =  x^}.  Solu- 
j  tien  of-Eq.'  (2)  in  this  approximation  determines  the  harmonic  vi- 

j  * 

»  . 

.1  bralion  of  the  particle  relative  to  the  point  x  ~  x^s 

} 

j  ■  x  -  =;  A’  sin  (kx^)  cob  (tot  -f  »ji),  (3) 

(•  /  «!  0  \t  :>  r  4  /  m  j\a 

i  where  A' ~~~A  fl  -f- ‘.ip  -( — ™-  ft-  4- -“p  —  y  j  |-~~l — -4 -~yj  «j- 

t  •  * '■ 

!  -  '  ^  /  m  .  J  \  *)  ft  9  1  'A 

j  ^  — r  f  -j  j  f  -—-p  -t-jp-bY  }*  j 

1  i  tgf*r(l  ftffiO-  m  «')  J  (j-  4-  l+ap  +  1^4  f  +  ~  f  ; 


*•  IM  <  »*««W  I4t»  /.  ».«ane«  Wiauv-U-.  « 


‘Hie  right  i3.a3j.tl  side  of  (?>}  can  be  considered  as  a  quasi- periodic 

force  with  .slowly  changing  amplitude,,  under  the  action  of  which  the 
j 

j  particle  vibrates  and  simultaneously  (in  the  mean)  is  displaced  after 

I  ■  '  • 

j  each  period.  Since  only  those  displacements  whose  successive  sum 

t 

describes  the  drift  of  the  particles  are  of  interest  to  us,  we  average 
JEq.  {2}  over  the  period,  first  expanding  sin  (kx)  ifa.  a  series  relative 
jto  the  point  x  *  x^:'  bits.  Qkx)  *  sin  (loc^)  f  k  cos  (kx^)(x  -  x^),  where 
j  we  substitute  (3)  for  x  -  x^.  The  equation  which  is  obtained  as  the 
|  result  of  averaging  makes  it  possible  to  find  fee  trajectory  of  the 
J  particle  x^{t)  averaged  oyer  a  single  period: 


if**  -f 


m' 


where 


)*« 


4  6nv}r  lxp-4- 


V™ 


\ 


(4) 


,f  (Jt,b  as.-—  A’ A  «s M  j»{nf»  ~  <>-*4-  »  cm  t ("T  -f  j  *«**  (2*.r„).  • 


....  i  (5) 


S 


Xu  fee  case  under  consideration,  which  is  characterised  by  J 
j  a  Reynolds  number  less  than  unity,  one  can  show  that  the  first  and 
!  third  components  in  (4)  are  small  in  comparison  with  the  second, 

!  whence  it  follows  t hat 

|  6w  >}  -■  F(xg).  ’  (6) 

i  . 

i  The  right  hand  side  in  jgq.  (6),  which  has  the  meaning  of 

' 

j  a  force  averaged  oyer  the  period  in  the  c'ase  of  a n  aerosol  when 
j  a/ra1  ^  10*,  and  for  not  too  high  frequencies  ,{p  xn/m%  which 


corresponds  to  almost  complete  entrainment  of  the  particle  by  the 


;  vibrations  of  the  medium)  exceeds  by  several  orders  of  magnitude 
the  sound  pressure  computed  by  Eq.  (1).  This  result  is  very  im¬ 
portant,  since  it  reflects  the  possibility  of  the  gathering  of  very  fine 
|  particles  into  nodal  planes.  Iri  particular,  on  the  basis  of  Eq.  (6), 

I  one  can  obtain  for  the  time  of  accumulation  0  &  quantity  of  the 
order  of  one  second  (X,  -  3  cm*  r  »  1  micron,  sound  energy  density 

SL.  a  100  erg- cm*"  while,  using  Eq.  (1),  we  obtain:  0  <v‘  10J  sec. 

i  ■  ■ 

i  In  order  to  prevent  the  precipitation  of  particles  under  the 

|  action  of  gravity,  it  is  expedient  to  orient  the  sound  beam  vertically. 

t 

i  Then  the  stationary  distribution  of  particles  close  to  the  nodal  plane  j 
j  i 

I  that  arises  in  a  time  of  the  order  ©  is  determined  by  the  condition  | 

!  '  ,  .  .  1 

>  of  the  compensation  of  the  weight  of  the  particle  by  the  force  F(Xq): 

mg  ~  F{x0).  (?) 

j  For  example,  it  then  follows  that  for  X.  -  3  cm  and  -  100  erg- 
■  ^ 

j  cm  ”,  particles  with  radius  r  less  than  one  micron  are  distributed 

|  over  a  range ■  A  3  x  10"^  cm  close  to  the  node.  -  j 

i  I 

I  The  estimate  given  in  the  well-known  formula,  of  Einstein 

1 

!  for  the  mean  square  displacement  under  thermal  motion  shows  that, 

{ 

•  •.  „  '  i 

:  at  least  for  the  dimensions  of  particles  greater  than  0. 1  micron,  | 

;  •  '  f 

j 

j  the  thermal  motion  cannot  prevent  the  preferential  concentration  of 
j  particles  close  to  the  nodes, 
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THE  TENSOR  OF  THE  EFFECTIVE  DIELECTRIC  CONSTANT  IN  A 


F .  G.  Bas  i 


MEDIUM  WITH  RANDOM  INHOMOGENEITIES 

Pages  1015-1016 


The  following  equations  were  obtained  in.  references  [1,  2] 
for  the  mean  electric  field  E  and  the  fluctuation  electric  field 


rot  rui  £-*>’(*  (1) 

div  (7  £+1>'i)  —  0; 

$ol  rot  l  ft-  (8*  £ •+-{?»£  —  M) ; 

_  _  (*) 

iStv  (» \  -f-  &£?  —  ta?  -j~  E)  —  0. 

Here  k  =  <o/c,  T  is  the  mean  value  of  the  dielectric  constant  £,  bt  is 
the  fluctuation  component  of  the  dielectric  constant,  e  =  t  +  6s  (the 
bar  denotes  the  statistical  average). 

If  6e  is  small  in  comparison  with  e,  one  can  neglect  the 
terms  £e£  and  *6eT  in  Eqs.  (2)  in  comparison  with  g£»  and  then  find 
.§.  Substituting  the  value  of  $  from  (2)  in  (1),  and  carrying  out  the 
averaging,  we  finally  obtain  an  equation  for  the  components  of  the 
electric  field  [1,2]: 


.tW&WZFt*  J*  \r~f i  /  1 

/r'_£ - - («u+4 


, ,  4$  * ' 

?l  .  .  T.» 


■  F 


_  — ~\(r 

A-1*  dxfix^f 


~r')  <r*))«  0,  (3) 


I  v  '  ....  n  SF^TsHF)  .  v  •  ,  •  „..  .  .  , 

■  ■where  wfr  -  r  »  a - is  ta£  correlation  coefficient  for  the 

!  '  *  "  5^ 

f  ’  . 

|  fluctuations  of  the  dielectric  constant,  which,  we  shall  consider  to  be  j 

t  5  « 

|  an  even  function  of  its  argument.  ,  '  ?1 

I 

j  ■  Let  us  consider  the  case  in  which  the  electric  field  changes 

j  j 

l  .  -  * 

i  at  distances  considerably  larger  than  those  at  which  the  correlation  j 

*  Coefficient  falls  off  appreciably.  In  this ' approximation,  can. 

j  ..  i  " 

*,  be  taken  out  from  under  the  integral  in  Eq.  (3)  and  we  can  rewrite 
t  "  •  . 

|  the.  integral  in  the  following  form: 


{4} 


!  where  the  effective  complex  tensor  of  the  dielectric  constant  is  de- 
i  termined  by  the  equation: 


i 


1-fo 


.  k-  et-  \  g 

-  -7A  )  . — — '  1  ”  f  ............  ..... 

4r.  j  P 


*  f 


( hk  ■ 


+ 


■  I 


(3) 


If  the  correlation  coefficient  depends  only  on  the  moduli! 


us  l 


i  f 

i  of  the  vector  p,  then  the  tensor  (5)  degenerates  to  a  scalar  and.  we  | 
j  again  arrive  at  the,  results  of  reference  [2],  only  with  this  difference- 

j  ■ _  I 

:  that  in  our  case  t  is  not  equal  to  unity.  ‘  ■} 

?  '  ’ 

:  In  the  same  ca.se,  when  W(p)  again,  depends  on  p  ,  p  ,  p  , 

toi».  /Si 

that  is,  the  inhomogeneitie s  are  anisotropic,  e!^_  is  a  symmetric 


^.*Vp 
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complex  tensor. 

The  average  electric  field,  in  a.  medium  with  random  aniso¬ 
tropic  inborn ogeneitiee  is  described  by  the  same  equations  as  in  a 
crystal?  consequently,  in  such,  a  medium,  two  waves  can 'propagate ' 
wife  different  phase  velocities  [3]. 

If  the  corresponding  integrals  converge?’  then  one  can  ex- 

pmuM* 

pand  the  exponent  in  fee  integrand  of  Eq.  (3)  in.  a  series  in  k  \/  e  p. 
In  this  case?  the  following  expression  is  obtained  for  e^: 

*  - — r;^z f  rfP  **r  . “  . — 

eik  — (  rr  r“~r“+ 

4n£  J  •  '  Qfi  *t?k 

,  ik*m  i/T  r ,  ,  u/.  «  ] 

+ — r- — IJ  o 

We  consider  the  case  in  which  $e  depends  on  a  single  co¬ 
ordinate?  for  example,  on  x.  Such  a  correlation  coefficient  depends 
only  on  p^,.  We  cannot  make  usd  of  Eq.  |6)  directly,  since  the 
integrals  entering  into  it.dive-rge  in  this  case.  However,  one  can 
obtain  an  answer  if  integration  is  carried  out  in  Eq.  (5)  over  p^.  and 
p  ,  and  fee  resulting  expression  expanded  in.  a  series  in  powers  of 
k  \|  «,  As  a.  result  we  obtain;  ^ 


#  sjJX.  1 


tfi?- 

«rt*r« 

( 


b*  f  M'  %»* 


(7) 


where  1  «  \  WCp^dp^  1  £  x  ®r  k  +  *• 


We  not©  that  fee  expression  for  fee  effective  tensor  of  fee 
dielectric  constant  can  be  obtained  in  fee  case  of  a  dependence  of 


ff.M***M*  wawto-.  aria  m.  wwiw 


3$0 


»r»** 


'  the  fluctuation  6s  on  a  single  coordinate  without  assumptions  on  the 

I 

j  smallness  of  6s,  if  we  limit  ourselves  to  the  zero  approximation  in. 

i 

1  2— 

|  k.  Actually,  neglecting  terms  of  order  of  k'e  in  Eos.  (2),  we  see 

j  that,  the  field  in  atero  approximation  can  be  regarded  as  a  potential 

|  • 

j  field  and  we  can  limit  ourselves  to  only  the  second  equation  of  the 


;  set  {Ai 


Furthermore,  in  the  second  of  the  equations  of  the  system  . 


t 

|  (2),  it  is  possible  to  neglect  and  since  these  quantities  are  of 
!  first  or  higher  order  ink  f  TT  After  the  simplifications  mehtinned, 

i 

I  w«  get  the  following  from  the  second  equation  of  the  system  (2): 

|  tx.  '  <sy 

:  It 

Ji  4 

|  ’  Averaging  Eq.  (8),  and  assuming  that  |  »  0,  we  have; 


Si*,-  (±yu  Ex- 


I  It  then  follows  that  the  tensor  s*^  has  the  form: 


i  where  i  ~4~  x  or  k  sjfe  sc,  Of  course,  for  small  6e,  Eq.  (10)  goes  over 

■  F 

[  into  (7)  with  accuracy  up  to  terms  of  order  k  j f  e. 
j  We  note  that  Eq.  (10)  coincides  in  form  with  the  equation 

;  obtained  by  another. method  by  Fainberg  and  Khiahny&k  [4]  for  a 
I  periodically  inhomogeneous  dielectric.  We  also  note  that,  as  is 


seen  ti 


from  (3)  and  (7),  the  anisotropy  of  the  effective  tensor  of  the 


|  dielectric  constant  will  be  especially  clearly  demonstrated  in  a 
j  dispersing  medium  at  freauencies  close  to  the  roots  of  e*  for 


nfvmw-W 


example,  in  a  plasma  at  frequencies  close  to  the  Langmuir  frequency!. 

! 
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APPLICATION  OF  ULTRASOUND  TO  THE  CREATION  OF  ALTER-  } 
...  | 
RATING  FIELDS  AND  PERIODIC  STRUCTURES  \ 


I.  M.  Vigdorchik 


Pages  1016“ 1017 


Ir..  searches  for  new  methods  of  generation  of  electroroa.g- 
netic  waves,  attention  is  turned  to  the  possibilities  which  arise  in 
connection  with  the  use  of  ultrasonic  techniques  for  the  purposes  of  j 

I 

creation  of  both  variable  fields  and  periodic  structures.  With  the  | 
use  of  ultrasound  one  can  appreciably  reduce  the  period  of  a  delay  j 
system  and  can  make  more  frequent  alternation  of  variable  fields, 

and  at  the  same  time  obtain  the  possibility  of  transition  to  shorter  ;• 

| 

length  radio  waves.  j 

5 

One  of  the  ways  of  using  ultrasound  for  the  creation  of  a  | 
periodic  structure  is  the  modulation  of  the  plasma  of  a  gas  dischav 
by  a  standing  sound  wave  [1].  In  this  case  a  difference  arises  in  the  j 

i' 

pressure  between  neighboring  antinodes  of  the  standing  waves,  and*  • 

Jr  j 

consequently,  a  corresponding  difference  of  the  dielectric  constant  *j 

£\e,  equal  to  (e  -  1}  A  P/P.  In  the  well-known  approximation,  one; 

l 

can  consider  such  a  system  as  a 'set  of  alternating  layers  of  two  | 

i 

dielectrics.  | 

I 

Passing  a  beam  of  uniformly  moving  electrons  through  j 

j 

such  a  medium  for  a  corresponding  density  and  velocity  of  electrons. 
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as 


;  ojse  can  expect  the  appearance  of  electromagnetic  radiation,  whose 
frequency  will  be  determined  by  the  periodicity  of  the  structure  of  , 
the  plasma  of  the  gas  discharge.  In  other  words,  in  the  case  de¬ 
scribed  there  appears  on©  of  the  varieties  of  parametric  resonance 
called  by  Fa&nberg  and  Khizhnyak  the  Cherenkov  parametric  effect. 
[2j.  They  showed  that  in  the  alternating  layers  of  two  dielectrics  a/ 
redistribution  of  the  total  energy  loss  of  the  moving  electrons  takes 
place.  The  polarization.  losses  in  this  case  become  much  less  than. 

(  the  energy  loss  in  the  Cherenkov  radiation  and  consequently  such  a 

i  -  ,  .  '•  * 

I  system  will,  generate  electromagnetic  wave’s.  Observing  the  known 
}  ,  .. 

|  relations  between  the  ultrasonic  wavelengths  and  the  gas  density  in 

1  the  gaseous  space,  one  can  expect  to  obtain  very  short  electrom&g- 

i  nistic  waves. 

J  ,, 

j  The  difficulties  in  the  operation  of  such  a  method  of  genera- 

I  tion  of  electromagnetic  waves  are  brought  about  by  the  fact  that  the 

j 

j : scattering  of  the  beam  of  electrons  increases  with,  increase  in  the 

I  j 

t  gas  pressure  and  a  decrease  in  pressure  leads  to  an  ixcrease  in  | 

r  { 

I  ultrasonic  absorption  in  the  gas.  However,  the  corresponding  choice! 
|  of  the  initial  velocity  of  the  electrons,  frequency  of  the  ultrasound'  -  | 

!  and  gas  pressure  make  it  possible  to  find  a  satisfactory  solution  of  ; 

i  . 

t 

|  the  problem,, 
i 

j  We  can  demonstrate  one  of  the  possibilities  of  obtaining  a 

!•  • 

i  variable  field  by  moans  of  ultrasound  through  setting  up  standing 
!  ultrasonic  waves  in  a  piezoelectric  specimen.  If  a  standing 


I  ultrasonic  wave  is  generated  in  a  piezoelectric  sample  p£  tMckaass 

.  *  ■  '  \  •'  ■'  | 

j  t  {Wig.  l  )i  located  between  metallic  plates  M,  then  an.  electric  field 

{  which  ie  variable  in  magnitude  and  direction  arises  in  the  gap  a  be-  } 

J  '  •  '  5 

i  t 

/  V 

{  cause  of  the  inverse  piezoelectric  effect  along  the  plates*  Tilt  value  | 

|  :•  | 

1  of  this  field  at  the  antinode  of  the  standing  wave  will  he  equal  to  [*j  j 

fc  •  I 


£  *  **»  .*  f 

I  'fa-^iTT — ;r  *V  \ 

j  \  .  l-f-8.fi/ft  ?  ! 

I  «%ftre  jj  ,  is-  the  piezoelectric  modulus,  s  is  the  dielectric  constant,  \ 

j  "  h  ‘  : 

I  T  is  .^component  of  the  elastic  deformation  tensor.  j 

j  y  /  ^  2  j 

|  '  If  one  can  obtain  pressures  of  the  order  of  10  -dynes/cm  | 

|  •  i 

j  ipriiii  a  sound  intensity  of  the  order  of  tenths  of  watts  per  centimeter,  j 

l  '  i 

|  can  obtain '-an  -electric  field  intensity  of  .the  order  of  100©  volts/  \ 

i  ! 

|  cm  by  using  a  dielectric  with,  a  piezoelectric  constant  equal  to  | 

|  An  electron  falling  into  such  a  variable  electric  field  and  j 

I  '  ! 

|  moring  with,  some  Initial  velocity  will  carrv  out  harmonic  vibrations 

j  . 

|  snd  radiate  monochromatic  electromagnetic  waves.  -  The  frequency 

j 

j  of  this  radiation  will  depend  on  the  velocity-  of  motion  of  the  electron* 

|  the  wavelength ‘of  the  ultrasound  and  the  dielectric,  constant  of  the 
f  ’  ; 

(  m&Koeieetrie  material.  • 

r  ■*  '  '  i 

i  •  f 

|  T he  possibility  of  use  .of  an  oscillate*  moving  above  -a  j 

I  s 

|  dielectric  for  the  production  of  electromagnetic  waves  was  pointed  { 

j  •  '  ..  | 

1  ©«t  by  Ginzburg  in  19-4?  [4]. 
j 

|  '  xbe  examples  given  for  the  use  of  ultrasound  for  fee  pro- 

j  .  .  ":  .  :  | 

|  duction  of  a  periodic  ■  structure  and  variable  fields  are  not  unique.  j 


y  -V*v-***'  ».»>>*.■!.<  •ryri»Jr-. «. 


|  However,  they  show  the  possibilities  which  are  not  currently  era- 

1 

j  ployed  and  point  out  new  perspectives  for  us. 
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